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Abstract

This is a long journey in the modern realm of Conformable fractional
differentiation. In that setting the author presents the following types
of analytic inequalities: Landau, Hilbert-Pachpatte, Ostrowski, Opial,
Poincare and Sobolev inequalities. We present uniform and Lp results,
involving left and right conformable fractional derivatives, as well engag-
ing several functions. We discuss many interesting special cases.

1 Introduction

Our motivations to write this work follow. The first inspiration comes next.
Let p ∈ [1,∞], I = R+ or I = R and f : I → R is twice differentiable with

f, f ′′ ∈ Lp (I), then f ′ ∈ Lp (I).
Moreover, there exists a constant Cp (I) > 0 independent of f , such that

‖f ′‖p,I ≤ Cp (I) ‖f‖
1
2

p,I ‖f
′′‖

1
2

p,I ,

where ‖·‖p,I is the p-norm on the interval I, see [2], [13].
The research on these inequalities started by E. Landau [20] in 1914. For

the case of p =∞ he proved that

C∞ (R+) = 2 and C∞ (R) =
√

2,

are the best constants above.
In 1932, G.H. Hardy and J.E. Littlewood [16] proved above inequality for

p = 2, with the best constants

C2 (R+) =
√

2 and C2 (R) = 1.

In 1935, G.H. Hardy, E. Landau and J.E. Littlewood [17] showed that the
best constant Cp (R+) above satisfies the estimate

Cp (R+) ≤ 2 for p ∈ [1,∞),

1

e5011831
Typewritten Text
RGMIA Res. Rep. Coll. 21 (2018), Art. 107, 46 pp.      Received 07/09/18



which yields Cp (R) ≤ 2 for p ∈ [1,∞).
In fact in [14] and [18], was shown that Cp (R) ≤

√
2.

The author in [8], studied extensively fractional Landau type inequalities
involving right and left Caputo fractional derivatives.

The famous Ostrowski ([21]) inequality motivates this work and has as fol-
lows: ∣∣∣∣∣ 1

b− a

∫ b

a

f (y) dy − f (x)

∣∣∣∣∣ ≤
(

1

4
+

(
x− a+b

2

)2
(b− a)

2

)
(b− a) ‖f ′‖∞ ,

where f ∈ C1 ([a, b]), x ∈ [a, b], and it is a sharp inequality.
Another motivation is author’s next Ostrowski type fractional result, see [8],

p. 44:
Let [a, b] ⊂ R, α > 0, m = dαe (d·e ceiling of the number), f ∈ ACm ([a, b])

(i.e. f (m−1) is absolutely continuous), and
∥∥Dα

x0−f
∥∥
∞,[a,x0]

,
∥∥Dα
∗x0

f
∥∥
∞,[x0,b]

<

∞ (where Dα
x0−f , Dα

∗x0
f are the right and left Caputo fractional derivatives of

f of order α, respectively), x0 ∈ [a, b]. Assume f (k) (x0) = 0, k = 1, ...,m− 1.
Then ∣∣∣∣∣ 1

b− a

∫ b

a

f (x) dx− f (x0)

∣∣∣∣∣ ≤ 1

(b− a) Γ (α+ 2)
·

{∥∥Dα
x0−f

∥∥
∞,[a,x0]

(x0 − a)
α+1

+
∥∥Dα
∗x0

f
∥∥
∞,[x0,b]

(b− x0)
α+1
}
≤

1

Γ (α+ 2)
max

{∥∥Dα
x0−f

∥∥
∞,[a,x0]

,
∥∥Dα
∗x0

f
∥∥
∞,[x0,b]

}
(b− a)

α
.

The author’s monographs [3], [4], [5], [6], [7], [8], motivate and support greatly
this work too.

Under the point of view of Conformable fractional differentiation the author
scans the broad area of analytic inequalities and reveals a great variety of well-
known inequalities in the Conformable fractional environment to all possible
directions.

2 Main Results - I

We need

Definition 1 ([15], [19]) Let f : [0,∞) → R. The conformable α-fractional
derivative for α ∈ (0, 1] is given by

Dαf (t) := lim
ε→0

f
(
t+ εt1−α

)
− f (t)

ε
, (1)

Dαf (0) = lim
t→0+

Dαf (t) . (2)

If f is differentiable, then

Dαf (t) = t1−αf ′ (t) , (3)
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where f ′ is the usual derivative.
We define

Dn
αf = Dn−1

α (Dαf) . (4)

If f : [0,∞) → R is α-differentiable at t0 > 0, α ∈ (0, 1], then f is continuous
at t0, see [19].

Definition 2 ([12]) Let α ∈ (0, 1] and 0 ≤ a < b. A function f : [a, b] → R is
α-fractional integrable on [a, b] if the integral

Iaαf (b) :=

∫ b

a

f (t) dαt :=

∫ b

a

f (t) tα−1dt, (5)

exists and is finite.

We need

Theorem 3 ([12]) (Ostrowski type inequality) Let a, b, t ∈ R+ with 0 ≤ a < b,
and let f : [a, b]→ R be α-fractional differentiable for α ∈ (0, 1]. Then∣∣∣∣∣ α

bα − aα

∫ b

a

f (t) dαt− f (t)

∣∣∣∣∣ ≤ M1

2α (bα − aα)

[
(tα − aα)

2
+ (bα − tα)

2
]
, (6)

where
M1 := sup

t∈(a,b)
|Dαf (t)| . (7)

Inequality (6) is sharp.

Corollary 4 (to Theorem 3) Let a, b ∈ R+ with 0 ≤ a < b, and let f : [a, b]→ R
be α-fractional differentiable for α ∈ (0, 1]. Then∣∣∣∣∣ α

bα − aα

∫ b

a

f (t) dαt− f (a)

∣∣∣∣∣ ≤ M1

2α
(bα − aα) , (8)

where
M1 := sup

t∈(a,b)
|Dαf (t)| .

We need

Theorem 5 ([10]) Let α ∈ (0, 1], and f : [a, b] → R, a ≥ 0, be α-fractional
differentiable on [a, b]. Assume that Dαf is continuous on [a, b]. Then

IaαDαf (t) = f (t)− f (a) , ∀ t ∈ [a, b] . (9)

We make
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Remark 6 Let α ∈ (0, 1], and any a, b ∈ R+ : 0 ≤ a < b, and Dαf is α-
fractional differentiable and continuous on every [a, b] ⊂ R+. By Corollary 4 we
get ∣∣∣∣∣ α

bα − aα

∫ b

a

Dαf (t) dαt−Dαf (a)

∣∣∣∣∣ ≤ M2

2α
(bα − aα) , (10)

where
M2 := sup

t∈(a,b)

∣∣D2
αf (t)

∣∣ .
By Theorem 5, equivalently we have:∣∣∣∣ α

bα − aα
(f (b)− f (a))−Dαf (a)

∣∣∣∣ ≤ M2

2α
(bα − aα) . (11)

Hence it holds

|Dαf (a)| − α

bα − aα
|f (b)− f (a)| ≤ M2

2α
(bα − aα) . (12)

Equivalently, we can write

|Dαf (a)| ≤ α

bα − aα
|f (b)− f (a)|+ M2

2α
(bα − aα) ≤ (13)

(
α

bα − aα

)(
2 ‖f‖∞,[0,+∞)

)
+

(
bα − aα

2α

)∥∥D2
αf
∥∥
∞,[0,+∞)

,

∀ a, b ∈ R+ : a < b.
Notice that the right hand side of (13) depends only on bα − aα. Therefore

it holds

‖Dαf‖∞,[0,+∞) ≤
(

2α

bα − aα

)
‖f‖∞,[0,+∞) +

(∥∥D2
αf
∥∥
∞,[0,+∞)

2α

)
(bα − aα) .

(14)
Set t := bα − aα > 0. Thus

‖Dαf‖∞,[0,+∞) ≤
(

2α

t

)
‖f‖∞,[0,+∞) +

(∥∥D2
αf
∥∥
∞,[0,+∞)

2α

)
t, ∀ t > 0. (15)

Call
µ := 2α ‖f‖∞,[0,+∞) ,

and (16)

θ :=

(∥∥D2
αf
∥∥
∞,[0,+∞)

2α

)
,

both are greater than zero.
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That is we have

‖Dαf‖∞,[0,+∞) ≤
µ

t
+ θ · t, ∀ t > 0. (17)

Consider the function

y (t) :=
µ

t
+ θ · t, t > 0. (18)

As in [8], pp. 80-82, y has a global minimum at

t0 =
(µ
θ

) 1
2

, (19)

which is
y (t0) = 2

√
θµ. (20)

Consequently we derive

y (t0) = 2
√
‖f‖∞,[0,+∞) ‖D2

αf‖∞,[0,+∞). (21)

We have proved that

‖Dαf‖∞,[0,+∞) ≤ 2
√
‖f‖∞,[0,+∞) ‖D2

αf‖∞,[0,+∞). (22)

We have established the following conformable fractional Landau type in-
equality:

Theorem 7 Let f : R+ → R be α-fractional differentiable, α ∈ (0, 1]. And Dαf
is also α-fractional differentiable and continuous on R+. Assume that ‖f‖∞,R+

,∥∥D2
αf
∥∥
∞,R+

<∞. Then

‖Dαf‖∞,R+
≤ 2 ‖f‖

1
2

∞,R+

∥∥D2
αf
∥∥ 1

2

∞,R+
, (23)

that is ‖Dαf‖∞,R+
<∞.

Note 8 If f is differentiable then Dαf (t) = t1−αf ′ (t), t > 0, α ∈ (0, 1]. When
t > 0, t1−α is differentiable. If f is twice differentiable and t > 0, then we have

D2
αf (t) = Dα (Dαf (t)) = Dα

(
t1−αf ′ (t)

)
= t1−α

(
t1−αf ′ (t)

)′
= t1−α

(
(1− α) t−αf ′ (t) + t1−αf ′′ (t)

)
.

That is an interesting formula:

D2
αf (t) = (1− α) t1−2αf ′ (t) + t2(1−α)f ′′ (t) , t > 0. (24)

We need
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Definition 9 Let α ∈ (0, 1]. We define the spaces of functions:

Lpα ([a, b]) :=

{
f : [a, b] ⊂ R+ → R :

∫ b

a

|f (t)|p dαt < +∞, p ≥ 1

}
,

and

Lpα (R+) :=

{
f : R+ → R :

∫
R+

|f (x)|p dαx :=

∫
R+

|f (x)|p xα−1dx < +∞, p ≥ 1

}
.

We need the conformable fractional Lp Ostrowski type inequality:

Theorem 10 ([22]) Let a ≥ 0, f : [a, b] → R be an α-fractional differentiable
function for α ∈ (0, 1], Dα (f) ∈ Lpα ([a, b]); p, q > 1 : 1

p + 1
q = 1. Then for all

x ∈ [a, b], we have the inequality:∣∣∣∣∣ α

bα − aα

∫ b

a

f (t) dαt− f (x)

∣∣∣∣∣ ≤ Aα (x, q) ‖Dα (f)‖p , (25)

where

Aα (x, q) =
1

(bα − aα)

(
1

α (q + 1)

(
bα − aα

2

)α(q+1)
) 1
q

+

∣∣∣∣ 1α
(
xα − aα + bα

2

)∣∣∣∣ 1q . (26)

When x = a, we get:∣∣∣∣∣ α

bα − aα

∫ b

a

f (t) dαt− f (a)

∣∣∣∣∣ ≤ Aα (a, q) ‖Dα (f)‖p , (27)

where

Aα (a, q) =
1

bα − aα

(
1

α (q + 1)

(
bα − aα

2

)α(q+1)
) 1
q

+

[
1

α

(
bα − aα

2

)] 1
q

. (28)

We need

Corollary 11 ([22]) Let a ≥ 0, f : [a, b] → R be an α-fractional differentiable
function for α ∈ (0, 1], Dα (f) ∈ Lpα ([a, b]) , p, q > 1 : 1

p + 1
q = 1. Then∣∣∣∣∣ α

bα − aα

∫ b

a

f (t) dαt− f

((
aα + bα

2

) 1
α

)∣∣∣∣∣ ≤ (29)

1

2

(
1

α (q + 1)

) 1
2
(
bα − aα

2

)α(1+ 1
q )−1

‖Dα (f)‖p,[a,b] .
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We make

Remark 12 Here f : R+ → R be α-fractional differentiable and 0 < α ≤ 1,
and Dαf is also α-fractional differentiable and continuous function on R+, and
D2
α (f) ∈ Lpα (R+), p, q > 1 : 1

p + 1
q = 1. Here [a, b] ⊂ R+.

Then, by (29), we get:∣∣∣∣∣Dαf

((
aα + bα

2

) 1
α

)
− α

bα − aα

∫ b

a

Dαf (t) dαt

∣∣∣∣∣ ≤ (30)

1

2

(
1

α (q + 1)

) 1
2
(
bα − aα

2

)α(1+ 1
q )−1 ∥∥D2

α (f)
∥∥
p,[a,b]

,

equivalently it holds∣∣∣∣∣Dαf

((
aα + bα

2

) 1
α

)
− α

bα − aα
(f (b)− f (a))

∣∣∣∣∣ ≤
1

2

(
1

α (q + 1)

) 1
2
(
bα − aα

2

)α(1+ 1
q )−1 ∥∥D2

α (f)
∥∥
p,[a,b]

. (31)

Hence it follows∣∣∣∣∣Dαf

((
aα + bα

2

) 1
α

)∣∣∣∣∣− α

bα − aα
|f (b)− f (a)| ≤ (32)

1

2

(
1

α (q + 1)

) 1
2 ∥∥D2

α (f)
∥∥
p,[a,b]

(
bα − aα

2

)α(1+ 1
q )−1

.

Thus, it holds ∣∣∣∣∣Dαf

((
aα + bα

2

) 1
α

)∣∣∣∣∣ ≤
(

2α ‖f‖∞,R+

)
bα − aα

+ (33)

[
1

2α(1+ 1
q )

(
1

α (q + 1)

) 1
q ∥∥D2

α (f)
∥∥
p,R+

]
(bα − aα)

α(1+ 1
q )−1

true, ∀ a, b ∈ R+, a < b.
The right hand side of (33) depends only on bα − aα.
We have aα ≤ aα+bα

2 ≤ bα, iff a ≤
(
aα+bα

2

) 1
α ≤ b.

From now on we assume that |Dαf | is increasing (or decreasing) then

|Dαf (a)| ≤

∣∣∣∣∣Dαf

((
aα + bα

2

) 1
α

)∣∣∣∣∣ (34)
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(or |Dαf (b)| ≤
∣∣∣∣Dαf

((
aα+bα

2

) 1
α

)∣∣∣∣).

Therefore it holds

‖Dαf‖∞,R+
≤

(
2α ‖f‖∞,R+

)
bα − aα

+ (35)

(
1

2α(1+ 1
q )

(
1

α (q + 1)

) 1
q ∥∥D2

α (f)
∥∥
p,R+

)
(bα − aα)

α(1+ 1
q )−1 .

Set t := bα − aα > 0, so that

‖Dαf‖∞,R+
≤

(
2α ‖f‖∞,R+

)
t

+ (36)

(
1

2α(1+ 1
q )

(
1

α (q + 1)

) 1
q ∥∥D2

α (f)
∥∥
p,R+

)
tα(1+ 1

q )−1, ∀ t > 0.

Call
µ̃ := 2α ‖f‖∞,R+

,

and (37)

θ̃ :=

(
1

2α(1+ 1
q )

(
1

α (q + 1)

) 1
q ∥∥D2

α (f)
∥∥
p,R+

)
,

both are greater than 0.
From now on we consider α ∈ (0, 1), i.e. 0 < α < 1, thus 1

α > 1.
We would like to have

0 < α

(
1 +

1

q

)
− 1 < 1⇔

(0 < )
1− α
α

<
1

q
<

2− α
α

; (38)

where 0 < 1
q < 1.

By α < 1 we get 2−α
α > 1. Therefore 1

q <
2−α
α , always correct.

Inequalities (38) are written, equivalently, as

α

2− α
< q <

α

1− α
. (39)

Notice that 1
2 < α < 1 is equivalently to α

1−α > 1.
From now on we assume that

1

2
< α < 1 and 1 < q <

α

1− α
, (40)
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and it holds

0 < α

(
1 +

1

q

)
− 1 < 1. (41)

Next, we call

ν̃ := α

(
1 +

1

q

)
− 1, ν̃ ∈ (0, 1) . (42)

We consider the function

ỹ (t) =
µ̃

t
+ θ̃tν̃ , t ∈ (0,∞) . (43)

Next we act as in [8], pp. 80-82.
The only critical number here is

t̃0 =

(
µ̃

ν̃θ̃

) 1
ν̃+1

, (44)

and ỹ has a global minimum at t̃0, which is

ỹ
(
t̃0
)

=
(
θ̃µ̃ν̃

) 1
ν̃+1

(ν̃ + 1) ν̃−( ν̃
ν̃+1 ). (45)

Thus, we have proved
‖Dαf‖∞,R+

≤ (46)[(
1

2α(1+ 1
q )

(
1

α (q + 1)

) 1
q ∥∥D2

α (f)
∥∥
p,R+

)(
2α ‖f‖∞,R+

)a(1+ 1
q )−1

] 1

α(1+ 1
q )

(
α

(
1 +

1

q

))(
α

(
1 +

1

q

)
− 1

)− (α(1+ 1
q )−1)

α(1+ 1
q )

.

We have established the following Lp conformable fractional Landau type
inequality:

Theorem 13 Here f : R+ → R be α-fractional differentiable with 1
2 < α < 1,

and Dαf is also α-fractional differentiable and continuous function on R+, and
D2
α (f) ∈ Lpα (R+), where p, q > 1 : 1

p + 1
q = 1, 1 < q < α

1−α . Assume |Dαf | is

monotone and ‖f‖∞,R+
<∞. Then

‖Dαf‖∞,R+
≤

‖f‖
(

(α(1+ 1
q )−1)

α(1+ 1
q )

)
∞,R+

∥∥D2
α (f)

∥∥ 1

α(1+ 1
q )

p,R+

 ·
[

(2α)
a(1+ 1

q )−1

2α(1+ 1
q ) (α (q + 1))

1
q

] 1

α(1+ 1
q ) (

α

(
1 +

1

q

))(
α

(
1 +

1

q

)
− 1

)− (α(1+ 1
q )−1)

α(1+ 1
q )

.

(47)
That is, ‖Dαf‖∞,R+

< +∞.
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3 Main Results - II

In this section we use generalized Conformable fractional calculus.
Here we follow [1] for the basics of generalized Conformable fractional cal-

culus, see also [19].
We need

Definition 14 ([1]) Let a, b ∈ R. The left conformable fractional derivative
starting from a of a function f : [a,∞)→ R of order 0 < α ≤ 1 is defined by

(T aαf) (t) = lim
ε→0

f
(
t+ ε (t− a)

1−α
)
− f (t)

ε
. (48)

If (T aαf) (t) exists on (a, b), then

(T aαf) (a) = lim
t→a+

(T aαf) (t) . (49)

The right conformable fractional derivative of order 0 < α ≤ 1 terminating at b
of f : (−∞, b]→ R is defined by

(
b
αTf

)
(t) = − lim

ε→0

f
(
t+ ε (b− t)1−α

)
− f (t)

ε
. (50)

If
(
b
αTf

)
(t) exists on (a, b), then(

b
αTf

)
(b) = lim

t→b−

(
b
αTf

)
(t) . (51)

Note that if f is differentiable then

(T aαf) (t) = (t− a)
1−α

f ′ (t) , (52)

and (
b
αTf

)
(t) = − (b− t)1−α f ′ (t) . (53)

Denote by

(Iaαf) (t) =

∫ t

a

(x− a)
α−1

f (x) dx, (54)

and (
bIαf

)
(t) =

∫ b

t

(b− x)
α−1

f (x) dx, (55)

these are the left and right conformable fractional integrals of order 0 < α ≤ 1.

In the higher order case we can generalize things as follows:
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Definition 15 ([1]) Let α ∈ (n, n + 1], and set β = α − n. Then, the left
conformable fractional derivative starting from a of a function f : [a,∞) → R
of order α, where f (n) (t) exists, is defined by

(Ta
αf) (t) =

(
T aβ f

(n)
)

(t) , (56)

The right conformable fractional derivative of order α terminating at b of f :
(−∞, b]→ R, where f (n) (t) exists, is defined by(

b
αTf

)
(t) = (−1)

n+1
(
b
βTf

(n)
)

(t) . (57)

If α = n+ 1 then β = 1 and Ta
n+1f = f (n+1).

If n is odd, then b
n+1Tf = −f (n+1), and if n is even, then b

n+1Tf = f (n+1).
When n = 0 (or α ∈ (0, 1]), then β = α, and (56), (57) collapse to {(48)-

(51)}, respectively.

Lemma 16 ([1]) Let f : (a, b)→ R be continuously differentiable and 0 < α ≤
1. Then, for all t > a we have

IaαT
a
α (f) (t) = f (t)− f (a) . (58)

We need

Definition 17 (see also [1]) If α ∈ (n, n + 1], then the left fractional integral
of order α starting at a is defined by

(Iaαf) (t) =
1

n!

∫ t

a

(t− x)
n

(x− a)
β−1

f (x) dx. (59)

Similarly, (author’s definition, see [11]) the right fractional integral of order α
terminating at b is defined by

(
bIαf

)
(t) =

1

n!

∫ b

t

(x− t)n (b− x)
β−1

f (x) dx. (60)

We need

Proposition 18 ([1]) Let α ∈ (n, n + 1] and f : [a,∞) → R be (n+ 1) times
continuously differentiable for t > a. Then, for all t > a we have

IaαTa
α (f) (t) = f (t)−

n∑
k=0

f (k) (a) (t− a)
k

k!
. (61)

We also have

11



Proposition 19 ([11]) Let α ∈ (n, n+1] and f : (−∞, b]→ R be (n+ 1) times
continuously differentiable for t < b. Then, for all t < b we have

−bIα b
αT (f) (t) = f (t)−

n∑
k=0

f (k) (b) (t− b)k

k!
. (62)

If n = 0 or 0 < α ≤ 1, then (see also [1])

bIα
b
αT (f) (t) = f (t)− f (b) . (63)

In conclusion we derive

Theorem 20 ([11]) Let α ∈ (n, n+ 1] and f ∈ Cn+1 ([a, b]), n ∈ N. Then
1)

f (t)−
n∑
k=0

f (k) (a) (t− a)
k

k!
=

1

n!

∫ t

a

(t− x)
n

(x− a)
β−1

(Ta
α (f)) (x) dx, (64)

and
2)

f (t)−
n∑
k=0

f (k) (b) (t− b)k

k!
= − 1

n!

∫ b

t

(b− x)
β−1

(x− t)n
(
b
αT (f)

)
(x) dx, (65)

∀ t ∈ [a, b] .

We need

Remark 21 ([11]) We notice the following: let α ∈ (n, n+1] and f ∈ Cn+1 ([a, b]),
n ∈ N. Then (β := α− n, 0 < β ≤ 1)

(Ta
α (f)) (x) =

(
Tαβ f

(n)
)

(x) = (x− a)
1−β

f (n+1) (x) , (66)

and (
b
αT (f)

)
(x) = (−1)

n+1
(
b
βTf

(n)
)

(x) =

(−1)
n+1

(−1) (b− x)
1−β

f (n+1) (x) = (−1)
n

(b− x)
1−β

f (n+1) (x) . (67)

Consequently we get that

(Ta
α (f)) (x) ,

(
b
αT (f)

)
(x) ∈ C ([a, b]) .

Furthermore it is obvious that

(Ta
α (f)) (a) =

(
b
αT (f)

)
(b) = 0, (68)

when 0 < β < 1, i.e. when α ∈ (n, n+ 1) .
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If f (k) (a) = 0, k = 1, ..., n, then

f (t)− f (a) =
1

n!

∫ t

a

(t− x)
n

(x− a)
β−1

(Ta
α (f)) (x) dx, (69)

∀ t ∈ [a, b] .
If f (k) (b) = 0, k = 1, ..., n, then

f (t)− f (b) = − 1

n!

∫ b

t

(b− x)
β−1

(x− t)n
(
b
αT (f)

)
(x) dx, (70)

∀ t ∈ [a, b] .

We make

Remark 22 Here let αi ∈ (ni, ni + 1], fi ∈ Cni+1 ([ai, bi]), ni ∈ Z+; βi :=
αi − ni (0 < βi ≤ 1), where i = 1, 2.

By definition we have(
T aiαi (fi)

)
(ti) =

(
Tαiβi

(
f
(ni)
i

))
(ti) , i = 1, 2.

Assume that f
(ki)
i (ai) = 0, ki = 0, 1, ..., ni; i = 1, 2.

Then (by (69))

fi (ti) =
1

ni!

∫ ti

ai

(ti − xi)ni (xi − ai)βi−1
(
T aiαi (fi)

)
(xi) dxi, (71)

∀ ti ∈ [ai, bi]; i = 1, 2.
Let p, q > 1 : 1

p + 1
q = 1, then

|fi (ti)| ≤
(bi − ai)ni

ni!

∫ ti

ai

(xi − ai)βi−1
∣∣(T aiαi (fi)

)
(xi)

∣∣ dxi, (72)

i = 1, 2.
Therefore we get

|f1 (t1)| ≤ (b1 − a1)
n1

n1!

∫ t1

a1

(x1 − a1)
β1−1 ∣∣T a1α1

(f1) (x1)
∣∣ dx1 ≤

(b1 − a1)
n1

n1!

(∫ t1

a1

(x1 − a1)
p(β1−1) dx1

) 1
p
(∫ t1

a1

∣∣(T a1α1
(f1)

)
(x1)

∣∣q dx1) 1
q

≤

(b1 − a1)
n1

n1!

(
(t1 − a1)

p(β1−1)+1

p (β1 − 1) + 1

) 1
p ∥∥T a1α1

(f1)
∥∥
Lq([a1,b1])

, (73)

under the assumption β1 >
1
q ⇔ p (β1 − 1) + 1 > 0.
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We have proved that

|f1 (t1)| ≤ (b1 − a1)
n1

n1!

(
(t1 − a1)

p(β1−1)+1

p (β1 − 1) + 1

) 1
p ∥∥T a1α1

(f1)
∥∥
Lq([a1,b1])

, (74)

∀ t1 ∈ [a1, b1], where β1 >
1
q .

Similarly, by assuming β2 >
1
p , we get

|f2 (t2)| ≤ (b2 − a2)
n2

n2!

(
(t2 − a2)

q(β2−1)+1

q (β2 − 1) + 1

) 1
q ∥∥T a2α2

(f2)
∥∥
Lp([a2,b2])

, (75)

∀ t2 ∈ [a2, b2].
Hence we have (by (74) and (75) multiplication)

|f1 (t1)| |f2 (t2)| ≤
[

(b1 − a1)
n1

n1!
· (b2 − a2)

n2

n2!

]
1

(p (β1 − 1) + 1)
1
p (q (β2 − 1) + 1)

1
q

(t1 − a1)
p(β1−1)+1

p (t2 − a2)
q(β2−1)+1

q (76)

∥∥T a1α1
(f1)

∥∥
Lq([a1,b1])

∥∥T a2α2
(f2)

∥∥
Lp([a2,b2])

≤

(using Young’s inequality for a, b ≥ 0, a
1
p b

1
q ≤ a

p + b
q )(

(b1 − a1)
n1 (b2 − a2)

n2

n1!n2!

)
1

(p (β1 − 1) + 1)
1
p (q (β2 − 1) + 1)

1
q[

(t1 − a1)
p(β1−1)+1

p
+

(t2 − a2)
q(β2−1)+1

q

]
∥∥T a1α1

(f1)
∥∥
Lq([a1,b1])

∥∥T a2α2
(f2)

∥∥
Lp([a2,b2])

, (77)

∀ ti ∈ [ai, bi]; i = 1, 2.
Therefore we can write

|f1 (t1)| |f2 (t2)|[
(t1−a1)p(β1−1)+1

p + (t2−a2)q(β2−1)+1

q

] ≤
(b1 − a1)

n1 (b2 − a2)
n2

n1!n2! (p (β1 − 1) + 1)
1
p (q (β2 − 1) + 1)

1
q

(78)

∥∥T a1α1
(f1)

∥∥
Lq([a1,b1])

∥∥T a2α2
(f2)

∥∥
Lp([a2,b2])

,

∀ ti ∈ [ai, bi]; i = 1, 2.
The denominator of left hand side of (78) can be zero only when both t1 = a1

and t2 = a2.
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Therefore it holds∫ b1

a1

∫ b2

a2

|f1 (t1)| |f2 (t2)| dt1dt2[
(t1−a1)p(β1−1)+1

p + (t2−a2)q(β2−1)+1

q

] ≤
(b1 − a1)

n1+1
(b2 − a2)

n2+1 ∥∥T a1α1
(f1)

∥∥
Lq([a1,b1])

∥∥T a2α2
(f2)

∥∥
Lp([a2,b2])

n1!n2! (p (β1 − 1) + 1)
1
p (q (β2 − 1) + 1)

1
q

. (79)

Notice here that T aiαi (fi) ∈ C ([ai, bi]).

We have proved the left Conformable fractional Hilbert-Pachpatte inequal-
ity:

Theorem 23 Let αi ∈ (ni, ni + 1], fi ∈ Cni+1 ([ai, bi]), [ai, bi] ⊂ R, ni ∈ Z+;

βi := αi − ni, i = 1, 2; p, q > 1 : 1
p + 1

q = 1. Assume that f
(ki)
i (ai) = 0,

ki = 0, 1, ..., ni; i = 1, 2. Suppose that β1 >
1
q and β2 >

1
p . Then∫ b1

a1

∫ b2

a2

|f1 (t1)| |f2 (t2)| dt1dt2[
(t1−a1)p(β1−1)+1

p + (t2−a2)q(β2−1)+1

q

] ≤ (80)

(b1 − a1)
n1+1

(b2 − a2)
n2+1 ∥∥T a1α1

(f1)
∥∥
Lq([a1,b1])

∥∥T a2α2
(f2)

∥∥
Lp([a2,b2])

n1!n2! (p (β1 − 1) + 1)
1
p (q (β2 − 1) + 1)

1
q

.

We make

Remark 24 Here let αi ∈ (ni, ni + 1], fi ∈ Cni+1 ([ai, bi]), ni ∈ Z+; βi :=
αi − ni (0 < βi ≤ 1), where i = 1, 2.

By definition we have(
bi
αiT (fi)

)
(ti) = (−1)

ni+1
(
bi
βi
T
(
f
(ni)
i

))
(ti) , i = 1, 2.

Assume that f
(ki)
i (bi) = 0, ki = 0, 1, ..., ni; i = 1, 2.

Then (by (70))

fi (ti) = − 1

ni!

∫ bi

ti

(bi − xi)βi−1 (xi − ti)ni
(
bi
αiT (fi)

)
(xi) dxi, (81)

∀ ti ∈ [ai, bi]; i = 1, 2 (βi := αi − ni, 0 < βi < 1 when αi ∈ (ni, ni + 1)).
Let p, q > 1 : 1

p + 1
q = 1, then

|fi (ti)| ≤
(bi − ai)ni

ni!

∫ bi

ti

(bi − xi)βi−1
∣∣(bi
αiT (fi)

)
(xi)

∣∣ dxi, (82)

i = 1, 2.
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We have

|f1 (t1)| ≤ (b1 − a1)
n1

n1!

∫ b1

t1

(b1 − x1)
β1−1 ∣∣(b1

α1
T (f1)

)
(x1)

∣∣ dx1 ≤
(b1 − a1)

n1

n1!

(∫ b1

t1

(b1 − x1)
p(β1−1) dx1

) 1
p ∥∥b1

α1
T (f1)

∥∥
Lq([a1,b1])

= (83)

(b1 − a1)
n1

n1!

(
(b1 − t1)

p(β1−1)+1

p (β1 − 1) + 1

) 1
p ∥∥b1

α1
T (f1)

∥∥
Lq([a1,b1])

.

We assume β1 >
1
q and we have proved

|f1 (t1)| ≤ (b1 − a1)
n1

n1!

(
(b1 − t1)

p(β1−1)+1

p (β1 − 1) + 1

) 1
p ∥∥b1

α1
T (f1)

∥∥
Lq([a1,b1])

, (84)

∀ t1 ∈ [a1, b1] .
Similarly, by assuming β2 >

1
p , we get

|f2 (t2)| ≤ (b2 − a2)
n2

n2!

(
(b2 − t2)

q(β2−1)+1

q (β2 − 1) + 1

) 1
q ∥∥b2

α2
T (f2)

∥∥
Lp([a2,b2])

, (85)

∀ t2 ∈ [a2, b2].
Hence it holds

|f1 (t1)| |f2 (t2)| ≤
[

(b1 − a1)
n1

n1!

(b2 − a2)
n2

n2!

]
1

(p (β1 − 1) + 1)
1
p (q (β2 − 1) + 1)

1
q

(b1 − t1)
p(β1−1)+1

p (b2 − t2)
q(β2−1)+1

q (86)

∥∥b1
α1
T (f1)

∥∥
Lq([a1,b1])

∥∥b2
α2
T (f2)

∥∥
Lp([a2,b2])

≤

(using Young’s inequality for a, b ≥ 0, a
1
p b

1
q ≤ a

p + b
q )(

(b1 − a1)
n1 (b2 − a2)

n2

n1!n2!

)
1

(p (β1 − 1) + 1)
1
p (q (β2 − 1) + 1)

1
q[

(b1 − t1)
p(β1−1)+1

p
+

(b2 − t2)
q(β2−1)+1

q

]
(87)

∥∥b1
α1
T (f1)

∥∥
Lq([a1,b1])

∥∥b2
α2
T (f2)

∥∥
Lp([a2,b2])

,

∀ ti ∈ [ai, bi]; i = 1, 2.
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Therefore we can write

|f1 (t1)| |f2 (t2)|[
(b1−t1)p(β1−1)+1

p + (b2−t2)q(β2−1)+1

q

] ≤
(b1 − a1)

n1 (b2 − a2)
n2

n1!n2! (p (β1 − 1) + 1)
1
p (q (β2 − 1) + 1)

1
q

(88)

∥∥b1
α1
T (f1)

∥∥
Lq([a1,b1])

∥∥b2
α2
T (f2)

∥∥
Lp([a2,b2])

,

∀ ti ∈ [ai, bi]; i = 1, 2.
The denominator of left hand side of (88) equals 0 only when both t1 = b1

and t2 = b2.
Therefore it holds∫ b1

a1

∫ b2

a2

|f1 (t1)| |f2 (t2)| dt1dt2[
(b1−t1)p(β1−1)+1

p + (b2−t2)q(β2−1)+1

q

] ≤
(b1 − a1)

n1+1
(b2 − a2)

n2+1 ∥∥b1
α1
T (f1)

∥∥
Lq([a1,b1])

∥∥b2
α2
T (f2)

∥∥
Lp([a2,b2])

n1!n2! (p (β1 − 1) + 1)
1
p (q (β2 − 1) + 1)

1
q

. (89)

Notice here that biαiT (fi) ∈ C ([ai, bi]).

We have proved the right conformable fractional Hilbert-Pachpatte inequal-
ity:

Theorem 25 Let αi ∈ (ni, ni + 1], fi ∈ Cni+1 ([ai, bi]), [ai, bi] ⊂ R, ni ∈ Z+;

βi := αi − ni, i = 1, 2. Assume that f
(ki)
i (bi) = 0, ki = 0, 1, ..., ni; i = 1, 2. Let

p, q > 1 : 1
p + 1

q = 1, with β1 >
1
q , β2 >

1
p . Then∫ b1

a1

∫ b2

a2

|f1 (t1)| |f2 (t2)| dt1dt2[
(b1−t1)p(β1−1)+1

p + (b2−t2)q(β2−1)+1

q

] ≤
(b1 − a1)

n1+1
(b2 − a2)

n2+1 ∥∥b1
α1
T (f1)

∥∥
Lq([a1,b1])

∥∥b2
α2
T (f2)

∥∥
Lp([a2,b2])

n1!n2! (p (β1 − 1) + 1)
1
p (q (β2 − 1) + 1)

1
q

. (90)

Next we present Conformable fractional Ostrowski type inequalities:

Theorem 26 Let α ∈ (n, n + 1], n ∈ Z+, f ∈ Cn+1 ([a, b]), β := α − n;
x0 ∈ [a, b] be fixed. Assume f (k) (x0) = 0, k = 1, ..., n. Then∣∣∣∣∣ 1

b− a

∫ b

a

f (t) dt− f (x0)

∣∣∣∣∣ ≤ Γ (β)

Γ (α+ 2) (b− a){
(x0 − a)

α+1 ‖x0
α T (f)‖∞,[a,x0]

+ (b− x0)
α+1 ‖T x0

α (f)‖∞,[x0,b]

}
. (91)
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Proof. We have (by (69))

f (t)− f (x0) =
1

n!

∫ t

x0

(t− x)
n

(x− x0)
β−1

(T x0
α (f)) (x) dx, (92)

∀ t ∈ [x0, b], and (by (70))

f (t)− f (x0) = − 1

n!

∫ x0

t

(x0 − x)
β−1

(x− t)n (x0
α T (f)) (x) dx, (93)

∀ t ∈ [a, x0] .
We observe that

|f (t)− f (x0)| ≤ 1

n!

∫ t

x0

(t− x)
n

(x− x0)
β−1 |T x0

α (f) (x)| dx ≤

‖T x0
α (f)‖∞,[x0,b]

n!

∫ t

x0

(t− x)
(n+1)−1

(x− x0)
β−1

dx =

‖T x0
α (f)‖∞,[x0,b]

n!

Γ (n+ 1) Γ (β)

Γ (n+ β + 1)
(t− x0)

n+β
= (94)

‖T x0
α (f)‖∞,[x0,b]

Γ (β)

Γ (n+ β + 1)
(t− x0)

n+β
.

That is

|f (t)− f (x0)| ≤
‖T x0

α (f)‖∞,[x0,b]
Γ (β)

Γ (n+ β + 1)
(t− x0)

n+β
, ∀ t ∈ [x0, b] . (95)

Similarly, it holds

|f (t)− f (x0)| ≤ 1

n!
‖x0
α T (f)‖∞,[a,x0]

∫ x0

t

(x0 − x)
β−1

(x− t)(n+1)−1
dx =

‖x0
α T (f)‖∞,[a,x0]

n!

Γ (β) Γ (n+ 1)

Γ (β + n+ 1)
(x0 − t)β+n =

‖x0
α T (f)‖∞,[a,x0]

Γ (β)

Γ (β + n+ 1)
(x0 − t)β+n . (96)

That is

|f (t)− f (x0)| ≤
‖x0
α T (f)‖∞,[a,x0]

Γ (β)

Γ (β + n+ 1)
(x0 − t)β+n , ∀ t ∈ [a, x0] . (97)

Hence, we can write ∣∣∣∣∣ 1

b− a

∫ b

a

f (t) dt− f (x0)

∣∣∣∣∣ ≤
18



1

b− a

{∫ x0

a

|f (t)− f (x0)| dt+

∫ b

x0

|f (t)− f (x0)| dt

}
≤

Γ (β)

Γ (n+ β + 1) (b− a)

{(∫ x0

a

(x0 − t)β+n dt
)
‖x0
α T (f)‖∞,[a,x0]

+ (98)(∫ b

x0

(t− x0)
n+β

dt

)
‖T x0

α (f)‖∞,[x0,b]

}
=

Γ (β)

Γ (n+ β + 1) (b− a)

{
(x0 − a)

β+n+1 ‖x0
α T (f)‖∞,[a,x0]

+

(b− x0)
n+β+1 ‖T x0

α (f)‖∞,[x0,b]

}
,

proving (91).

Theorem 27 Here all as in Theorem 26. Let p1, p2, p3 > 1 : 1
p1

+ 1
p2

+ 1
p3

= 1,

with β > 1
p1

+ 1
p3

. Then ∣∣∣∣∣ 1

b− a

∫ b

a

f (t) dt− f (x0)

∣∣∣∣∣ ≤
1

(b− a)n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2

(
α+ 1

p2
+ 1

p3

)
{

(b− x0)
α+ 1

p2
+ 1
p3 ‖T x0

α (f)‖p3,[x0,b]
+ (x0 − a)

α+ 1
p2

+ 1
p3 ‖x0

α T (f)‖p3,[a,x0]

}
.

(99)

Proof. By (92) we get

|f (t)− f (x0)| ≤ 1

n!

∫ t

x0

(t− x)
n

(x− x0)
β−1 |T x0

α (f) (x)| dx ≤

1

n!

(∫ t

x0

(t− x)
p1n dx

) 1
p1
(∫ t

x0

(x− x0)
p2(β−1) dx

) 1
p2

‖T x0
α (f)‖p3,[x0,b]

=

‖T x0
α (f)‖p3,[x0,b]

n!

(
(t− x0)

p1n+1

p1n+ 1

) 1
p1
(

(t− x0)
p2(β−1)+1

p2 (β − 1) + 1

) 1
p2

= (100)

‖T x0
α (f)‖p3,[x0,b]

(t− x0)
n+ 1

p1
+β−1+ 1

p2

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2

.

Notice that p2 (β − 1) + 1 > 0, iff β > 1
p1

+ 1
p3
.

We have proved

|f (t)− f (x0)| ≤
‖T x0

α (f)‖p3,[x0,b]
(t− x0)

n+β− 1
p3

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2

, (101)
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∀ t ∈ [x0, b] .
Similarly, we have (by (93))

|f (t)− f (x0)| ≤

1

n!

(∫ x0

t

(x0 − x)
p2(β−1) dx

) 1
p2
(∫ x0

t

(x− t)p1n dx
) 1
p1

‖x0
α T (f)‖p3,[a,x0]

=

1

n!

(
(x0 − t)p2(β−1)+1

p2 (β − 1) + 1

) 1
p2
(

(x0 − t)p1n+1

p1n+ 1

) 1
p1

‖x0
α T (f)‖p3,[a,x0]

=

‖x0
α T (f)‖p3,[a,x0]

(x0 − t)β+n−
1
p3

n! (p2 (β − 1) + 1)
1
p2 (p1n+ 1)

1
p1

. (102)

We have proved that

|f (t)− f (x0)| ≤
‖x0
α T (f)‖p3,[a,x0]

(x0 − t)β+n−
1
p3

n! (p2 (β − 1) + 1)
1
p2 (p1n+ 1)

1
p1

, (103)

∀ t ∈ [a, x0], where β > 1
p1

+ 1
p3
.

Therefore, we derive ∣∣∣∣∣ 1

b− a

∫ b

a

f (t) dt− f (x0)

∣∣∣∣∣ ≤
1

b− a

{∫ x0

a

|f (t)− f (x0)| dt+

∫ b

x0

|f (t)− f (x0)| dt

}
≤

1

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2 (b− a){(∫ x0

a

(x0 − t)β+n−
1
p3 dt

)
‖x0
α T (f)‖p3,[a,x0]

+

(∫ b

x0

(t− x0)
n+β− 1

p3 dt

)
‖T x0

α (f)‖p3,[x0,b]

}
= (104)

1

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2 (b− a)

 (x0 − a)
β+n+ 1

p2
+ 1
p3(

β + n+ 1
p2

+ 1
p3

) ‖x0
α T (f)‖p3,[a,x0]

+
(b− x0)

n+β+ 1
p2

+ 1
p3(

β + n+ 1
p2

+ 1
p3

) ‖T x0
α (f)‖p3,[x0,b]

 , (105)

proving (99).
We make
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Remark 28 Here we will discuss about generalised conformable fractional Os-
trowski and Grüss type inequalities involving several functions.

Let α ∈ (n, n + 1], n ∈ Z+, fi ∈ Cn+1 ([a, b]), i = 1, ..., r ∈ N, [a, b] ⊂ R,

β := α− n, x0 ∈ [a, b], and f
(k)
i (x0) = 0, k = 1, ..., n; i = 1, ..., r.

If n = 0, initial conditions are void, i.e. 0 < α ≤ 1.
By (69) and (70) we get that

fi (t)− fi (x0) =
1

n!

∫ t

x0

(t− x)
n

(x− x0)
β−1

(T x0
α (fi)) (x) dx, (106)

∀ t ∈ [x0, b], all i = 1, ..., r,
and

fi (t)− fi (x0) = − 1

n!

∫ x0

t

(x0 − x)
β−1

(x− t)n (x0
α T (fi)) (x) dx, (107)

∀ t ∈ [a, x0], all i = 1, ..., r.

Multiply (106), (107) by
r∏
j=1
j 6=i

fj (t) to get

r∏
k=1

fk (t)−

 r∏
j=1
j 6=i

fj (t)

 fi (x0) =

r∏
j=1
j 6=i

fj (t)

n!

∫ t

x0

(t− x)
n

(x− x0)
β−1

(T x0
α (fi)) (x) dx, (108)

and

r∏
k=1

fk (t)−

 r∏
j=1
j 6=i

fj (t)

 fi (x0) =

−

r∏
j=1
j 6=i

fj (t)

n!

∫ x0

t

(x0 − x)
β−1

(x− t)n (x0
α T (fi)) (x) dx, (109)

∀ i = 1, ..., r.
Adding (108), (109) per set, we obtain

r

(
r∏

k=1

fk (t)

)
−

r∑
i=1


 r∏
j=1
j 6=i

fj (t)

 fi (x0)

 =
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1

n!

r∑
i=1

 r∏
j=1
j 6=i

fj (t)

∫ t

x0

(t− x)
n

(x− x0)
β−1

(T x0
α (fi)) (x) dx

 , (110)

∀ t ∈ [x0, b], and

r

(
r∏

k=1

fk (t)

)
−

r∑
i=1


 r∏
j=1
j 6=i

fj (t)

 fi (x0)

 =

− 1

n!

r∑
i=1

 r∏
j=1
j 6=i

fj (t)

∫ x0

t

(x0 − x)
β−1

(x− t)n (x0
α T (fi)) (x) dx

 , (111)

∀ t ∈ [a, x0] .
Next we integrate (110), (111) with respect to t ∈ [a, b] . We have

r

∫ b

x0

(
r∏

k=1

fk (t)

)
dt−

r∑
i=1

fi (x0)

∫ b

x0

 r∏
j=1
j 6=i

fj (t)

 dt

 =

1

n!

r∑
i=1

∫ b

x0

 r∏
j=1
j 6=i

fj (t)

(∫ t

x0

(t− x)
n

(x− x0)
β−1

(T x0
α (fi)) (x) dx

)
dt

 ,
(112)

and

r

∫ x0

a

(
r∏

k=1

fk (t)

)
dt−

r∑
i=1

fi (x0)

∫ x0

a

 r∏
j=1
j 6=i

fj (t)

 dt

 =

− 1

n!

r∑
i=1

∫ x0

a

 r∏
j=1
j 6=i

fj (t)

(∫ x0

t

(x0 − x)
β−1

(x− t)n (x0
α T (fi)) (x) dx

)
dt

 .
(113)

Adding (112), (113) we obtain

θ (f1, ..., fr) (x0) := r

∫ b

a

(
r∏

k=1

fk (t)

)
dt−

r∑
i=1

fi (x0)

∫ b

a

 r∏
j=1
j 6=i

fj (t)

 dt
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=
1

n!

r∑
i=1


∫ b

x0

 r∏
j=1
j 6=i

fj (t)

(∫ t

x0

(t− x)
n

(x− x0)
β−1

(T x0
α (fi)) (x) dx

)
dt



−

∫ x0

a

 r∏
j=1
j 6=i

fj (t)

(∫ x0

t

(x0 − x)
β−1

(x− t)n (x0
α T (fi)) (x) dx

)
dt


 .
(114)

Hence, it holds
|θ (f1, ..., fr) (x0)| ≤

1

n!

r∑
i=1


∫ b

x0

 r∏
j=1
j 6=i

|fj (t)|

(∫ t

x0

(t− x)
n

(x− x0)
β−1 |T x0

α (fi) (x)| dx
)
dt



+

∫ x0

a

 r∏
j=1
j 6=i

|fj (t)|

(∫ x0

t

(x0 − x)
β−1

(x− t)n |x0
α T (fi) (x)| dx

)
dt


 =: (∗) .

(115)
We notice that

(∗) ≤
r∑
i=1


∫ b

x0

 r∏
j=1
j 6=i

|fj (t)|

 ‖T x0
α (fi)‖∞,[x0,b]

Γ (β)

Γ (n+ β + 1)
(t− x0)

n+β
dt

+

+

∫ x0

a

 r∏
j=1
j 6=i

|fj (t)|

 ‖x0
α T (fi)‖∞,[a,x0]

Γ (β)

Γ (β + n+ 1)
(x0 − t)β+n dt


 . (116)

Thus we have proved so far

|θ (f1, ..., fr) (x0)| ≤ Γ (β)

Γ (β + n+ 1)

r∑
i=1


‖T x0

α (fi)‖∞,[x0,b]

∫ b

x0

(t− x0)
n+β

 r∏
j=1
j 6=i

|fj (t)|

 dt

+

‖x0
α T (fi)‖∞,[a,x0]

∫ x0

a

(x0 − t)β+n

 r∏
j=1
j 6=i

|fj (t)|

 dt


 . (117)
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We further notice that

|θ (f1, ..., fr) (x0)| ≤ Γ (β)

Γ (β + n+ 2)

r∑
i=1


‖T x0

α (fi)‖∞,[x0,b]

 r∏
j=1
j 6=i

‖fj‖∞,[x0,b]

 (b− x0)
n+β+1

+

‖x0
α T (fi)‖∞,[a,x0]

 r∏
j=1
j 6=i

‖fj‖∞,[a,x0]

 (x0 − a)
n+β+1


 , (118)

which is an ∞-Ostrowski type inequality.
Next let p1, p2, p3 > 1 : 1

p1
+ 1

p2
+ 1

p3
= 1, such that β > 1

p1
+ 1

p3
.

Hence we can write

(∗) ≤ 1

n!

r∑
i=1





∫ b
x0

 r∏
j=1
j 6=i

|fj (t)|

 ‖T x0
α (fi)‖p3,[x0,b]

(t− x0)
n+β− 1

p3

(p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2

dt


(119)

+



∫ x0

a

 r∏
j=1
j 6=i

|fj (t)|

 ‖x0
α T (fi)‖p3,[a,x0]

(x0 − t)β+n−
1
p3

(p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2

dt




=

1

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2

r∑
i=1



∫ b

x0

(t− x0)
n+β− 1

p3

 r∏
j=1
j 6=i

|fj (t)|

 dt

 ‖T x0
α (fi)‖p3,[x0,b]



+


∫ x0

a

(x0 − t)β+n−
1
p3

 r∏
j=1
j 6=i

|fj (t)|

 dt

 ‖x0
α T (fi)‖p3,[a,x0]


 ≤ (120)

1

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2
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r∑
i=1


 (b− x0)

n+β+ 1
p1

+ 1
p2(

n+ β + 1
p1

+ 1
p2

)
 r∏
j=1
j 6=i

‖fj‖∞,[x0,b]

 ‖T x0
α (fi)‖p3,[x0,b]

 (121)

+

 (x0 − a)
n+β+ 1

p1
+ 1
p2(

n+ β + 1
p1

+ 1
p2

)
 r∏
j=1
j 6=i

‖fj‖∞,[a,x0]

 ‖x0
α T (fi)‖p3,[a,x0]


 .

We have proved the Lp-Ostrowski type inequality:

|θ (f1, ..., fr) (x0)| ≤

1

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2

(
n+ β + 1

p1
+ 1

p2

)
r∑
i=1


(b− x0)

n+β+ 1
p1

+ 1
p2

 r∏
j=1
j 6=i

‖fj‖∞,[x0,b]

 ‖T x0
α (fi)‖p3,[x0,b]



+

(x0 − a)
n+β+ 1

p1
+ 1
p2

 r∏
j=1
j 6=i

‖fj‖∞,[a,x0]

 ‖x0
α T (fi)‖p3,[a,x0]


 . (122)

From now on we assume 0 < α ≤ 1, i.e. n = 0. So no initial conditions are
needed.

Notice that

∆ (f1, ..., fr) :=

∫ b

a

θ (f1, ..., fr) (x) dx =

r (b− a)

(∫ b

a

(
r∏

k=1

fk (x) dx

))
−

r∑
i=1


(∫ b

a

fi (x) dx

)∫ b

a

 r∏
j=1
j 6=i

fj (x)

 dx


 , (123)

and it holds

|∆ (f1, ..., fr)| ≤
∫ b

a

|θ (f1, ..., fr) (x)| dx. (124)

By (124) and (118) we get the ∞-Gruss type inequality (here α = β):

|∆ (f1, ..., fr)| ≤
Γ (α) (b− a)

a+2

Γ (α+ 3)
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r∑
i=1


(

sup
x0∈[a,b]

‖T x0
α (fi)‖∞,[x0,b]

) r∏
j=1
j 6=i

sup
x0∈[a,b]

‖fj‖∞,[x0,b]

 (125)

+

(
sup

x0∈[a,b]
‖x0
α T (fi)‖∞,[a,x0]

) r∏
j=1
j 6=i

sup
x0∈[a,b]

‖fj‖∞,[a,x0]


 .

We have proved that

|∆ (f1, ..., fr)| ≤
Γ (α) (b− a)

a+2

Γ (α+ 3)

r∑
i=1


(

sup
x0∈[a,b]

‖x0
α T (fi)‖∞,[a,x0]

+ sup
x0∈[a,b]

‖T x0
α (fi)‖∞,[x0,b]

) r∏
j=1
j 6=i

‖fj‖∞,[a,b]


 .

(126)
Next by (122) we get the Lp-Gruss inequality:

|∆ (f1, ..., fr)| ≤

(b− a)
α+ 1

p1
+ 1
p2

+1

n! (p1n+ 1)
1
p1 (p2 (α− 1) + 1)

1
p2

(
α+ 1

p1
+ 1

p2

)(
α+ 1

p1
+ 1

p2
+ 1
)

r∑
i=1


(

sup
x0∈[a,b]

‖T x0
α (fi)‖p3,[x0,b]

+ sup
x0∈[a,b]

‖x0
α T (fi)‖p3,[a,x0]

) r∏
j=1
j 6=i

‖fj‖∞,[a,b]


 .

(127)

We have proved the following results:
An∞-Ostrowski type Conformable fractional inequality for several functions

follows:

Theorem 29 Let α ∈ (n, n + 1], n ∈ Z+, fi ∈ Cn+1 ([a, b]), i = 1, ..., r ∈ N,

[a, b] ⊂ R, β := α − n, x0 ∈ [a, b], and f
(k)
i (x0) = 0, k = 1, ..., n; i = 1, ..., r.

Call

θ (f1, ..., fr) (x0) := r

∫ b

a

(
r∏

k=1

fk (t)

)
dt−

r∑
i=1

fi (x0)

∫ b

a

 r∏
j=1
j 6=i

fj (t)

 dt

 .
(128)

Then

|θ (f1, ..., fr) (x0)| ≤ Γ (β)

Γ (α+ 2)
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r∑
i=1


‖T x0

α (fi)‖∞,[x0,b]

 r∏
j=1
j 6=i

‖fj‖∞,[x0,b]

 (b− x0)
α+1

+

‖x0
α T (fi)‖∞,[a,x0]

 r∏
j=1
j 6=i

‖fj‖∞,[a,x0]

 (x0 − a)
α+1


 . (129)

Next follows the corresponding Lp-Ostrowski inequality for several functions.

Theorem 30 All as in Theorem 29. Let p1, p2, p3 > 1 : 1
p1

+ 1
p2

+ 1
p3

= 1 such

that β > 1
p1

+ 1
p3
. Then

|θ (f1, ..., fr) (x0)| ≤ (130)

1

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2

(
α+ 1

p1
+ 1

p2

)
r∑
i=1


(b− x0)

α+ 1
p1

+ 1
p2

 r∏
j=1
j 6=i

‖fj‖∞,[x0,b]

 ‖T x0
α (fi)‖p3,[x0,b]



+

(x0 − a)
α+ 1

p1
+ 1
p2

 r∏
j=1
j 6=i

‖fj‖∞,[a,x0]

 ‖x0
α T (fi)‖p3,[a,x0]


 .

The corresponding Gruss type inequalities follow:

Theorem 31 Let all as in Theorem 29, with 0 < α ≤ 1. We denote

∆ (f1, ..., fr) :=

∫ b

a

θ (f1, ..., fr) (x) dx =

r (b− a)

(∫ b

a

(
r∏

k=1

fk (x) dx

))
− (131)

r∑
i=1


(∫ b

a

fi (x) dx

)∫ b

a

 r∏
j=1
j 6=i

fj (x)

 dx


 .

Then

|∆ (f1, ..., fr)| ≤
Γ (α) (b− a)

a+2

Γ (α+ 3)
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r∑
i=1


(

sup
x0∈[a,b]

‖x0
α T (fi)‖∞,[a,x0]

+ sup
x0∈[a,b]

‖T x0
α (fi)‖∞,[x0,b]

) r∏
j=1
j 6=i

‖fj‖∞,[a,b]


 .

(132)

Theorem 32 Here all as in Theorems 29 and 31. Let p1, p2, p3 > 1 : 1
p1

+ 1
p2

+
1
p3

= 1, with 0 < α ≤ 1, such that β > 1
p1

+ 1
p3
. Then

|∆ (f1, ..., fr)| ≤

(b− a)
α+ 1

p1
+ 1
p2

+1

n! (p1n+ 1)
1
p1 (p2 (α− 1) + 1)

1
p2

(
α+ 1

p1
+ 1

p2

)(
α+ 1

p1
+ 1

p2
+ 1
)

r∑
i=1


(

sup
x0∈[a,b]

‖T x0
α (fi)‖p3,[x0,b]

+ sup
x0∈[a,b]

‖x0
α T (fi)‖p3,[a,x0]

) r∏
j=1
j 6=i

‖fj‖∞,[a,b]


 .

(133)

We make

Remark 33 Here we discuss about Conformable fractional left Opial inequality.
Let α ∈ (n, n + 1], n ∈ Z+, f ∈ Cn+1 ([a, b]) (β := α − n, 0 < β ≤ 1).

Assume f (k) (a) = 0, k = 0, 1, ..., n, then (by (69))

f (t) =
1

n!

∫ t

a

(t− x)
n

(x− a)
β−1

(T aα (f)) (x) dx, (134)

∀ t ∈ [a, b] .
Let a ≤ w ≤ t, then we have

f (w) =
1

n!

∫ w

a

(w − x)
n

(x− a)
β−1

(T aα (f)) (x) dx. (135)

Then

|f (w)| ≤ (b− a)
n

n!

∫ w

a

(x− a)
β−1 |T aα (f) (x)| dx ≤

(b− a)
n

n!

(∫ w

a

(x− a)
(β−1)p

dx

) 1
p
(∫ w

a

|T aα (f) (x)|q dx
) 1
q

=

(b− a)
n

n!

(
(w − a)

p(β−1)+1

p (β − 1) + 1

) 1
p

(z (w))
1
q , (136)

where

z (w) :=

∫ w

a

|T aα (f) (x)|q dx, all a ≤ w ≤ t, (137)

28



[we need p (β − 1) + 1 > 0⇔ p (β − 1) > −1⇔ β − 1 > − 1
p ⇔ β > 1− 1

p = 1
q ,

so we assume that β > 1
q ]

and
z (a) = 0. (138)

Thus
z′ (w) = |T aα (f) (w)|q , and |T aαf (w)| = (z′ (w))

1
q . (139)

Therefore we obtain

|f (w)| |T aαf (w)| ≤ (b− a)
n

n!

(w − a)
p(β−1)+1

p

(p (β − 1) + 1)
1
p

(z (w) z′ (w))
1
q . (140)

Integrating the last inequality we get∫ t

a

|f (w)| |T aαf (w)| dw ≤

(b− a)
n

n! (p (β − 1) + 1)
1
p

∫ t

a

(w − a)
p(β−1)+1

p (z (w) z′ (w))
1
q dw ≤

(b− a)
n

n! (p (β − 1) + 1)
1
p

(∫ t

a

(w − a)
p(β−1)+1

dw

) 1
p
(∫ t

a

z (w) z′ (w) dw

) 1
q

=

(141)

(b− a)
n

n! (p (β − 1) + 1)
1
p

(
(t− a)

p(β−1)+2

p (β − 1) + 2

) 1
p (∫ t

a

z (w) dz (w)

) 1
q

=

(b− a)
n

n! (p (β − 1) + 1)
1
p

(t− a)
(β−1)+ 2

p

(p (β − 1) + 2)
1
p

(
z2 (t)

2

) 1
q

=

(b− a)
n

(t− a)
β−1+ 2

p

n!2
1
q [(p (β − 1) + 1) (p (β − 1) + 2)]

1
p

(∫ t

a

|T aα (f) (x)|q dx
) 2
q

. (142)

We have proved the conformable left fractional Opial inequality:

Theorem 34 Let α ∈ (n, n+1], n ∈ Z+, f ∈ Cn+1 ([a, b]) , β := α−n. Assume
f (k) (a) = 0, k = 0, 1, ..., n. Let p, q > 1 : 1

p + 1
q = 1, β > 1

q . Then∫ t

a

|f (w)| |T aαf (w)| dw ≤

(b− a)
n

(t− a)
β−1+ 2

p

n!2
1
q [(p (β − 1) + 1) (p (β − 1) + 2)]

1
p

(∫ t

a

|T aα (f) (x)|q dx
) 2
q

, (143)

∀ t ∈ [a, b] .
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We make

Remark 35 Here we discuss the Conformable right fractional Opial inequality.
Let α ∈ (n, n + 1], n ∈ Z+, f ∈ Cn+1 ([a, b]) (β := α − n, 0 < β ≤ 1).

Assume that f (k) (b) = 0, k = 0, 1, ..., n, then (by (70))

f (t) = − 1

n!

∫ b

t

(b− x)
β−1

(x− t)n
(
b
αT (f)

)
(x) dx, (144)

∀ t ∈ [a, b] .
Let t ≤ w ≤ b, then we have

f (w) = − 1

n!

∫ b

w

(b− x)
β−1

(x− w)
n (b

αT (f)
)

(x) dx. (145)

Then

|f (w)| ≤ (b− a)
n

n!

∫ b

w

(b− x)
β−1 ∣∣b

αT (f) (x)
∣∣ dx ≤

(b− a)
n

n!

(∫ b

w

(b− x)
p(β−1)

dx

) 1
p
(∫ b

w

∣∣b
αT (f) (x)

∣∣q dx) 1
q

=

(b− a)
n

n!

(b− w)
p(β−1)+1

p

(p (β − 1) + 1)
1
p

(z (w))
1
q , (146)

where

z (w) :=

∫ b

w

∣∣b
αT (f) (x)

∣∣q dx, (147)

t ≤ w ≤ b, z (b) = 0. Thus

−z (w) :=

∫ w

b

∣∣b
αT (f) (x)

∣∣q dx, (148)

and
(−z (w))

′
=
∣∣b
αT (f) (x)

∣∣q ≥ 0, (149)

and ∣∣b
αT (f) (x)

∣∣ =
(
(−z (w))

′) 1
q = (−z′ (w))

1
q . (150)

(want p (β − 1) + 1 > 0⇔ p (β − 1) > −1⇔ β − 1 > − 1
p ⇔ β > 1− 1

p = 1
q , so

we assume β > 1
q ).

Therefore we obtain

|f (w)|
∣∣b
αT (f) (w)

∣∣ ≤ (b− a)
n

n!

(b− w)
p(β−1)+1

p

(p (β − 1) + 1)
1
p

(z (w) (−z′ (w)))
1
q , (151)

all t ≤ w ≤ b.
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Hence it holds ∫ b

t

|f (w)|
∣∣b
αT (f) (w)

∣∣ dw ≤
(b− a)

n

n! (p (β − 1) + 1)
1
p

∫ b

t

(b− w)
p(β−1)+1

p (z (w) (−z′ (w)))
1
q dw ≤

(b− a)
n

n! (p (β − 1) + 1)
1
p

(∫ b

t

(b− w)
p(β−1)+1

dw

) 1
p
(∫ b

t

z (w) (−z′ (w)) dw

) 1
q

=

(152)

(b− a)
n

n! (p (β − 1) + 1)
1
p

(b− t)(β−1)+
2
p

(p (β − 1) + 2)
1
p

(z (t))
2
q

2
1
q

=

(b− a)
n

(b− t)β−1+
2
p

n!2
1
q [(p (β − 1) + 1) (p (β − 1) + 2)]

1
p

(∫ b

t

∣∣b
αT (f) (x)

∣∣q dx) 2
q

. (153)

We have proved the Conformable right fractional Opial type inequality:

Theorem 36 Let α ∈ (n, n+1], n ∈ Z+, β := α−n, f ∈ Cn+1 ([a, b]). Assume
f (k) (b) = 0, k = 0, 1, ..., n. Let p, q > 1 : 1

p + 1
q = 1 such that β > 1

q . Then∫ b

t

|f (w)|
∣∣b
αT (f) (w)

∣∣ dw ≤
(b− a)

n
(b− t)β−1+

2
p

2
1
q n! [(p (β − 1) + 1) (p (β − 1) + 2)]

1
p

(∫ b

t

∣∣b
αT (f) (x)

∣∣q dx) 2
q

, (154)

∀ t ∈ [a, b] .

Next we give a left conformable fractional Poincare type inequality:

Theorem 37 Let α ∈ (n, n + 1], n ∈ Z+, f ∈ Cn+1 ([a, b]) , β := α − n.
Assume f (k) (a) = 0, k = 0, 1, ..., n. Let p1, p2, p3 > 1 : 1

p1
+ 1

p2
+ 1

p3
= 1, such

that β > 1
p1

+ 1
p3
. Then

‖f‖p3,[a,b] ≤
(b− a)

α ‖T aαf‖p3,[a,b]
n! (p1n+ 1)

1
p1 (p2 (β − 1) + 1)

1
p2 (αp3)

1
p3

. (155)

Proof. Since f (k) (a) = 0, k = 0, 1, ..., n, then (by (69))

f (t) =
1

n!

∫ t

a

(t− x)
n

(x− a)
β−1

(T aα (f)) (x) dx, (156)

∀ t ∈ [a, b] .
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Let p1, p2, p3 > 1 : 1
p1

+ 1
p2

+ 1
p3

= 1. Then

|f (t)| ≤ 1

n!

∫ t

a

(t− x)
n

(x− a)
β−1 |T aα (f) (x)| dx ≤

1

n!

(∫ t

a

(t− x)
p1n dx

) 1
p1
(∫ t

a

(x− a)
p2(β−1) dx

) 1
p2

‖T aαf‖p3,[a,b] = (157)

1

n!

(t− a)
p1n+1
p1

(p1n+ 1)
1
p1

(t− a)
p2(β−1)+1

p2

(p2 (β − 1) + 1)
1
p2

‖T aαf‖p3,[a,b] =

(t− a)
n+ 1

p1
+β−1+ 1

p2

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2

‖T aαf‖p3,[a,b] = (158)

(t− a)
n+β− 1

p3

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2

‖T aαf‖p3,[a,b] .

We have proved

|f (t)| ≤ (t− a)
n+β− 1

p3

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2

‖T aαf‖p3,[a,b] , (159)

∀ t ∈ [a, b] .
Then

|f (t)|p3 ≤ (t− a)
p3(n+β)−1

(n!)
p3 (p1n+ 1)

p3
p1 (p2 (β − 1) + 1)

p3
p2

‖T aαf‖
p3
p3,[a,b]

. (160)

Therefore, it holds∫ b

a

|f (t)|p3 dt ≤
∫ b
a

(t− a)
p3(n+β)−1 dt

(n!)
p3 (p1n+ 1)

p3
p1 (p2 (β − 1) + 1)

p3
p2

‖T aαf‖
p3
p3,[a,b]

=

(b− a)
p3(n+β) ‖T aαf‖

p3
p3,[a,b]

(n!)
p3 (p1n+ 1)

p3
p1 (p2 (β − 1) + 1)

p3
p2 p3 (n+ β)

. (161)

Consequently, we get

‖f‖p3,[a,b] ≤
(b− a)

(n+β) ‖T aαf‖p3,[a,b]
n! (p1n+ 1)

1
p1 (p2 (β − 1) + 1)

1
p2 (p3 (n+ β))

1
p3

. (162)

(we want p2 (β − 1)+1 > 0⇔ p2 (β − 1) > −1⇔ β−1 > − 1
p2
⇔ β > 1− 1

p2
⇔

β > 1
p1

+ 1
p3

, by assumption).
It follows the right conformable fractional Poincare type inequality:
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Theorem 38 Let α ∈ (n, n + 1], n ∈ Z+, f ∈ Cn+1 ([a, b]) , β := α − n,
f (k) (b) = 0, k = 0, 1, ..., n. Let p1, p2, p3 > 1 : 1

p1
+ 1

p2
+ 1

p3
= 1, such that

β > 1
p1

+ 1
p3
. Then

‖f‖p3,[a,b] ≤
(b− a)

α ∥∥b
αT (f)

∥∥
p3,[a,b]

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2 (αp3)

1
p3

. (163)

Proof. By (70) we get (∀ t ∈ [a, b])

f (t) = − 1

n!

∫ b

t

(b− x)
β−1

(x− t)n
(
b
αT (f)

)
(x) dx. (164)

Hence

|f (t)| ≤ 1

n!

∫ b

t

(b− x)
β−1

(x− t)n
∣∣b
αT (f) (x)

∣∣ dx ≤
1

n!

(∫ b

t

(x− t)p1n dx

) 1
p1
(∫ b

t

(b− x)
p2(β−1) dx

) 1
p2 ∥∥b

αT (f)
∥∥
p3,[a,b]

= (165)

1

n!

(b− t)
p1n+1
p1

(p1n+ 1)
1
p1

(b− t)
p2(β−1)+1

p2

(p2 (β − 1) + 1)
1
p2

∥∥b
αT (f)

∥∥
p3,[a,b]

=

(b− t)n+
1
p1

+β−1+ 1
p2

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2

∥∥b
αT (f)

∥∥
p3,[a,b]

=

(b− t)n+β−
1
p3

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2

∥∥b
αT (f)

∥∥
p3,[a,b]

.

We have proved

|f (t)| ≤ (b− t)n+β−
1
p3

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2

∥∥b
αT (f)

∥∥
p3,[a,b]

, (166)

∀ t ∈ [a, b] .
Then, it holds

|f (t)|p3 ≤
(b− t)p3(n+β)−1

∥∥b
αT (f)

∥∥p3
p3,[a,b]

(n!)
p3 (p1n+ 1)

p3
p1 (p2 (β − 1) + 1)

p3
p2

, (167)

∀ t ∈ [a, b] . Hence, we derive∫ b

a

|f (t)|p3 dt ≤
(b− a)

p3(n+β)
∥∥b
αT (f)

∥∥p3
p3,[a,b]

(n!)
p3 (p1n+ 1)

p3
p1 (p2 (β − 1) + 1)

p3
p2 p3 (n+ β)

. (168)

Then, raise (168) to the power 1
p3

, and we are done.
Next we give a left conformable fractional Sobolev type inequality:
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Theorem 39 All assumptions as in Theorem 37 and r > 0. Then

‖f‖r,[a,b] ≤
(b− a)

(
α− 1

p3
+ 1
r

)
‖T aαf‖p3,[a,b]

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2

[
r
(
α− 1

p3

)
+ 1
] 1
r

. (169)

Proof. We use (159). Hence it holds

|f (t)|r ≤
(t− a)

r
(
n+β− 1

p3

)
‖T aαf‖

r
p3,[a,b]

(n!)
r

(p1n+ 1)
r
p1 (p2 (β − 1) + 1)

r
p2

, (170)

∀ t ∈ [a, b] .
Consequently we obtain

∫ b

a

|f (t)|r dt ≤
(b− a)

r
(
n+β− 1

p3

)
+1 ‖T aαf‖

r
p3,[a,b]

(n!)
r

(p1n+ 1)
r
p1 (p2 (β − 1) + 1)

r
p2

[
r
(
n+ β − 1

p3

)
+ 1
] .
(171)

We have proved that

‖f‖r,[a,b] ≤
(b− a)

(
n+β− 1

p3
+ 1
r

)
‖T aαf‖p3,[a,b]

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2

[
r
(
n+ β − 1

p3

)
+ 1
] 1
r

. (172)

We have established (169).
It follows the right conformable fractional Sobolev type inequality:

Theorem 40 All assumptions as in Theorem 38, and r > 0. Then

‖f‖r,[a,b] ≤
(b− a)

(
α− 1

p3
+ 1
r

) ∥∥b
αT (f)

∥∥
p3,[a,b]

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2

[
r
(
α− 1

p3

)
+ 1
] 1
r

. (173)

Proof. We use (166). We get that

|f (t)|r ≤
(b− t)r

(
n+β− 1

p3

) ∥∥b
αT (f)

∥∥r
p3,[a,b]

(n!)
r

(p1n+ 1)
r
p1 (p2 (β − 1) + 1)

r
p2

, (174)

and

∫ b

a

|f (t)|r dt ≤
(b− a)

r
(
n+β− 1

p3

)
+1 ∥∥b

αT (f)
∥∥r
p3,[a,b]

(n!)
r

(p1n+ 1)
r
p1 (p2 (β − 1) + 1)

r
p2

[
r
(
n+ β − 1

p3

)
+ 1
] .
(175)
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Finally, we derive

‖f‖r,[a,b] ≤
(b− a)

(
n+β− 1

p3
+ 1
r

) ∥∥b
αT (f)

∥∥
p3,[a,b]

n! (p1n+ 1)
1
p1 (p2 (β − 1) + 1)

1
p2

[
r
(
n+ β − 1

p3

)
+ 1
] 1
r

, (176)

proving the claim.
We need

Corollary 41 (of Theorem 26) Let α ∈ (0, 1], f ∈ C1 ([a, b]), [a, b] ⊂ R. Then∣∣∣∣∣ 1

b− a

∫ b

a

f (t) dt− f (a)

∣∣∣∣∣ ≤ (b− a)
α

α (α+ 1)
‖T aα (f)‖∞,[a,b] , (177)

and ∣∣∣∣∣ 1

b− a

∫ b

a

f (t) dt− f (b)

∣∣∣∣∣ ≤ (b− a)
α

α (α+ 1)

∥∥b
αT (f)

∥∥
∞,[a,b] . (178)

We need

Corollary 42 Let α ∈ (0, 1], any [a, b] ⊂ R+, f ∈ C1 (R+) with
∥∥T 0

α (f)
∥∥
∞,R+

<

+∞. Then ∣∣∣∣∣ 1

b− a

∫ b

a

f (t) dt− f (a)

∣∣∣∣∣ ≤ (b− a)
α

α (α+ 1)

∥∥T 0
α (f)

∥∥
∞,R+

. (179)

Proof. It comes from (177), and the following:
Here

T aα (f) (x) = (x− a)
1−α

f ′ (x) ,

all x ∈ [a, b], 0 ≤ a < b.
Then

|T aα (f) (x)| = (x− a)
1−α |f ′ (x)| ≤ x1−α |f ′ (x)| =

∣∣T 0
α (f) (x)

∣∣ ,
∀ x ∈ [a, b] .

Therefore it holds

‖T aα (f)‖∞,[a,b] ≤
∥∥T 0

α (f)
∥∥
∞,R+

. (180)

Corollary 43 Let α ∈ (0, 1], any [a, b] ⊂ R−, f ∈ C1 (R−) with
∥∥0
αT (f)

∥∥
∞,R−

<

+∞. Then ∣∣∣∣∣ 1

b− a

∫ b

a

f (t) dt− f (b)

∣∣∣∣∣ ≤ (b− a)
α

α (α+ 1)

∥∥0
αT (f)

∥∥
∞,R−

. (181)
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Proof. It comes from (178), and the following:
Here

−
(
b
αT (f)

)
(x) = (b− x)

1−α
f ′ (x) ,

all x ∈ [a, b], a < b ≤ 0.
Then∣∣b

αT (f) (x)
∣∣ = (b− x)

1−α |f ′ (x)| ≤ (−x)
1−α |f ′ (x)| =

∣∣0
αT (f) (x)

∣∣ ,
∀ x ∈ [a, b] .

Therefore it holds ∥∥b
αT (f)

∥∥
∞,[a,b] ≤

∥∥0
αT (f)

∥∥
∞,R−

. (182)

We need

Corollary 44 (to Theorem 27) Let α ∈ (0, 1], f ∈ C1 ([a, b]), [a, b] ⊂ R. Let
p1, p2, p3 > 1 : 1

p1
+ 1

p2
+ 1

p3
= 1, with α > 1

p1
+ 1

p3
. Then∣∣∣∣∣ 1

b− a

∫ b

a

f (t) dt− f (a)

∣∣∣∣∣ ≤
1

(p1 + 1)
1
p1 (p2 (α− 1) + 1)

1
p2

(
α+ 1

p2
+ 1

p3

) (b− a)
α− 1

p1 ‖T aα (f)‖p3,[a,b] ,

(183)
and ∣∣∣∣∣ 1

b− a

∫ b

a

f (t) dt− f (b)

∣∣∣∣∣ ≤
1

(p1 + 1)
1
p1 (p2 (α− 1) + 1)

1
p2

(
α+ 1

p2
+ 1

p3

) (b− a)
α− 1

p1

∥∥b
αT (f)

∥∥
p3,[a,b]

.

(184)

We need

Corollary 45 Let α ∈ (0, 1], f ∈ C1 (R+) , any [a, b] ⊂ R+. Let p1, p2, p3 > 1 :
1
p1

+ 1
p2

+ 1
p3

= 1, with α > 1
p1

+ 1
p3

. We assume that
∥∥T 0

α (f)
∥∥
p3,R+

< +∞.

Then ∣∣∣∣∣ 1

b− a

∫ b

a

f (t) dt− f (a)

∣∣∣∣∣ ≤
1

(p1 + 1)
1
p1 (p2 (α− 1) + 1)

1
p2

(
α+ 1

p2
+ 1

p3

) (b− a)
α− 1

p1

∥∥T 0
α (f)

∥∥
p3,R+

. (185)
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Proof. As in the proof of Corollary 42 we have that

|T aα (f) (x)| ≤
∣∣T 0
α (f) (x)

∣∣ ,
∀ x ∈ [a, b] .

Clearly then

‖T aα (f)‖p3,[a,b] ≤
∥∥T 0

α (f)
∥∥
p3,[a,b]

≤
∥∥T 0

α (f)
∥∥
p3,R+

. (186)

Corollary 46 Let α ∈ (0, 1], f ∈ C1 (R−) , any [a, b] ⊂ R−. Let p1, p2, p3 > 1 :
1
p1

+ 1
p2

+ 1
p3

= 1, with α > 1
p1

+ 1
p3

. We assume that
∥∥0
αT (f)

∥∥
p3,R−

< +∞.

Then ∣∣∣∣∣ 1

b− a

∫ b

a

f (t) dt− f (b)

∣∣∣∣∣ ≤
1

(p1 + 1)
1
p1 (p2 (α− 1) + 1)

1
p2

(
α+ 1

p2
+ 1

p3

) (b− a)
α− 1

p1

∥∥0
αT (f)

∥∥
p3,R−

.

(187)

We make
Proof. As in the proof of Corollary 43 we have that∣∣b

αT (f) (x)
∣∣ ≤ ∣∣0αT (f) (x)

∣∣ ,
∀ x ∈ [a, b] .

Clearly then∥∥b
αT (f)

∥∥
p3,[a,b]

≤
∥∥0
αT (f)

∥∥
p3,[a,b]

≤
∥∥0
αT (f)

∥∥
p3,R−

. (188)

We make

Remark 47 Let α ∈ (0, 1], any [a, b] ⊂ R+, f ∈ C2 (R+), with
∥∥T 0

α (f ′)
∥∥
∞,R+

<

+∞. Then (by (179))∣∣∣∣∣ 1

b− a

∫ b

a

f ′ (t) dt− f ′ (a)

∣∣∣∣∣ ≤ (b− a)
α

α (α+ 1)

∥∥T 0
α (f ′)

∥∥
∞,R+

. (189)

That is ∣∣∣∣ 1

b− a
(f (b)− f (a))− f ′ (a)

∣∣∣∣ ≤ (b− a)
α

α (α+ 1)

∥∥T 0
α (f ′)

∥∥
∞,R+

. (190)

Hence it holds

|f ′ (a)| − 1

b− a
|f (b)− f (a)| ≤ (b− a)

α

α (α+ 1)

∥∥T 0
α (f ′)

∥∥
∞,R+

. (191)

37



Equivalently, we can write

|f ′ (a)| ≤ 1

b− a
|f (b)− f (a)|+ (b− a)

α

α (α+ 1)

∥∥T 0
α (f ′)

∥∥
∞,R+

≤ (192)

2 ‖f‖∞,R+

b− a
+

(b− a)
α

α (α+ 1)

∥∥T 0
α (f ′)

∥∥
∞,R+

,

∀ a, b ∈ R+ : a < b.
The last right hand side of (192) depends only on (b− a) .
Therefore it holds

‖f ′‖∞,R+
≤

2 ‖f‖∞,R+

b− a
+

(b− a)
α

α (α+ 1)

∥∥T 0
α (f ′)

∥∥
∞,R+

. (193)

Set t := b− a > 0. Thus

‖f ′‖∞,R+
≤

2 ‖f‖∞,R+

t
+

tα

α (α+ 1)

∥∥T 0
α (f ′)

∥∥
∞,R+

, (194)

∀ t > 0.
Call

µ := 2 ‖f‖∞,R+
,

and (195)

θ :=

∥∥T 0
α (f ′)

∥∥
∞,R+

α (α+ 1)
, α ∈ (0, 1],

both µ, θ are greater than zero.
That is we have

‖f ′‖∞,R+
≤ µ

t
+ θtα, ∀ t > 0. (196)

Consider the function

y (t) :=
µ

t
+ θtα, t > 0, α ∈ (0, 1]. (197)

Next we act as in [8], pp. 80-82. The only critical number here is

t0 =
( µ
αθ

) 1
α+1

, (198)

and y has a global minimum at t0, which is

y (t0) = (θµα)
1

α+1 (α+ 1)α−( α
α+1 ). (199)

Thus, we have proved:

‖f ′‖∞,R+
≤

[∥∥T 0
α (f ′)

∥∥
∞,R+

α (α+ 1)

(
2 ‖f‖∞,R+

)α] 1
α+1

(α+ 1)α−( α
α+1 ), (200)

under the assumption ‖f‖∞,R+
< +∞.
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We have established the following ∞-conformable left fractional alternative
Landau type inequality:

Theorem 48 Let α ∈ (0, 1], f ∈ C2 (R+); ‖f‖∞,R+
,
∥∥T 0

α (f ′)
∥∥
∞,R+

< +∞.
Then

‖f ′‖∞,R+
≤
(
α+ 1

α

)(
2α

α+ 1

) 1
α+1

‖f‖
α
α+1

∞,R+

∥∥T 0
α (f ′)

∥∥ 1
α+1

∞,R+
. (201)

That is ‖f ′‖∞,R+
< +∞.

We make

Remark 49 Let α ∈ (0, 1], any [a, b] ⊂ R−, f ∈ C2 (R−), with
∥∥0
αT (f ′)

∥∥
∞,R−

<

+∞. Assume also ‖f‖∞,R−
< +∞. Then (by (181)) we get∣∣∣∣∣ 1

b− a

∫ b

a

f ′ (t) dt− f ′ (b)

∣∣∣∣∣ ≤ (b− a)
α

α (α+ 1)

∥∥0
αT (f ′)

∥∥
∞,R−

. (202)

That is ∣∣∣∣ 1

b− a
(f (b)− f (a))− f ′ (b)

∣∣∣∣ ≤ (b− a)
α

α (α+ 1)

∥∥0
αT (f ′)

∥∥
∞,R−

. (203)

Hence it holds

|f ′ (b)| − 1

b− a
|f (b)− f (a)| ≤ (b− a)

α

α (α+ 1)

∥∥T 0
α (f ′)

∥∥
∞,R−

. (204)

Equivalently, we can write

|f ′ (b)| ≤ 1

b− a
|f (b)− f (a)|+ (b− a)

α

α (α+ 1)

∥∥0
αT (f ′)

∥∥
∞,R−

≤

2 ‖f‖∞,R−

b− a
+

(b− a)
α

α (α+ 1)

∥∥0
αT (f ′)

∥∥
∞,R−

, (205)

∀ a, b ∈ R− : a < b.
The last right hand side of (205) depends only on (b− a) .
Therefore it holds

‖f ′‖∞,R−
≤

2 ‖f‖∞,R−

b− a
+

(b− a)
α

α (α+ 1)

∥∥0
αT (f ′)

∥∥
∞,R−

. (206)

Set t := b− a > 0. Thus

‖f ′‖∞,R−
≤

2 ‖f‖∞,R−

t
+

tα

α (α+ 1)

∥∥0
αT (f ′)

∥∥
∞,R−

, (207)
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∀ t > 0.
Call

µ := 2 ‖f‖∞,R−
,

and (208)

θ :=

∥∥0
αT (f ′)

∥∥
∞,R−

α (α+ 1)
, α ∈ (0, 1],

both µ, θ > 0.
That is we have

‖f ′‖∞,R−
≤ µ

t
+ θtα, ∀ t > 0. (209)

Consider the function

y (t) :=
µ

t
+ θtα, t > 0, α ∈ (0, 1]. (210)

Next we act as in [8], pp. 80-82. The only critical number here is

t0 =

(
µ

αθ

) 1
α+1

, (211)

and y has a global minimum at t0, which is

y
(
t0
)

=
(
θµα

) 1
α+1 (α+ 1)α−( α

α+1 ). (212)

Thus, we have proved:

‖f ′‖∞,R−
≤

[∥∥0
αT (f ′)

∥∥
∞,R−

α (α+ 1)

(
2 ‖f‖∞,R−

)α] 1
α+1

(α+ 1)α−( α
α+1 ). (213)

We have established the following∞-conformable right fractional alternative
Landau type inequality:

Theorem 50 Let α ∈ (0, 1], f ∈ C2 (R−); ‖f‖∞,R−
,
∥∥0
αT (f ′)

∥∥
∞,R−

< +∞.
Then

‖f ′‖∞,R−
≤
(
α+ 1

α

)(
2α

α+ 1

) 1
α+1

‖f‖
α
α+1

∞,R−

∥∥0
αT (f ′)

∥∥ 1
α+1

∞,R−
. (214)

That is ‖f ′‖∞,R−
< +∞.

We make
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Remark 51 Let α ∈ (0, 1], any [a, b] ⊂ R+, f ∈ C2 (R+), ‖f‖∞,R+
< +∞.

Let p1, p2, p3 > 1 : 1
p1

+ 1
p2

+ 1
p3

= 1, with α > 1
p1

+ 1
p3

. We assume that∥∥T 0
α (f ′)

∥∥
p3,R+

< +∞. Then (by (185))∣∣∣∣∣ 1

b− a

∫ b

a

f ′ (t) dt− f ′ (a)

∣∣∣∣∣ ≤ γ (b− a)
δ ∥∥T 0

α (f ′)
∥∥
p3,R+

, (215)

where

γ :=
1

(p1 + 1)
1
p1 (p2 (α− 1) + 1)

1
p2

(
α+ 1

p2
+ 1

p3

) , (216)

and

δ := α− 1

p1
. (217)

Since α < 1 + 1
p1

, then α − 1
p1
< 1. Since α > 1

p1
+ 1

p3
> 1

p1
, then α − 1

p1
> 0.

Hence 0 < δ < 1. That is∣∣∣∣ 1

b− a
(f (b)− f (a))− f ′ (a)

∣∣∣∣ ≤ γ (b− a)
δ ∥∥T 0

α (f ′)
∥∥
p3,R+

. (218)

Hence it holds

|f ′ (a)| − 1

b− a
|f (b)− f (a)| ≤ γ (b− a)

δ ∥∥T 0
α (f ′)

∥∥
p3,R+

. (219)

Equivalently, we can write

|f ′ (a)| ≤ 1

b− a
|f (b)− f (a)|+ γ (b− a)

δ ∥∥T 0
α (f ′)

∥∥
p3,R+

≤ (220)

2 ‖f‖∞,R+

b− a
+ (b− a)

δ
γ
∥∥T 0

α (f ′)
∥∥
p3,R+

,

∀ a, b ∈ R+ : a < b.
The last right hand side of (220) depends only on (b− a) .
Therefore it holds

‖f ′‖∞,R+
≤

2 ‖f‖∞,R+

b− a
+ (b− a)

δ
γ
∥∥T 0

α (f ′)
∥∥
p3,R+

. (221)

Set t := b− a > 0. Thus

‖f ′‖∞,R+
≤

2 ‖f‖∞,R+

t
+ tδγ

∥∥T 0
α (f ′)

∥∥
p3,R+

, (222)

∀ t > 0.
Call

µ := 2 ‖f‖∞,R+
,

and (223)
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θ := γ
∥∥T 0

α (f ′)
∥∥
p3,R+

, α ∈ (0, 1],

both µ, θ > 0.
That is we have

‖f ′‖∞,R+
≤ µ

t
+ θtδ, ∀ t > 0. (224)

Consider the function

y (t) :=
µ

t
+ θtδ, ∀ t > 0, 0 < δ < 1. (225)

Next we act as in [8], pp. 80-82. The only critical number here is

t0 =
( µ
δθ

) 1
δ+1

, (226)

and y has a global minimum at t0, which is

y (t0) =
(
θµδ
) 1
δ+1 (δ + 1) δ−( δ

δ+1 ). (227)

Thus, we have proved:

‖f ′‖∞,R+
≤
[(
γ
∥∥T 0

α (f ′)
∥∥
p3,R+

)(
2 ‖f‖∞,R+

)δ] 1
δ+1

(δ + 1) δ−( δ
δ+1 ). (228)

We have established the following Lp-conformable left fractional alternative
Landau type inequality:

Theorem 52 Let α ∈ (0, 1], f ∈ C2 (R+), ‖f‖∞,R+
< +∞. Let p1, p2, p3 > 1 :

1
p1

+ 1
p2

+ 1
p3

= 1, with α > 1
p1

+ 1
p3

. We assume that
∥∥T 0

α (f ′)
∥∥
p3,R+

< +∞. Set

γ :=
1

(p1 + 1)
1
p1 (p2 (α− 1) + 1)

1
p2

(
α+ 1

p2
+ 1

p3

) ,
and (229)

δ := α− 1

p1
.

Then

‖f ′‖∞,R+
≤ ‖f‖

δ
δ+1

∞,R+

∥∥T 0
α (f ′)

∥∥ 1
δ+1

p3,R+
γ

1
δ+1 2

δ
δ+1 (δ + 1) δ−( δ

δ+1 ). (230)

That is ‖f ′‖∞,R+
< +∞.

We make
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Remark 53 Let α ∈ (0, 1], any [a, b] ⊂ R−, f ∈ C2 (R−), ‖f‖∞,R−
< +∞.

Let p1, p2, p3 > 1 : 1
p1

+ 1
p2

+ 1
p3

= 1, with α > 1
p1

+ 1
p3

. We assume that∥∥0
αT (f ′)

∥∥
p3,R−

< +∞. Then (by (187))∣∣∣∣∣ 1

b− a

∫ b

a

f ′ (t) dt− f ′ (b)

∣∣∣∣∣ ≤ γ (b− a)
δ ∥∥0

αT (f ′)
∥∥
p3,R−

, (231)

where

γ :=
1

(p1 + 1)
1
p1 (p2 (α− 1) + 1)

1
p2

(
α+ 1

p2
+ 1

p3

) , (232)

and

δ := α− 1

p1
. (233)

It holds 0 < δ < 1. That is∣∣∣∣ 1

b− a
(f (b)− f (a))− f ′ (b)

∣∣∣∣ ≤ γ (b− a)
δ ∥∥0

αT (f ′)
∥∥
p3,R−

. (234)

Hence it holds

|f ′ (b)| − 1

b− a
|f (b)− f (a)| ≤ γ (b− a)

δ ∥∥0
αT (f ′)

∥∥
p3,R−

. (235)

Equivalently, we can write

|f ′ (b)| ≤ 1

b− a
|f (b)− f (a)|+ γ (b− a)

δ ∥∥0
αT (f ′)

∥∥
p3,R−

≤ (236)

2 ‖f‖∞,R−

b− a
+ (b− a)

δ
γ
∥∥0
αT (f ′)

∥∥
p3,R−

,

∀ a, b ∈ R− : a < b.
The last right hand side of (236) depends only on (b− a) .
Therefore it holds

‖f ′‖∞,R−
≤

2 ‖f‖∞,R−

b− a
+ (b− a)

δ
γ
∥∥0
αT (f ′)

∥∥
p3,R−

. (237)

Set t := b− a > 0. Thus

‖f ′‖∞,R−
≤

2 ‖f‖∞,R−

t
+ tδγ

∥∥0
αT (f ′)

∥∥
p3,R−

, (238)

∀ t > 0.
Call

µ := 2 ‖f‖∞,R−
,

and (239)
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θ := γ
∥∥0
αT (f ′)

∥∥
p3,R−

, α ∈ (0, 1],

both µ, θ > 0.
That is we have

‖f ′‖∞,R− ≤
µ

t
+ θtδ, ∀ t > 0. (240)

Consider the function

y (t) :=
µ

t
+ θtδ, ∀ t > 0, 0 < δ < 1. (241)

Next we act as in [8], pp. 80-82. The only critical number here is

t0 =

(
µ

δθ

) 1
δ+1

, (242)

and y has a global minimum at t0, which is

y
(
t0
)

=
(
θµδ
) 1
δ+1 (δ + 1) δ−( δ

δ+1 ). (243)

Thus, we have proved:

‖f ′‖∞,R−
≤
[(
γ
∥∥0
αT (f ′)

∥∥
p3,R−

)(
2 ‖f‖∞,R−

)δ] 1
δ+1

(δ + 1) δ−( δ
δ+1 ). (244)

We have established the following Lp-conformable right fractional alternative
Landau type inequality:

Theorem 54 Let α ∈ (0, 1], f ∈ C2 (R−), ‖f‖∞,R−
< +∞. Let p1, p2, p3 > 1 :

1
p1

+ 1
p2

+ 1
p3

= 1, with α > 1
p1

+ 1
p3

. We assume that
∥∥T 0

α (f ′)
∥∥
p3,R−

< +∞. Set

γ :=
1

(p1 + 1)
1
p1 (p2 (α− 1) + 1)

1
p2

(
α+ 1

p2
+ 1

p3

) ,
and (245)

δ := α− 1

p1
.

Then

‖f ′‖∞,R−
≤ ‖f‖

δ
δ+1

∞,R−

∥∥0
αT (f ′)

∥∥ 1
δ+1

p3,R−
γ

1
δ+1 2

δ
δ+1 (δ + 1) δ−( δ

δ+1 ). (246)

That is ‖f ′‖∞,R−
< +∞.

Comment 55 Let f, g ≥ 0 be functions. Then it is well-known that

sup (fg) ≤ (sup f) (sup g) . (247)

Property (247) strongly supports our inverstigations throughout Section 3.
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[21] A. Ostrowski, Über die Absolutabweichung einer differentiebaren Funktion
von ihrem Integralmittelwert, Comment. Math. Helv., 10 (1938), 226-227.

[22] F. Usta, H. Budak, T. Tunc, M.Z. Sarikaya, New bounds for the Ostrowski-
type inequalities via conformable fractional calculus, Arab. J. Math., Pub-
lished online 24 February 2018.

46




