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SOME INEQUALITIES OF HERMITE-HADAMARD TYPE FOR
CONVEX FUNCTIONS AND RIEMANN-LIOUVILLE
FRACTIONAL INTEGRALS

SILVESTRU SEVER DRAGOMIR1!:2

ABSTRACT. In this paper we establish several upper and lower bounds for the

functions
) Je fz) I f (@) 1 Jo_f(a) | I ()
PO e (b—x)“:| and 5T (@) [(a:—a)” b—2)°

in the case of Riemann-Liouville fractional integrals J%_, for convex functions
f:la,b] = R, for @ > 0 and z € (a,b). Some particular cases of interest are
examined. Various Hermite-Hadamard type inequalities are also provided.

1. INTRODUCTION

The following integral inequality

(1.1) f<“+b>s ! /abf(t)dtgw

2 b—a 2 ’

which holds for any convex function f : [a,b] — R, is well known in the literature
as the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result
which has many applications in the Theory of Special Means and in Information
Theory for divergence measures, from which we would like to refer the reader to
the monograph [8], the recent survey paper [7] and the references therein.

Let f : [a,b] — C be a complex valued Lebesgue integrable function on the real
interval [a,b]. The Riemann-Liouville fractional integrals are defined for o > 0 by

JoLf () = ﬁ / C@— 0 () dt

fora < x <band

1 b a—1
W/ (t— 2L F(t) dt

for a < x < b, where I is the Gamma function. For a = 0, they are defined as

Jorf (@) = Jy_f () = f (z) for = € (a,b).

Jp-f(x) =
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In [18] Sarikaya et al. established the following Hermite-Hadamard type inequal-
ity for a > 0

a0 < g s o+ g f @) < KOO

provided f : [a,b] — R is a convex function.
A different version was also obtained by Sarikaya and Yildirim in [19] as follows

a a—1 a a
(1.3) f< ;b> <? (br_(a)j 2 Vo S0+ T2 f(@)] < w

provided f : [a,b] — R is a convex function.

For other Hermite-Hadamard type inequalities for the Riemann-Liouville frac-
tional integrals, see [1]-[3], [10]-[23] and the references therein.

Motivated by the above results, we establish in this paper several upper and
lower bounds for the functions

1 Jorf (@) | Ty f(z) 1 Jo_fla) T2 f(b
| | g

SR e e o o B RO el e

in the case of convex functions f : [a,b] — R for a > 0 and = € (a,b). Some par-
ticular cases of interest are examined. Other Hermite-Hadamard type inequalities
are also provided.

2. SOME PRELIMINARY FACTS

In 1906, Fejér [9], while studying trigonometric polynomials, obtained the fol-
lowing inequalities which generalize that of Hermite & Hadamard:

Theorem 1 (Fejér’s Inequality). Consider the integral fabh(x)g(m) dx, where h
is a convex function in the interval (a,b) and g is a positive function in the same
interval such that

gla+t)=g(b-—1t), Ogtgé(bfa),

i.e., g (-) is symmetric. Under those conditions the following inequalities are valid:

(2.1) h(“;b) /abg(t)dtg/abh(t)g(t)dgggh(a);h(b)/abg(t)dt.

If h is concave on (a,b), then the inequalities reverse in (2.1).

Clearly, for g (z) =1 on [a, b] we get (1.1).
Since we have the representation

b
@2 T O+E @)= s [ [0 - roan
the function g : [a,b] — R
0= g [0+ (t= )]

is positive and symmetric on [a,b] and

/abg(t)dtzr(la)/ab (60— 4 (¢ a)*] dt:ﬁ(b—a)a,
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then by Fejér’s inequality (2.1) we have (1.2). This is a simpler proof than the one
in [18].
We have

20 F )+ T2 _f ()

1 ’ a—1 1 U;—h o1
:W/"—“’ (b—1) f(t)dt+m/a (- (0 dt.

2

Using the change of variable ¢t = a 4+ b — u, we have dt = —du and

b =
/ (b-t)“*lf(t)dt:/ (w—a)*"" f(a+b—u)du.
ath o
Therefore we have the representation
1 03 (0%
(2.3) 5[ O+ T2 (@)
a+b
1= a1 f(t)+flatb—1)
= — - dt
I'(a) /a (t=a) 2
for a > 0.
Since f is convex on [a, b] then, see for instance [6],
0 (1) < Qe ety f@ i)

for any ¢ € [a,b].
If we multiply this inequality by ﬁ (t— a)o‘f1 and integrate on [a, “T'H’] , then
we get

a+b

a+b 1 2 a—1
(2.5) f< 5 >1_,(a)/a (t—a) dt
g% 2 S (B)+ 20 _f(0)]
LOHIO LT et
and since

1 wct .1 (b—a\" 1 N
T ), -9 d=ms <2> “Tlarne -9

a

then by (2.5) we recapture (1.3). This is a different and perhaps a simpler proof
than the one from [19].

3. MAIN RESULTS

The following result holds:
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Theorem 2. Let [ be a convex function on the interval [a,b]. If a > 0, then we
have

) 3o [ ITC S My (a0 50 o
> (i (G 9)

FIPRRICESLIFENN [J;af(w) Jﬁ“f(w)}

1
(3:2) ] [af(x)‘L 2 (z—a)®  (b—x)”

and

for any x € (a,b).
As a particular case of interest we have:

Corollary 1. With the assumptions in Theorem 2, we have

(3.3) fla+ [l « {1 (a+b)+f(a)+f(b)}

2 “a+1 2\ 2

() ()

Zf<a—2|—b>

We also have the dual results:

for any a > 0.

Theorem 3. Let [ be a convex function on the interval [a,b]. If a > 0, then we
have

(3.4) %F(a) [‘]gf(aa) + J;I*f(b)} > /Ols“‘lf (sx—i— (1-s) “+b> ds

@—a)”  (b-2) 2
Zéf <a(jrl ($+;a;b>>

L [ ) | T
o' ( )Lx—a)“ *(b—@“]

and

(3.5) ail {f(x)—i—l

Y

for any x € (a,b).
As a particular case of interest we also have:

Corollary 2. With the assumptions in Theorem 2, we have
fla)+fb) _ « a+b\  1f(a)+f(b)
. > _
(36) 2 T a+l1 / 2 + @ 2
a—1
S 2971 (v 1— 1) [
- (b—a)

T @)+ T2 f0)] 2 £ (S50

2

for any a > 0.

The first inequality in (3.6) is improving the second inequality in (1.3).
From a different perspective we also have:
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Theorem 4. Let [ be a convex function on the interval [a,b]. If a > 0, then we
have

(3.7) et e @)+ akv-o)] 2 1 (4F0)

and

(3.8) f(“);f@zail f(a);f(b)+f(x)+f2(;z+bx)}
= ;m [Jo f (@) + - f (a+b— )]

fora <z <b.

We observe that if we take = b in Theorem 4, then we get the inequality (1.2).
If we take x = "7“’ in Theorem 4, then we also get the inequality (3.3). We also
observe that, by swapping « with a + b — z in (3.7) and (3.8), we get

(3:9) imemw—wawm >f(a;b>
and
(3.10) L2/, o f(a);f(b)+f(x)+f2(z+b—w)}

1T (o +1)

30" [Jorf (a+b—2)+ Ji_f (2)]

fora <z <band o> 0.

4. PROOFS

If we use the change of variable t = (1 —s)a + sz for s € [0,1]] and a <z <)
then we have dt = (x —a)ds, z —t = (1 — s) (z — a) and

@y i@ = o [ @0 0
1 @ ! a—1
= F(a)(x_a) /0 (1-9)"""f((1-s)a+sz)ds

for a < x <b.
If we use the change of variable ¢t = (1 —u)x + ub for v € [0,1] and a < x < b,
then we have dt = (b —x)ds, t —xz = u (b — z) and

b
O N I ) A AL
1 @ 1 a—l —u)x + ub)du
for a <z < b.

If we make the change of variable s = 1 — u we also have

(4.3) Jbo‘_f(:v):ﬁ(b—x)“/o (1— )"V f (sz+ (1 s)b) ds

for a < x <b.
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From (4.1) and (4.3) we get
L [JEd @) T f )
Il [ =

:/01(1—5)“‘1 [f((l—S)CLJrSJJ)J2rf(833+(1—3)b)}dS

for any x € (a,b).
By using the convexity of f we have

and
(4.6) Sf(x)+(1—s)f(a);—f(b)2f((l_S)C“st);f(str(l—s)b)

for any s € [0,1] and = € (a,b).
If we multiply (4.5) by (1 —s)*" " and integrate over s € [0,1] we get by (4.4)
that

1 Jon f (@) T f (@) ' -1 a+b
4.7) =T e > 1—s)" 1- d
O | RN U CRIERE g T
for any x € (a,b). This proves the first inequality in (3.1).

Using Jensen’s weighted integral inequality for the convex function f and the
nonnegative weight w (s) = (1 —s)*"", s € [0, 1] we have
fol (1—s)*'f (sz+(1—s)22)ds

fol (1—29)""ds
1 a— a

. Jo @=5s) Y(sz 4+ (1—s) 9tY) ds
B fol (1—s)*""ds

(4.8)

for any x € (a,b).
Since fol (1—s)*tds=1

o’

1
_ +b 1 x a+b
1) ! 1-)2 - z .
/0( s) (sx—|—( s) 5 )ds a+1(a+ 5 )
Then by (4.8) we get

L SR S B Gt e 3

or any = € (a,b). This proves the second inequality in (3.1).
If we multiply (4.6) by (1 —s)*™ " and integrate over s € [0,1] we get by (4.4)
that

and

S

/ gt [sf (2) + (1—5)

1 JO f(x) I f (x)
= 5t (@) [(J— a)° <5—x>a} ’

GRS
2
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which is equivalent to the desired result (3.2).
The first inequality in (3.3) is equivalent to

f(a)+ £ (b) Zf(“;b).

2

Now, if we take z = %t in (3.1) and (3.2) we get
Jo f(Li‘b) Jaif(L‘rb)
204—111 a+ 2 b 2
(@) l G- " h-ar

! o b b b
2/0 (1-s) 1f<s“; +(1—s)“; >d521f<a;f )

(67

and

b Jo atb Jo a+tb
1 lf a+b +f(a‘)+f() 22&711-\(0[) a+f(2a)+ b_f(2a)
a+l|a 2 2 (b—a) (b—a)

for any a > 0. If we multiply these inequalities by a and take into account that

ol (o) =T (a+ 1), we get the desired result (3.3).
Using the definition of fractional integrals we have

Jo () = ﬁ / St f () de

fora < x <band

b
SO =g [ =0T 0

for a <z < b.
Performing in the first integral the change of variable t = (1 — s) a+ sz, s € [0,1]
we have dt = (x —a)ds, t —a = s(z — a) and

(4.10) J f(a) = T (1a) (x— a)o‘/0 s V(1 —s)a+sx)ds

for a < x <b.
By the change of variable t = (1 — u) x + ub, u € [0,1] we have dt = (b — x) du,
b—t=b—(1—u)z—ub=(1—u)(b—x) and

1 @ ! a—1
)(bfx) /0 (1—w)*"" f (1 —u)x+ udb)dt.

Jo f(b) = ()

Moreover, by changing the variable u = 1 — s, we also have

1 1
(4.11) J§+f(b)w(bx)a/() s f (sz 4+ (1 —s)b)dt,

for a < x < b.
If we multiply the inequality (4.5) by s*~! and integrate over s on [0, 1] we get

a a @ 1 "
o[BI [yt

fora <z < b.
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Using Jensen’s weighted integral inequality for the convex function f and the
nonnegative weight w (s) = s, s € [0, 1] we have

fol s@7Hf (sz+ (1 —s) “E) ds S fol 5271 (sz + (1 — s) “E) ds
fol s*~ds a fol s*~1ds

1 1 a+b
f (a-{-lz + a(a+1) 2)

1
e

o la+b
(G (et
namely

v a+b 1 @ la+bd
/08 1f<sa:—|—(1—s) 5 )dszaf<a+1<m+a 5 ))

for a < x < b. These prove (3.4).

If we multiply the inequality (4.6) by s*~! and integrate over s € [0,1], then we
get

/01 ot or w4 -9 HOTIO oz Srie [+ 0]

which is equivalent to (3.5).
The proof of inequalities in (3.6) follow by Theorem 3 for z = %£2.

Now, observe that by the representations (4.1) and (4.2) we have for a <z <b
that

(418) 3 [ d (2) + ST (a b~ )]

— 1 ;I;—aa ' _Sa—l _s)a <2 ds
=) >/0(1 )T (= s)atsz)d
1 @ ' a—1
T o) " /o (1= f(s(@a+b—a)+(1—-s)b)ds
1 «
:I‘(a)(x a)
X/O (1_S)a71 [f((l—s)a—i—sx)-|—f(32(a_i_b_gc)_i_(l_s)b)}ds7
were o > 0.

By the convexity of f we have

f(l=s8)a+sz)+ f(s(a+b—x)+ (1 —s)b)
2
(l—s)a—i—sx—i-s(a—i—b—a:)—i—(l—S)b} B (a+b)
=/

= g y

for any a <z <band s € [0,1].
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Then by the representation (4.13) we get

S T @)+ Jf (a+ b )]

> <xa>af<“jb)/ol<1s>alds

= al“l(a) (x—a)af(a;b> :F(a1+1) (x—a)af<a_2|_b>7

for any a < x < b, which proves (3.7).
By the convexity of f we also have
f((1l=9s)a+sz)+ f(s(a+b—2x)+ (1 —15)b)
2
< S 10— ) F (@) + 57 (@) + 5 (atb—2)+ (1= 35) [ ()
o @O [f@) fatb-a)

2 T 2

for any a <o < band s € [0,1].
Then by the representation (4.13) we get

S T @)+ T f (at )]

y M>+f<b>/01<1_8)ads+{f<w>+f<2a+b—w>}Al(l_s)a_lsds]

_ L e[l fO) | @)+ flatb-a)
T Y [ 2a+D) | 2a(atl) }
o fl@+fO) f(x)+fla+b—2x)
- rrm e | PO HO ]
@ a)a[f(aHf(b) f(l’)Jrf(awLb:r)}

=

“Te+DrD " 2 i 2

which proves the second inequality in (3.8).
By the convexity of f we have

f(x):f<(b_m)2féx_a)b) cb—z)fla)+(x—a)f(b)

and b b
Farsw < GO @ 0D

—a
for a < x < b, which by addition give

f@)+flatb—a) < f(a)+f(b)

fora <z <b.



10 S.S. DRAGOMIR

Therefore
f(a);f(b)+f(w)+f2(§+b—x) Sf(a);rf(b)Jrf(a);(;f(b)
_fla)+f®) [a+1
B 2 < a )’

which proves the first part of (3.8).

5. FURTHER HH-TYPE INEQUALITIES

In [4] and [5] we introduced the following mapping associated to a Lebesgue
integrable function f : [a,b] — R

(5.1) Hf(t)::bia/bf<tx+(1—t)a—2i_b>dx,te[O,l].

It has been shown in the above papers that, if f is convex on [a,b], then Hy is
convex on [0, 1], Hy increases monotonically on [0, 1], we have the bounds

inf Hf@y—£u<m——f(a+b),

t€[0,1] 2
1 b
sup Hy (0) = Hy ()= ;= | f)ds
t€[0,1] —a Jg
and the inequalities
+ b 2 (rZSb
a
. <
(5.2) f( 3 )‘b—a/za;rb f(x)dz
1
< / H () dt
0

S;[f<a—2|—b>+bia/abf(x)dx].

By (4.1) we have for an integrable function f : [a,b] — R that

ol @) 1 1 — 5! —s)a+ sz)ds
Cx) el e [ 0T )

for a < x < b. The function

1 ! a—1
[a,b]axHF(a)/O (1—=s)"""f((1=s)a+sx)ds

is integrable and by Fubini’s theorem we have

F(la)bia/b </01(1—5)“_1f((1—s)a+sx)ds> de

1 1 - 1 b
F(a)/o (1—5) (b—a/a f((ls)a+sx)dw>ds.
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By (5.3) we then have
1 b Jo
(54) / a+f(x)d$
a

b—a (x —a)”

1 1 ot 1 b
F(oz)/o (1—5) <b—a/a f((ls)a+s:c)d:r>ds.

By (4.3) we also have

b T¢0 T
(5.5) bia/a ‘(]g—_fx()jdx

1 1 a1 b
:m/o (1-3) (H/a f(sa:+(1—s)b)da:>ds.

Proposition 1. Let f be a convexr function on the interval [a,b]. If @ > 0, then

we have
1 1 bJ(‘l" f(x) 1 b Je f(x)
(5.6) Sl a+1) bfa/a (Jﬁ_a)adx—l—bia/a (Z_x)adx]
1
ZO[/o (L—s)" " Hy(s)ds
1 b % T a+b ath
>b_aAf(a+1<a+ 5 >>dac>f< 5 )
and
(5.7) M
a b .
Ta+l ;bia/f(x)dwrf();rf(b)]
1 1 b e f(x) 1 b o f(x)
Z§F(a+1) b—a/a (xta)adz+b_a/a (Z_x)ad:z:]

for any x € (a,b).

The proofs of the first and second inequality in (5.6) follow by (3.4). The last
part follows by Jensen’s inequality.
. . . . a b b
The first inequality in (5.7) is obvious by the fact that w > = [ f(x)da,
while the second inequality follows by (3.2).
By using Theorem 3 we have:

Proposition 2. Let f be a convex function on the interval [a,b]. If a > 0, then

we have
1 "I f(a) 1L I f(b)
b—a/a (:cfa)adlﬁ_kb—a/a (bfx)adz

(5.8) %r (a+1)
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f(a) + f(b)
2

b
[ fwyar s LL@EIO

b—a J,

1L [P I f(a) 1 [P J f(b)
bfa/a (m—a)adx—i_ba/a (b—x)adx]'

From (3.7) and (3.8) we have

1

(5.10) %F(a—i— ) [T f @)+ I8 fatb—2)] > f (““’) (@ — a)°
and
R CES LT
a [f(a)+ f(b) a, @+ flat+tb—2x) a
Za—l—l[ y @t 20 (xa)}

> %F(a—&— 1) [Jo f (@) + Jg_f (a+b— )]

for any x € (a,b).
By taking the integral mean in (5.10) we have

1 I Y
(512) 5F(O&+1) m/a Ja+f(x)d$+m/a Jb_f(a+b$)d$]
a+b\ (b—a)”
>f( ) a+1
and since

b a /Jb fla+b—2)d /Jb

then by (5.12) we have
IT(a+2) | 1 [ . Y a+b
§(b—a)a b_a/aJa+f(x)d37+m/a be(m)dac1>f< 5 )

By taking the integral mean in (5.11) we have
b) (b—a)”
suy @G0

(5.13)

2 a+1

o [f(a) + /() (b-a)
T a+1 2 a+1

1 "f@)+flatboa)
+ (—a/ 5 (r—a) dx]
Z%F(O&+1) /J dm+7/ Jo f ]
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Since f; fla+b—2)(z—a)dx = ff f(z) (b —x)* dz then

"f@)+flatb—2) a "z—a)"+(b—2)"
/a 5 (x —a) da:z/a 5 f(z)dx
and by (5.14) we get
sy 1010
a  [fla)+f®)b—a)
= (b—a)* [ 2 a+1
1 b (z—a)* + (b—x)*
+a(b—a)/a 2 f(x)dz

1IT@+2) [ 1 [, o,
Z§W b_a/aJ(H_f(x)dm—l—m/a St f (z)dx

We finally have:

Proposition 3. Let f be a convex function on the interval [a,b]. If o > 0, then
we have

T'(a+2) [*J&4f (@) + T3 f(2) a+b
(5.16) oo / - do > f ( ! )
and
f(a)+ f(b) o f(a)+f(b) (b—a)®
(5-17) 2 = (b—a)” [ 2 a+1
1 Px—a) +(b—x)
+a(b—a)/a 2 f(z)dz
T'(a+2) bJ§+f(x)+JZ?_f(x)
2 (b—a)aH / 5 dx.
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