
APPROXIMATING THE RIEMANN-STIELTJES INTEGRAL IN
TERMS OF INTEGRAL MEANS

SILVESTRU SEVER DRAGOMIR1;2

Abstract. In this paper we provide among others some simple error estimates
in approximating the Riemann-Stieltjes integral

R b
a f (t) du (t) by the use of the

formula�
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Z b

x
u (s) ds

�
f (b) +

�
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x� a

Z x

a
u (s) ds� u (a)

�
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+

�
1

b� x

Z b

x
u (s) ds� 1

x� a

Z x

a
u (s) ds

�
f (x) ;

where x 2 (a; b) ; under various assumptions for the functions u and f and
such that the involved Riemann-Stieltjes integral exists.

1. Introduction

One can approximate the Stieltjes integral
R b
a
f (t) du (t) with the following sim-

pler quantities:

1

b� a [u (b)� u (a)] �
Z b

a

f (t) dt ([27], [28])(1.1)

f (x) [u (b)� u (a)] ([15], [16])(1.2)

or with

(1.3) [u (b)� u (x)] f (b) + [u (x)� u (a)] f (a) ([26]),

where x 2 [a; b] :
In order to provide a priory sharp bounds for the approximation error, consider

the functionals:

D (f; u; a; b) :=

Z b

a

f (t) du (t)� 1

b� a [u (b)� u (a)] �
Z b

a

f (t) dt;

�(f; u; a; b; x) :=

Z b

a

f (t) du (t)� f (x) [u (b)� u (a)]

and

T (f; u; a; b; x) :=

Z b

a

f (t) du (t)� [u (b)� u (x)] f (b)� [u (x)� u (a)] f (a) :

If the integrand f is Riemann integrable on [a; b] and the integrator u : [a; b]! R
is L�Lipschitzian, i.e.,
(1.4) ju (t)� u (s)j � L jt� sj for each t; s 2 [a; b] ;

1991 Mathematics Subject Classi�cation. 26D15, 26D10, 47A63, 47A30.
Key words and phrases. Riemann-Stieltjes integral, Continuous functions, Functions of

bounded variation, Hilbert spaces, Selfadjoint operators, Unitary operators.

1

e5011831
Typewritten Text
RGMIA Res. Rep. Coll. 21 (2018), Art. 100, 13 pp.        Received 22/08/18



2 S. S. DRAGOMIR

then the Stieltjes integral
R b
a
f (t) du (t) exists and, as pointed out in [27],

(1.5) jD (f; u; a; b)j � L
Z b

a

�����f (t)�
Z b

a

1

b� af (s) ds
����� dt:

The inequality (1.5) is sharp in the sense that the multiplicative constant C = 1 in
front of L cannot be replaced by a smaller quantity. Moreover, if there exists the
constants m; M 2 R such that m � f (t) �M for a.e. t 2 [a; b] ; then [27]

(1.6) jD (f; u; a; b)j � 1

2
L (M �m) (b� a) :

The constant 12 is best possible in (1.6).
A di¤erent approach in the case of integrands of bounded variation were consid-

ered by the same authors in 2001, [28], where they showed that

(1.7) jD (f; u; a; b)j � max
t2[a;b]

�����f (t)� 1

b� a

Z b

a

f (s) ds

�����
b_
a

(u) ;

provided that f is continuous and u is of bounded variation. Here
Wb
a (u) denotes

the total variation of u on [a; b] : The inequality (1.7) is sharp.
If we assume that f is K-Lipschitzian, then [28]

(1.8) jD (f; u; a; b)j � 1

2
K (b� a)

b_
a

(u) ;

with 1
2 the best possible constant in (1.8).

For various bounds on the error functional D (f; u; a; b) where f and u belong
to di¤erent classes of function for which the Stieltjes integral exists, see [22], [21],
[20], and [8] and the references therein.
Bounds for the functional �(f; u; a; b; x) can be found in [15], [16] and [8], while

for the functional T (f; u; a; b; x) they may be found in [26], [8], [3] and [2]. The
details are omitted.
Motivated by the above results, in this paper we provide some simple ways

to approximate the Riemann-Stieltjes integral
R b
a
f (t) du (t) by the use of integral

means, namely we establish bounds for the error functionals

(1.9) DM (f; u; a; b; x)

:=

"
u (b)� 1

b� x

Z b

x

u (s) ds

#
f (b) +

�
1

x� a

Z x

a

u (s) ds� u (a)
�
f (a)

+

 
1

b� x

Z b

x

u (s) ds� 1

x� a

Z x

a

u (s) ds

!
f (x)�

Z b

a

f (t) du (t)

where x 2 (a; b) and

(1.10) M (f; u; a; b)

:=

"
u (b)� 1

b� a

Z b

a

u (s) ds

#
f (b) +

"
1

b� a

Z b

a

u (s) ds� u (a)
#
f (a)

under various assumptions for the functions u and f and such that the involved
Riemann-Stieltjes integral exists.
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2. The Main Results

We have:

Lemma 1. Let f; u : [a; b]! C and x 2 [a; b] such that f 2 RSu [a; x]\RSu [x; b].
Then for any ; � 2 C,

(2.1) [u (b)� �] f (b) + [ � u (a)] f (a) + (�� ) f (x)�
Z b

a

f (t) du (t)

=

Z x

a

[u (t)� ] df (t) +
Z b

x

[u (t)� �] df (t) :

In particular, for � =  we have

(2.2) [u (b)� ] f (b) + [ � u (a)] f (a)�
Z b

a

f (t) du (t) =

Z b

a

[u (t)� ] df (t) :

Proof. Using integration by parts rule for the Riemann-Stieltjes integral, we haveZ x

a

[u (t)� ] df (t) = [u (x)� ] f (x)� [u (a)� ] f (a)�
Z x

a

f (t) du (t)

and Z b

x

[u (t)� �] df (t) = [u (b)� �] f (b)� [u (x)� �] f (x)�
Z b

x

f (t) du (t)

for any x 2 [a; b] :
If we add these two equalities, we get

Z x

a

[u (t)� ] df (t) +
Z b

x

[u (t)� �] df (t)

= [u (b)� �] f (b) + [ � u (a)] f (a) + [�� u (x)] f (x)

+ [u (x)� ] f (x)�
Z x

a

f (t) du (t)�
Z b

x

f (t) du (t)

= [u (b)� �] f (b) + [ � u (a)] f (a) + (�� ) f (x)�
Z b

a

f (t) du (t)

for any x 2 [a; b] ; which proves the desired equality (2.1). �

If in (2.1) we chose  = 1
x�a

R x
a
u (s) ds and � = 1

b�x
R b
x
u (s) ds; we get

(2.3) DM (f; u; a; b; x)

=

Z x

a

�
u (t)� 1

x� a

Z x

a

u (s) ds

�
df (t) +

Z b

x

"
u (t)� 1

b� x

Z b

x

u (s) ds

#
df (t) ;

for x 2 (a; b) :
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If we take x = a+b
2 in (2.3), then we get

(2.4) DM

�
f; u; a; b;

a+ b

2

�
=

"
u (b)� 2

b� a

Z b

a+b
2

u (s) ds

#
f (b) +

"
2

b� a

Z a+b
2

a

u (s) ds� u (a)
#
f (a)

+
2

b� af
�
a+ b

2

�Z b

b

sgn

�
s� a+ b

2

�
u (s) ds�

Z b

a

f (t) du (t)

=

Z x

a

"
u (t)� 2

b� a

Z a+b
2

a

u (s) ds

#
df (t)+

Z b

a+b
2

"
u (t)� 2

b� a

Z b

a+b
2

u (s) ds

#
df (t) :

If we take in (2.2)  = 1
b�a

R b
a
u (s) ds then we get

(2.5) M (f; u; a; b) =

Z b

a

"
u (t)� 1

b� a

Z b

a

u (s) ds

#
df (t) :

We have:

Theorem 1. Assume that u : [a; b] ! C is continuous and f : [a; b] ! C is of
bounded variation. Then

(2.6) jM (f; u; a; b)j �
Z b

a

�����u (t)� 1

b� a

Z b

a

u (s) ds

����� d
 

t_
a

(f)

!

�

8>>>>>><>>>>>>:

maxt2[a;b]

���u (t)� 1
b�a

R b
a
u (s) ds

��� b_
a

(f) ;

 R b
a

���u (t)� 1
b�a

R b
a
u (s) ds

���p d t_
a

(f)

!!1=p b_
a

(f)

!1=q

for p; q > 1 with 1
p +

1
q = 1:

Proof. It is well known that, if p : [a; b] ! C is continuous and v : [a; b] ! C of
bounded variation, then the Riemann-Stieltjes integral

R b
a
p (t) dv (t) exists and [1]

(2.7)

�����
Z b

a

p (t) dv (t)

����� �
Z b

a

jp (t)j d
 

t_
a

(v)

!
� max

t2[a;b]
jp (t)j

b_
a

(v) :

Using (2.5) and (2.7) we get

jM (f; u; a; b)j =
�����
Z b

a

"
u (t)� 1

b� a

Z b

a

u (s) ds

#
df (t)

�����
�
Z b

a

�����u (t)� 1

b� a

Z b

a

u (s) ds

����� d
 

t_
a

(f)

!
:
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Using the Hölder inequality for monotonic integrators, we haveZ b

a

�����u (t)� 1

b� a

Z b

a

u (s) ds

����� d
 

t_
a

(f)

!

�

8>>>>>><>>>>>>:
maxt2[a;b]

���u (t)� 1
b�a

R b
a
u (s) ds

��� b_
a

(f)

 R b
a

���u (t)� 1
b�a

R b
a
u (s) ds

���p d t_
a

(f)

!!1=p R b
a
d

 
t_
a

(f)

!!1=q

=

8>>>>>><>>>>>>:

maxt2[a;b]

���u (t)� 1
b�a

R b
a
u (s) ds

��� b_
a

(f)

 R b
a

���u (t)� 1
b�a

R b
a
u (s) ds

���p d t_
a

(f)

!!1=p b_
a

(f)

!1=q
for p; q > 1 with 1

p +
1
q = 1: �

We also have:

Theorem 2. Assume that u : [a; b] ! C is Riemann integrable and f : [a; b] ! C
is Lipschitzian with the constant L > 0, namely

(2.8) jf (t)� f (s)j � L jt� sj for all t; s 2 [a; b] :
Then

(2.9) jM (f; u; a; b)j � L
Z b

a

�����u (t)� 1

b� a

Z b

a

u (s) ds

����� dt
� L�

8>><>>:
(b� a)maxt2[a;b]

���u (t)� 1
b�a

R b
a
u (s) ds

��� ;
(b� a)1=q

�R b
a

���u (t)� 1
b�a

R b
a
u (s) ds

���p dt�1=p
for p; q > 1 with 1

p +
1
q = 1:

In particular, we have

(2.10) jM (f; u; a; b)j � L
Z b

a

�����u (t)� 1

b� a

Z b

a

u (s) ds

����� dt
� L (b� a)

0@ 1

b� a

Z b

a

ju (t)j2 dt�
����� 1

b� a

Z b

a

u (s) ds

�����
2
1A1=2

:

Proof. It is well known that, if p : [a; b]! C is Riemann integrable and v : [a; b]!
C is Lipschitzian with the constant L > 0, then the Riemann-Stieltjes integralR b
a
p (t) dv (t) exists and

(2.11)

�����
Z b

a

p (t) dv (t)

����� � L
Z b

a

jp (t)j dt:
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Using (2.5) and (2.11) we get

jM (f; u; a; b)j =
�����
Z b

a

"
u (t)� 1

b� a

Z b

a

u (s) ds

#
df (t)

�����
� L

Z b

a

�����u (t)� 1

b� a

Z b

a

u (s) ds

����� dt:
By Hölder�s inequality we also haveZ b

a

�����u (t)� 1

b� a

Z b

a

u (s) ds

����� dt
�

8>><>>:
(b� a)maxt2[a;b]

���u (t)� 1
b�a

R b
a
u (s) ds

��� ;
(b� a)1=q

�R b
a

���u (t)� 1
b�a

R b
a
u (s) ds

���p dt�1=p
for p; q > 1 with 1

p +
1
q = 1:

For p = 2 we get0@ 1

b� a

Z b

a

�����u (t)� 1

b� a

Z b

a

u (s) ds

�����
2

dt

1A1=2

=

0@ 1

b� a

Z b

a

ju (t)j2 dt�
����� 1

b� a

Z b

a

u (s) ds

�����
2
1A1=2

;

which proves (2.10). �

Now, some bounds for the functional DM (f; u; a; b; x) :

Theorem 3. Assume that u : [a; b] ! C is continuous and f : [a; b] ! C is of
bounded variation. Then for all x 2 (a; b)

(2.12) jDM (f; u; a; b; x)j

�

8>>>>>><>>>>>>:

maxt2[a;x]

���u (t)� 1
x�a

R x
a
u (s) ds

��� x_
a

(f) ;

 R x
a

���u (t)� 1
x�a

R x
a
u (s) ds

���p d t_
a

(f)

!!1=p x_
a

(f)

!1=q

+

8>>>>>><>>>>>>:

maxt2[x;b]

���u (t)� 1
b�x

R b
x
u (s) ds

��� b_
x

(f) ;

 R b
x

���u (t)� 1
b�x

R b
x
u (s) ds

���p d t_
x

(f)

!!1=p b_
x

(f)

!1=q
:
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�

8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

max
n
maxt2[a;x]

���u (t)� 1
x�a

R x
a
u (s) ds

��� ;maxt2[x;b] ���u (t)� 1
b�x

R b
x
u (s) ds

���o
�

b_
a

(f) ;

 R x
a

���u (t)� 1
x�a

R x
a
u (s) ds

���p d t_
a

(f)

!
+
R b
x

���u (t)� 1
b�x

R b
x
u (s) ds

���p d t_
x

(f)

!!1=p

�
 

b_
a

(f)

!1=q
for p; q > 1 with 1

p +
1
q = 1:

Proof. Using the representation (2.3) we have

(2.13) jDM (f; u; a; b; x)j �
����Z x

a

�
u (t)� 1

x� a

Z x

a

u (s) ds

�
df (t)

����
+

�����
Z b

x

"
u (t)� 1

b� x

Z b

x

u (s) ds

#
df (t)

�����
�
Z x

a

����u (t)� 1

x� a

Z x

a

u (s) ds

���� d
 

t_
a

(f)

!

+

Z b

x

�����u (t)� 1

b� x

Z b

x

u (s) ds

����� d
 

t_
x

(f)

!

�

8>>>>>><>>>>>>:

maxt2[a;x]

���u (t)� 1
x�a

R x
a
u (s) ds

��� x_
a

(f) ;

 R x
a

���u (t)� 1
x�a

R x
a
u (s) ds

���p d t_
a

(f)

!!1=p x_
a

(f)

!1=q

+

8>>>>>><>>>>>>:

maxt2[x;b]

���u (t)� 1
b�x

R b
x
u (s) ds

��� b_
x

(f) ;

 R b
x

���u (t)� 1
b�x

R b
x
u (s) ds

���p d t_
x

(f)

!!1=p b_
x

(f)

!1=q
:

Now, observe that

max
t2[a;x]

����u (t)� 1

x� a

Z x

a

u (s) ds

���� x_
a

(f) + max
t2[x;b]

�����u (t)� 1

b� x

Z b

x

u (s) ds

�����
b_
x

(f)

� max
(
max
t2[a;x]

����u (t)� 1

x� a

Z x

a

u (s) ds

���� ; maxt2[x;b]

�����u (t)� 1

b� x

Z b

x

u (s) ds

�����
)

b_
a

(f)

and, by the elementary inequality

�� + � � (�p + p)1=p (�q + �q)1=q
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where �; �; ; � � 0 and p; q > 1 with 1
p +

1
q = 1; Z x

a

����u (t)� 1

x� a

Z x

a

u (s) ds

����p d
 

t_
a

(f)

!!1=p x_
a

(f)

!1=q

+

 Z b

x

�����u (t)� 1

b� x

Z b

x

u (s) ds

�����
p

d

 
t_
x

(f)

!!1=p b_
x

(f)

!1=q

�
(Z x

a

����u (t)� 1

x� a

Z x

a

u (s) ds

����p d
 

t_
a

(f)

!

+

Z b

x

�����u (t)� 1

b� x

Z b

x

u (s) ds

�����
p

d

 
t_
x

(f)

!)1=p
�
 

x_
a

(f) +

b_
x

(f)

!1=q

=

(Z x

a

����u (t)� 1

x� a

Z x

a

u (s) ds

����p d
 

t_
a

(f)

!

+

Z b

x

�����u (t)� 1

b� x

Z b

x

u (s) ds

�����
p

d

 
t_
x

(f)

!)1=p
�
 

b_
a

(f)

!1=q
:

This prove the desired result (2.12). �

We also have:

Theorem 4. Assume that u : [a; b] ! C is Riemann integrable and f : [a; b] ! C
is Lipschitzian with the constant L > 0. Then

(2.14) jDM (f; u; a; b; x)j

� L�

8>><>>:
maxt2[a;x]

���u (t)� 1
x�a

R x
a
u (s) ds

��� (x� a) ;
�R x

a

���u (t)� 1
x�a

R x
a
u (s) ds

���p dt�1=p (x� a)1=q
+ L�

8>><>>:
maxt2[x;b]

���u (t)� 1
b�x

R b
x
u (s) ds

��� (b� x) ;
�R b

x

���u (t)� 1
b�x

R b
x
u (s) ds

���p dt�1=p (b� x)1=q :

� L�

8>>>>>>><>>>>>>>:

max
n
maxt2[a;x]

���u (t)� 1
x�a

R x
a
u (s) ds

��� ;maxt2[x;b] ���u (t)� 1
b�x

R b
x
u (s) ds

���o
� (b� a) ;

�R x
a

���u (t)� 1
x�a

R x
a
u (s) ds

���p dt+ R bx ���u (t)� 1
b�x

R b
x
u (s) ds

���p dt�1=p
� (b� a)1=q

for all x 2 (a; b) ; where p; q > 1 with 1
p +

1
q = 1:

The proof is similar to the ones from Theorems 2 and 3 and we omit the details.
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Remark 1. For p = q = 2 we get from (2.14) that

(2.15) jDM (f; u; a; b; x)j

� L (x� a)
 

1

x� a

Z x

a

����u (t)� 1

x� a

Z x

a

u (s) ds

����2 dt
!1=2

+ L (b� x)

0@ 1

b� x

Z b

x

�����u (t)� 1

b� x

Z b

x

u (s) ds

�����
2

dt

1A1=2

= L (x� a)
 

1

x� a

Z x

a

ju (t)j2 dt�
���� 1

x� a

Z x

a

u (s) ds

����2
!1=2

+ L (b� x)

0@ 1

b� x

Z b

x

ju (t)j2 dt�
����� 1

b� x

Z b

x

u (s) ds

�����
2
1A1=2

for all x 2 (a; b) :

3. Some Further Bounds

In [14] we proved amongst other that, if g : [a; b] ! C is of bounded variation,
then

(3.1)

24 1

b� a

Z b

a

jg (t)j2 dt�
����� 1

b� a

Z b

a

g (s) ds

�����
2
351=2 � 1

2

b_
a

(g)

with the constant 12 as best possible.
Now, for ; � 2 C and [a; b] an interval of real numbers, de�ne the sets of

complex-valued functions

�U[a;b] (;�) :=
n
g : [a; b]! CjRe

h
(�� g (t))

�
g (t)� 

�i
� 0 for each t 2 [a; b]

o
and

��[a;b] (;�) :=

�
g : [a; b]! Cj

����g (t)�  + �2
���� � 1

2
j�� j for each t 2 [a; b]

�
:

This family of functions is a particular case of the class introduced in [23]

��[a;b];g (;�)

:=

�
g : [a; b]! Cj

����g (t)�  + �2 g (t)

���� � 1

2
j�� j jg (t)j for each t 2 [a; b]

�
;

where g : [a; b]! C.
The following representation result may be stated.

Proposition 1. For any ; � 2 C,  6= �; we have that �U[a;b] (;�) and ��[a;b] (;�)
are nonempty, convex and closed sets and

(3.2) �U[a;b] (;�) = ��[a;b] (;�) :
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Proof. We observe that for any z 2 C we have the equivalence����z �  + �2
���� � 1

2
j�� j

if and only if
Re [(�� z) (�z � �)] � 0:

This follows by the equality

1

4
j�� j2 �

����z �  + �2
����2 = Re [(�� z) (�z � �)]

that holds for any z 2 C.
The equality (3.2) is thus a simple consequence of this fact. �
On making use of the complex numbers �eld properties we can also state that:

Corollary 1. For any ; � 2 C,  6= �;we have that
�U[a;b] (;�) = fg : [a; b]! C j (Re�� Re g (t)) (Re g (t)� Re )

+ (Im�� Im g (t)) (Im g (t)� Im ) � 0 for each t 2 [a; b]g :

Now, if we assume that Re (�) � Re () and Im (�) � Im () ; then we can de�ne
the following set of functions as well:

�S[a;b] (;�) := fg : [a; b]! C j Re (�) � Re g (t) � Re ()
and Im (�) � Im g (t) � Im () for each t 2 [a; b]g :

One can easily observe that �S[a;b] (;�) is closed, convex and

; 6= �S[a;b] (;�) � �U[a;b] (;�) :

If g 2 ��[a;b] (;�) is square integrable on [a; b] ; then we have the following Grüss
type inequality (see for instance [13])

(3.3)

24 1

b� a

Z b

a

jg (t)j2 dt�
����� 1

b� a

Z b

a

g (s) ds

�����
2
351=2 � 1

2
j�� j :

Proposition 2. Assume that u : [a; b]! C is of bounded variation and f : [a; b]!
C is Lipschitzian with the constant L > 0.
We have

(3.4) jM (f; u; a; b)j � 1

2
L (b� a)

b_
a

(u) :

If x 2 (a; b) ; then

(3.5) jDM (f; u; a; b; x)j � 1

2
L

"
(x� a)

x_
a

(u) + (b� x)
b_
x

(u)

#

� 1

2
L

8>>>>>><>>>>>>:

�
1
2 (b� a) +

��x� a+b
2

��� b_
a

(u)

1
2

"
b_
a

(u) +

�����
x_
a

(u)�
b_
x

(u)

�����
#
(b� a)

� 1

2
L (b� a)

b_
a

(u) :
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In particular,

(3.6)

����DM �
f; u; a; b;

a+ b

2

����� � 1

4
L (b� a)

b_
a

(u) :

If p 2 [a; b] is such that
p_
a

(u) =
b_
p

(u) ; then also

(3.7) jDM (f; u; a; b; p)j � 1

4
L (b� a)

b_
a

(u) :

The proof follows by the inequalities (2.10), (2.15) and (3.1).

Proposition 3. Assume that u : [a; b]! C is Riemann integrable and there exists
; � 2 C,  6= �; such that u 2 ��[a;b] (;�) and f : [a; b] ! C is Lipschitzian with
the constant L > 0. Then

(3.8) jM (f; u; a; b)j � 1

2
L (b� a) j�� j :

If x 2 (a; b) and u 2 ��[a;x] (1;�1) \ ��[x;b] (2;�2) ; then

(3.9) jDM (f; u; a; b; x)j � 1

2
L [(x� a) j�1 � 1j+ (b� x) j�2 � 2j]

� 1

2
L

8<:
�
1
2 (b� a) +

��x� a+b
2

��� [j�1 � 1j+ j�2 � 2j] ;
max fj�1 � 1j ; j�2 � 2jg (b� a) :

In particular, if x = a+b
2 ; then

(3.10)

����DM �
f; u; a; b;

a+ b

2

����� � 1

4
L [j�1 � 1j+ j�2 � 2j] (b� a) :

The proof follows by the inequalities (2.10), (2.15) and (3.3).

References

[1] T. M. Apostol, Mathematical Analysis, Addison-Wesley Publishing Company, Second Edi-
tion, 1981.

[2] N. S. Barnett, W. S. Cheung, S. S. Dragomir and A. Sofo, Ostrowski and trapezoid type
inequalities for the Stieltjes integral with Lipschitzian integrands or integrators, Comput.
Math. Appl. 57 (2009), no. 2, 195�201. Preprint RGMIA Res. Rep. Coll. 9 (2006), No. 4,
Article 9.

[3] P. Cerone, W. S. Cheung and S. S. Dragomir, On Ostrowski type inequalities for Stieltjes
integrals with absolutely continuous integrands and integrators of bounded variation, Comput.
Math. Appl. 54 (2007), no. 2, 183�191. Preprint RGMIA Res. Rep. Coll. 9 (2006), No. 2,
Article 14. [ONLINE: http://rgmia.vu.edu.au/v9n2.html].

[4] P. Cerone and S. S. Dragomir, Trapezoid type rules from an inequalities point of view, in
Handbook of Analytic Computational Methods in Applied Mathematics, Ed. G. Anastassiou,
CRC Press, New York, pp. 65-134.

[5] P. Cerone and S. S. Dragomir, A re�nement of the Grüss inequality and applications, Tamkang
J. Math. 38 (2007), no. 1, 37�49. Preprint RGMIA Res. Rep. Coll., 5 (2) (2002), Article 14.

[6] P. Cerone, S. S. Dragomir and C. E. M. Pearce, A generalised trapezoid inequality for func-
tions of bounded variation, Turkish J. Math., 24 (2) (2000), 147-163.

[7] X. L. Cheng and J. Sun, A note on the perturbed trapezoid inequality, J. Ineq. Pure and
Appl. Math., 3(2) Art. 29, (2002).



12 S. S. DRAGOMIR

[8] W. S. Cheung and S. S. Dragomir, Two Ostrowski type inequalities for the Stieltjes integral of
monotonic functions, Bull. Austral. Math. Soc. 75 (2007), no. 2, 299�311., Preprint RGMIA
Res. Rep. Coll. 9 (2006), No. 3, Article 8.

[9] W. S. Cheung and S. S. Dragomir, A survey on Ostrowski type inequalities for Riemann-
Stieltjes integral. Handbook of functional equations, 75�104, Springer Optim. Appl.,
95,Springer, New York, 2014.

[10] S. S. Dragomir, The Ostrowski integral inequality for mappings of bounded variation. Bull.
Austral. Math. Soc. 60 (1999), No. 3, 495�508.

[11] S. S. Dragomir, Ostrowski�s inequality for monotonous mappings and applications, J. KSIAM,
3 (1) (1999), 127-135.

[12] S. S. Dragomir, The Ostrowski�s integral inequality for Lipschitzian mappings and applica-
tions, Computers and Math. with Applic., 38 (1999), 33-37.

[13] S. S. Dragomir, A generalization of Grüss�s inequality in inner product spaces and applica-
tions. J. Math. Anal. Appl. 237 (1999), no. 1, 74�82.

[14] S. S. Dragomir, New Grüss�type inequalities for functions of bounded variation and applica-
tions, Applied Mathematics Letters 25 (2012) 1475�1479.

[15] S. S. Dragomir, On the Ostrowski�s inequality for Riemann-Stieltjes integral, Korean J. Appl.
Math., 7 (2000), 477-485.

[16] S. S. Dragomir, On the Ostrowski�s inequality for Riemann-Stieltjes integral
R b
a f (t) du (t)

where f is of Hölder type and u is of bounded variation and applications, J. KSIAM, 5 (1)
(2001), 35-45.

[17] S. S. Dragomir, On the Ostrowski�s integral inequality for mappings with bounded variation
and applications, Math. Ineq. Appl. 4 (2001), No. 1, 59-66. Preprint: RGMIA Res. Rep. Coll.
2 (1999), Art. 7.

[18] S. S. Dragomir, The median principle for inequalities and applications. Functional equations,
inequalities and applications, 21�37, Kluwer Acad. Publ., Dordrecht, 2003.

[19] S. S. Dragomir, A companion of the Grüss inequality and applications. Appl. Math. Lett. 17
(2004), no. 4, 429�435.

[20] S. S. Dragomir, Inequalities of Grüss type for the Stieltjes integral, Kragujevac J. Math., 26
(2004), 89-122.

[21] S. S. Dragomir, A generalisation of Cerone�s identity and applications, Tamsui Oxf. J. Math.
Sci. 23 (2007), no. 1, 79�90. Preprint RGMIA Res. Rep. Coll. 8(2005), No. 2. Artcile 19.

[22] S. S. Dragomir, Inequalities for Stieltjes integrals with convex integrators and applications,
Appl. Math. Lett., 20 (2007), 123-130.

[23] S. S. Dragomir, The perturbed median principle for integral inequalities with applications.
Nonlinear analysis and variational problems, 53�63, Springer Optim. Appl., 35, Springer,
New York, 2010.

[24] S. S. Dragomir, Some inequalities for continuous functions of selfadjoint operators in Hilbert
spaces, Acta Math Vietnam (2014) 39:287�303, DOI 10.1007/s40306-014-0061-4. Preprint
RGMIA Res. Rep. Coll. 15 (2012), Art. 16.

[25] S. S. Dragomir, Ostrowski type inequalities for Lebesgue integral: a survey of recent results.
Aust. J. Math. Anal. Appl. 14 (2017), no. 1, Art. 1, 283 pp.
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