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OSTROWSKI TYPE INEQUALITIES FOR RIEMANN-LIOUVILLE
FRACTIONAL INTEGRALS OF BOUNDED VARIATION,
HOLDER AND LIPSCHITZIAN FUNCTIONS

SILVESTRU SEVER DRAGOMIR1!:2

ABSTRACT. In this paper we establish some Ostrowski type inequalities for
the Riemann-Liouville fractional integrals of functions of bounded variation,
of Holder continuous functions and of Lipschitzian functions. Applications for
mid-point inequalities are provided as well. They generalize the know results
holding for the classical Riemann integral.

1. INTRODUCTION

In 1999 we obtained the following inequality of Ostrowski type for functions of
bounded variation:

Theorem 1 (Dragomir, 1999 [8]). Let f : [a,b] — C be a function of bounded
variation on [a,b]. Then for all x € [a,b], we have the inequality

(1.1)

<[Lo-o+l- v,

a

b
/f(t)dt—(b—a)f(z)

where \/Z (f) denotes the total variation of f. The constant % is the best possible
one.

The following mid-point inequality is the best possible one we can get from (1.1).

Corollary 1 (Dragomir, 2000 [9]). Let f : [a,b] — C be of bounded variation. Then
we have the inequality:

[ 10w -0-0r(5)

The constant % 18 best possible.

(1.2)

b
1
< §(b—a)\/(f)~
In 2013 we obtained the following improvement of (1.1):
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Theorem 2 (Dragomir, 2013 [11]). Let f : [a,b] — C be a function of bounded
variation on [a,b]. Then

t)dt — f () (b—a)

T b t T b
/(\/ )dt+/ (\/(f))dts<x—a>\/<f>+<b—x>\/<f>
{ 3 (0—a)+[e— =2V, (),

T b
AR IAGEATI IO}
for any = € [a, b].
This provides the following mid-point inequality

(1.4 /abf(wdt—f(a‘gb)(b—a)
g/ a\f/bm dt+[; }Z(f) dtgi(b@\:/m

which improves (1.2).

For other Ostrowski type inequalities for Lebesgue integral, see [10], [6] and the
recent survey [12].

In order to extend these results for the fractional integrals we need the following
preparation.

Let f : [a,b] — C be a complex valued Lebesgue integrable function on the real
interval [a, b] . The Riemann-Liowville fractional integrals are defined for o > 0 by

It @0 = | S0 F (e

fora < x <band

b
Jgf (x) = ﬁ / (t— o)™ (1) dt

for a < x < b, where I' is the Gamma function. For a = 0, they are defined as
0T (@) = T f (2) =  (2) for @ € (a,h).

For several Ostrowski type inequalities for Riemann-Liouville fractional integrals
see [1]-[5], [13]-[23] and the references therein.

Motivated by the above results, in this paper we establish some Ostrowski type
inequalities for the Riemann-Liouville fractional integrals of functions of bounded
variation, of Holder continuous functions and of Lipschitzian functions. Applica-
tions for mid-point inequalities are provided as well.

2. SOME IDENTITIES
We start with the following simple identities:

Lemma 1. Let f : [a,b] — C be a complex valued Lebesgue integrable function on
the real interval [a,b] .



OSTROWSKI INEQUALITIES FOR RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS

(i) For any z € (a,b) we have

@1 @R ) = S e -0 b o)
1 ’ a—1
o | @0 @ -
b
g [ =T 0 = f @)
(ii) For any x € (a,b) we have
22 IO+ @ = L -0 - o)
1 * a—1
~m | T @ - sl
b
a—1
g R ORI
(ii) For any x € [a,b] we have
S B+ f@) 1 .
) ST @) (—a)
T -0+ t—a)*" -
v . 7 0) ~ F (@) di

Proof. (i) We have

(2.4) ﬁ / C@— 0 () — f ()] dt
:F(la)/z(x—t)a_lf(t)dt—f(fﬂ)F(la)/z(m—t)a_ldt
_ T 1 (x_a)a _ T 1 «
_Ja—&-f(x)_f(x)l—w(a) o - a+f('r)_f(x)1—w(a+1)(x_a/)
for a < x < b and, similarly
1 b a—1 o 1 «@
25) fg7 [ = T O~ f @)= f (@) = @) g (- 0)
for a < x < b.

By adding these equalities for « € (a,b) we get the representation (2.1).
(ii) We have

b
Jof (b) = ﬁ / (b— 1) (1) dt
for a < x < b and
72 f(a) = ﬁ [ -
for a < x <b.
Then
1

"5 et i (=)
i [0 W - s @l= ) - 7@
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fora <x <band

1 ¢ a—1 . a 2 N
I‘(a)/a(ta) [f(t) = f(x)]dt =TS f(a)— f(x)

for a < x <b.

By adding these equalities for x € (a,b) we get the representation (2.2).
(iii) We have for any = € [a, b] that

_ (1a) /ab (-1 : T
=< (1a) /ab (- ; =0
ok [T e,
N 2F1(a) /ab [ A O R FOF ﬁf () (b— a)®
S NIULY Y (U T
which proves the equality (2.3). .

Corollary 2. With the assumption of Lemma 1, we have the particular mid-point
equalities

b b
(26) et (a;) +aef (“; )
1

a+b
- 2“_1F(a+1)f< 2 )

(2.7) T £ (0) + T8 f (a)
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and

N S AUR i)

3. INEQUALITIES FOR FUNCTIONS OF BOUNDED VARIATION

The following Ostrowski type inequalities for functions of bounded variation
hold:

Theorem 3. Let f : [a,b] — C be a complezx valued function of bounded variation
on the real interval [a,b] .

(i) For any x € (a,b) we have

. f (@) . .
B VRS @ T @) - gy @) -2
1 i a—1 ! b a—1 !
<t @ / (z—1) \t/(f)dH/x(tx) \!(f)dt]
1 oy’ oy
<7D |@ 9 \a/(f)+(b—w) \/(f)]
< 1
“TI'(a+1)
[3(b—a)+ o= ] Vo (£);
ap ap P x q q 1/q
L] @ —om) (v + (VL))
with p, q¢ > 1, %%—%:1;
Ve + 2NV = VR[] (@ =0+ -2,
and
(32) | O I @) - D (@) 4 (b )]
ot v T(a+1)
1 b a—1 ! * a—1 ’
< v /ma)—t) \z/(f)dt+/a (t—a) t(f)dt]
1 oy’ oy
STary |C-O VWD +0-2 \!(f)]
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1
I'a+1)

[5(b—a)+ o= =] Vo ()

<

e e (v (vin))

. 1,1 _ .
with p, ¢ > 1, 5+E_1’

BVen+EVED - Ve (@ =0+ - 2)).
(il) For any x € [a,b] we have
oy [BLOTEIO 1o
< F(la) / Ul : =" \?(f) dt
feta [ 0
e - +<x—a>“—<b—x>“1\:/<f>
: 1V

) [(b—a)* +|(z —a)* = (b—2)*[| Vo (),
SNCES)

Proof. (i) By (2.1) we have

e f @)+ I f (@) - D (@ a4 b - 2)?)

IS)

1 b Ol*l PP
+@/x (t—2)* 7 |f (8) - ()] dt = B (2)

for any « € (a,b).
Since f is of bounded variation, then we have for € (a,b) that

1f@) = f @) <V ()<

e <=

(f) fora<t<uz

and

t b
FO-F@ <\ (D <V fora<t<b
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Then
x z b t
B()grla)[/ (m—t)‘kl\/(f)dwr/ (t—:v)al\/<f)dt]
x z b b
< Tra) @ \/ /a a_ldtJr\/(f)/x(t—x)a_ldt]
1 av ay
:m (x — a) \“/(f)+(b*$) \m/(f)]>

for any x € (a,b), which proves the first two inequalities in (3.1).
Now, by making use of the elementary Hoélder type inequalities for positive real
numbers ¢, d, m, n >0

max {m,n} (c+d);
me+ nd <

(m? 4+ nP) /P (¢1 + d) with p, ¢ > 1, %—i—%:l

we have
T b
(:E—a)a\/ b—xa\/

max {(w = )", (b - 2)°} V., (1); o
((z =)+ o —2))"” (Ve )"+ (V2 ()

with p, ¢ > 1, %—i—%:l;
max {2 (1), V2 (N} (@ = a)* + (b —2)*);
36— a)+ e = 252" Ve ()

((z — @) + (b— z)F)"/? ((\/i )+ (VZ (f))q)l/q
withp, ¢ > 1, S+ =1

BVen+3vin - V0] (@ -0 + - 2)),

which proves the last part of (3.1).
(ii) By (2.2) we have

JEf 8+ 21 @) = fings =) + (b =2)°)

1 x a1 b -

=T / (t—a) \f(t)—f(x)\dt+L(b—t) |f(t)—f(gg)|dt1
1 b o1 x L

gF(O‘)V b—1t) \/ dt+/a (t—a) \t/(f)dtl
1 an o b

Sm (x—a) \a/ \/ ]

x
which proves the first two inequalities in (3.2).
The last part has been proved before.
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(iii) From (2.3) we have
Jor [ (0) + J§ f (a) 1

2 _F(a+1)f(x)(b_a)a
b _ pa—l1 _a a—1
~ |, e Eeal (OB
SP(1a) /m T ;(t_a) — [0~ f @)
b _po-l —a a—1
+F(loz) / o ;(t L@ - f@)ar
b _ pa—1 ) 1
s [ 0 - sl
v _ et —a a—1 =
St ) Ve
b — a—1 a—1 t
trw T Ve
which proves the first inequality in (3.3).
We have
<\ [ OO,
— 5 lb=0)" + @ =@ = 6 =)V (7
and

b
:i[(b_a)ajL(b—x)a—(x—a)a]\/(f),

which prove the second part of (3.3).
Since

max{(b—a)*+(z—-a)* —(b-—2)",(b—a)*+ (b—2)" — (z —a)"}
=(b—-a)"+|z—-a)" —(b-2)7,
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then we get the first branch of the last inequality.
The second branch of the last inequality in (3.3) is obvious. O

Remark 1. For o =1 we have
b
Jap f (@) + T f (x) = 3 f () + J5- f (a) = / ft)dt

for all x € (a,b). Then for either (3.1) or (3.2) we recapture (1.3).

Corollary 3. Let f : [a,b] — C be a complex valued function of bounded variation
on the real interval [a,b]. Then we have the following mid-point inequalities

o a+b o a+b 1 a+b
09 Js(452) 2 () st (45
1
" T(a)
e o a—1 44 b a a1 t
x / <;b> \/(f)dtJr/Hb(t ;b> \/ (f)dt
1 b 2
< Frarp OV,
«a o 1 a+b
3 |0+ 1@ g ()]
b t atb afe
grla) /m(b—t)a’l\/(f)dt—i— (t—a)* " \/ (f)dt
1 -
TSR Y(f)
and
Jorf (0) + Ji f (a) 1 a+b N
(3.7) + 5 i _F(a+1)f< 5 )(b—a)
L P ) )t
SI‘(a)/a 5 \t/(f)dt
T - t-a)
T (o) /+ 2 a\/b(f)dt

b
1
<——(b—a)”
< T ¢ 9 \a/(f)
4. INEQUALITIES FOR HOLDER’S CONTINUOUS FUNCTIONS

We say that the function f : [a,b] — C is r-H-Hélder continuous on [a,b] with
r € (0,1] and H > 0 if

(4.1) If ()= f) <H[t—s]
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for any t, s € [a,b]. If r = 1 and H = L we call the function L-Lipschitzian on
[a,b] .

Theorem 4. Assume that f : [a,b] — C is r-H-Holder continuous on [a,b] with
€ (0,1] and H > 0. Then we have

(4.2 JE T @)+ f @) = T (e - ) (=)
H r4a r+a
S T [ ]
and
(4.3 JEf B+ 21 (@) = a s e o) + (b= 2)”)
H a7 a-r+rTr
SmB(a,T—Fl) {(a:—a) T4 (b-x) +}

for any x € (a,b), where

1
B(a,ﬁ)z/o so‘_l(l—s)ﬁflds, a, >0

is the Beta function.
If f : la,b] — C is L-Lipschitzian on |a,b], then we have

(1.4 IS @)+ f @) - o (e - ) (-]
L a+1 a+1
Si(l—&-a)F(a) {(m—a) Trh-a) +]
and
(45) S B4 I 1 (@) = s @ = o) + (0= 2)”)
< gy le-am -9

for any z € (a,b).
Proof. From the representation (2.1) we have

f (x)
I'(a+1)

Jorf (@) + L f (2) = (& —a)® + (b —2)°]

1 * a—1
<ra ) @0 - @l

1 b a—1
+m/@ (t— ) f (t) = f ()] dt

T b
gr(a)HV (@ =) (@ 1) dt+/z (t— 27 (¢ - a) dt]

1;frw—w”“+w—xr“]
r+«

for any x € (a,b), which proves (4.2).
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From (2.2) we have for z € (a,b) that

(16) J;;f(b)ﬂsf(a)—r(gfl)ux—a)%(b—w)“]
< [ 000 - p@a
g L T 0 - f @l
1“104[ x)"'dt+/: (t—a)“—l(x—t)"dt].

We observe that, by using the change of variable t = (1 — s) a + sb we have for
a, 8> 0 that

b 1
/ (t— ) (b—t)B_ldt:(b—a)“Jrﬁ_l/ 1 (1 571 ds
a 0
=(b-a)*" ' B(a,B),

where B (-, -) is Beta function.

Therefore
/b b—t)*""t—z)dt=(b—2)"" B(a,r+1)
and
/z (t—a) (-t dt = (& — )™ B(ayr+1),
for @ > 0 and r € (0, 1], which, by (4.6) produces the desired result (4.3). O

Corollary 4. With the assumptions of Theorem 4, we have

a+b o a+b 1 a+b
o (55 (55) st (5]
H TTo
S GrarreTm Y '
and
@ «a 1 a—l—b
(4.9 S O+ I8 @ - ! ()

< H
— 2r+a711" (0[)

a+b o a+b 1 a+b
1.5 (457) + 1 (57) - s (50)

L a+1
S AFayr( ™Y

B(a,r+1)(b—a).

In particular,

(4.9)
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and

(4.1

S.S. DRAGOMIR

b
0) G fO)+ T8 f(a) - 2a—1rta+1)f<a; >‘
L a+1
Sy Y

Remark 2. For a = 1 we recapture from (4.2) and (4.4) the corresponding Os-
trowski type inequalities for Héolder continuous functions and Lipschitzian functions,
respectively, see for instance [7] and the survey paper [12].
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