LOCAL EXTREME POINTS AND A YOUNG-TYPE
INEQUALITY

LOREDANA CIURDARIU

ABSTRACT. In this paper is presented a Young-type inequality and then as an
application is given a corresponding Holder-type inequality for isotonic linear
functionals.

1. Introduction

The classical inequality of Young is
a’b'™" < va+ (1 —v)b,
where a and b are distinct positive real numbers and 0 < v < 1, see [14].

In [1] are given new results which extend many generalizations of Young’s in-
equality given before. The following inequality is a refinement of the left-hand side
of a refinement of the inequality of Young proved in 2010 and 2011 by Kittaneh and
Manasrah in [12], [13]. Many generalizations and refinements of Young’s inequality
are presented also in [10], [8], [9] and references therein.

Theorem A([1]) Let \, v and T be real numbers with A > 1 and 0 <v < 7 < 1.

Then
A A(a,b) — Go(a,b)? 1-v\"
(;) < A-(a,b)* — G-(a,b)? < (1 —T> ’
for all positive and distinct real numbers a and b. Moreover, both bounds are sharp.

The following important definition is given in [3], [5] and we need to recall it here
in order to help us to give new Young-type inequalities for isotonic linear functionals
in Section 3.

Let E be a nonempty set and L be a class of real-valued functions f : £ — R
having the following properties:

(L1) If f,g € L and a,b € R, then (af + bg) € L.

(L2) If f(t)=1forallt € E, then f € L.

An isotonic linear functional is a functional A : L. — R having the following
properties:

(A1) If f,g € L and a,b € R, then A(af + bg) = aA(f) + bA(g).

(A2) If f € L and f(t) > 0 for all t € E, then A(f) > 0.

The mapping A is said to be normalised if
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(A3) A(1) = 1.

New inequalities concerning isotonic linear functionals can be also found in [7],

[3], [5], [6] and referinces therein.

2. Local extreme points and a Young-type inequality for three numbers

In this section is given a new Young-type inequalitiy for three positive numbers
which satisfies some conditions in Theorem 1 using the Lemma 1, where are stated

several conditions for finding the local extreme point for a special function.

Lemma 1. Let py1,p2, ps, plhp;,p;) be strictly positive real numbers which satisfies

the conditions i—&—p%—&-p%:l,i,—i-i,-i-i,:land

7 p1 Dy Do P3

1

pr(1— i,) #p1(l——).

Do D2
(i) If py < p1 and

11 1.1 11
(5 - [(1)#’1,(,1)] >
P p1 D2 P2 P1 Py Po

then A(1,1) is a local minimum point for the function

1 1 1 11 A
fla,y) = —a+—y+——arym — 2L (w
b1 D2 b3 p1 \DP
defined on the interval (0,00) x (0, 00).

(ii) If p; > p1 and

11 1.1 11
</—> —*(*—1)‘*‘&1*/(*/—1) >
P1 P1 P2 D2 P1 Py Do

+ —y+
p

then A(1,1) is a local mazimum point for the function

1 1 1 a1 p (1
fley) = —a+ —y+ — —amyr — L (x
P1 b2 P3 P1 \ P
defined on the interval (0,00) x (0,00).
Proof. (i) We consider the function,
1 1 1 1+ 1 p (1
fley) = —a+ —y+ — —amyr — 4 (x
P1 b2 p3 P1 \DPq

where the numbers p1, ps, p3, pl17 pl27 p/3 satisfies the hypothesis and x,y are strictly

positive real number with z > 0, and y > 0.

First, it is necessary to find the stationary points of f on (0, 00) X (0, 00) and for

Do

Do

that we compute its first derivative, % and g—?’;. We have,

and

8f71 1 i%—l_P11+p11$i



and then we obtain the following system

(1)

11
yr )

8
b4
N
3
N

Il
8
3
<
3

3

L -amyn ) =Bl
2

Using now the hypothesis, 5—; — % > 0 we get from the equation,

(1—xﬁyﬁ_l) i—&i, =0
P2 P1 Do
1 1

zriyrz =y,
where p1, po satisfy the hypothesis, being arbitrary numbers. Last equation becomes

that

1 1— L
rr =y P2,

when z,y > 0.
Therefore, the last system will be
py(1—2) 11—
Py = pl( D )
4 L,Lz
p; P2
pi(1—25) _ ﬁ7;%/
y p2 y 1

Then we have

p(l—2)=%—

when y # 1, or the solution x = y = 1. So we obtain in the second case, the
stationary point A(1,1).

First case, when y # 1, it is not interesting here because our hypothesis are not
satisfied, i. e. from last system we have,

v 1
y =
T—B(1- 1)

(which is already a restriction of plz)7 and in this way the second equation of last
system in checked, but this is not our hypothesis.

We study now if A(1,1) is an extreme point for the function f on the interval
(0,00) x (0, 00). For that we compute the second derivative of the function and then
its hessian matrix in A(1,1). We have,

0% f 1.1 19 1 1,1 -2 4
— = ——(— =Dz Yy + — (> — Dz yre,
92 P ) Y pl(p1 ) Y
a2f( ) 1 (1 1)
dx? pL\p; P
o%f 1.1 114 p 1.1 L Lo
ﬁ:*f(——l)mmym Lo (o =Dy
Yy P2 P2 P1 Py Py
0% f 1.1 pp 1,1
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a2f 1 11 14 1 4 -1 4-1
= — €T P1 y:ﬂz +7/1'p1 yl”2
O0xdy pip2 DP1DPo

2
0xdy P1 \pPy D2

2
M- L(loL)
Oyox P1 \pPy D2

Now we can write the hessian matrix in A(1,1),

and also

1 (g,;) 1 (;,,;)
H(1,1) = p11 p11 p11 1,1 G pp21 1
—_ | = — 4 = 1 =
P1 (p; 102) pz(p )+p1 p;(p; 1)
and if
1 1 1
Al - — (, - ) > 0
D1 P1 P1
and

11 1.1 1.1 1 /1 1)\?
AQ—(,> l(1)+p1 (— 1)1(,) >0
D1 P1 D2 P2 P1 pz p2 P1 \ P2 Do

then A(1,1) is the local extreme point for the function f defined before.
For (ii) the proof is the same I

Example 1. (i) We take into account the particular case for the function f when
p1 =5, po = 6, pg— e cmdpl =4, p2—5p3 = 1?, see also in Figures 1 and
2. We can easily notzce that the conditions from hypothesis (i) are fulfilled for the
function f, so that the point A(1,1) is a local minimum point for f.
(i) Now, if we replace p1 by 4 and pll by 7 in previous particular case, we can
easily see that the conditions from hypothesis (ii) are satisfied for the function f,
so the point A(1,1) is a local mazimum point for f.

Theorem 1. Let M > 1 and p1,p2,ps, p/l,p;7p;3 be positive real numbers which
satisfies the conditions, ——i—p—Q—i—— =1, o L+l +1 =1 2 >1> Z; and

1 Py p3 " ps

p2(1—%)>%—%>0.
(i) If x and y are two real numbers with 1 < x < M, 1 < y < M then the

following inequality holds:

1 1 1 py (1 1 1 L L

—x+—y—|———xl’1y1’2 >— — T+ Y+ —xPryP2 |.
P 2] b3 P1 \ P V2] ps

(ii) Moreover, if a,b,c are three real numbers, a > 0, b > 0, ¢ > 0 so that

c<a<Mcand c<b< Mc then the following inequality takes place:

1 1 1 1 1 -
— —b—l—fc—aplbpzc% >p1 (,a+,b+,c—a"1b”20”3).
P1 D2 b3 b1 \P1 ) b3
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FIGURE 1. The function f(x,y) on [0, 8] x [0, 8] when p; = 5,ps =

6,}73 = % and b1 = 47p2 = 5ap3 = %

Proof. Using Lemma 1, we know that A(1,1) is a local minimum point for the

function f on the interval (1, M) x (1, M), which it is the interior of the close

interval [1, M] x [1, M]. We study how will be the function on the frontier of the

above interval. We see that the frontier of this interval from R? is given by the sets,

{{E =lye [17M]}’ {(E =M,y e [LM]}a {ZE € [1M]7y = 1} and {‘T € [17M]7y =
When z =1, y € [1, M] then

1 ’ ’ 1 ’ ’ ’ L] L
fy) =y— (2 -2y o (BB Ber s
P2 \ P2 D1 p3 \P3s D1 P
This function is increasing, as a function of variable y, from hypothesis of the

above theorem, and then f(1,1) < f(1,y), because 1 < y. Therefore, we find that
f(1,y) > f(1,1) = 0. Last function is increasing because its first derivative,

, 1 E 1 - 1 {p. : -
f(l,y)=*(1—ypl2 1)—pl,<1—yp2 >>, ba B (l—yp2 )>0~
D2 P1 Do Do \ P2 D1
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FIGURE 2. The function f(x,y) on [1,8] x [1,8] when p; = 5,p2 =
67p3 = % and b1 = 47p2 = 5ap3 =11

Now, for y = 1, x € [1, M], we have,

7 !’ L
flz,1) = L R g 4y
b1 h

This function is increasing because its first derivative,

’ 1 L/*1 1 _1
fz)=—(zn —zn >0
P1

, see hypothesis of our previous theorem. Thus we also have, f(z,1) > f(1,1) =0.
If x € [1, M], y = M then we obtain,

! ! ’ ’ ’ i L

fa My =M~ (P2 P} (s P} Putann sy
Py \P2 D1 Ps \P3 D1 b1

and this function is increasing in x when x € [1, M], because

/ 1 -1 1y 1
f(x,M):p— xPr MP2 —gxrer "Mrz ) > 0.
1



From here, we get,
[z, M) > f(1,M) >0,
and we obtained this inequality before, see the case when z =1,y € [1, M].
Last case, when « = M, y € [1, M| we have the function,

1 (py 1 (py 1\ pi,, >
f(M,y)=y<2—1>+<“—1 + M y?

Py \ P2 D1 ps \P3s M P1

1 1

_Mmypz,

N \"“

which is increasing as a function of variable y, because its first derivative,

/ / ! 1 1
£ (My) =~ <p2 - pl) O TS Vo
Py \P2 D1 P1 Do D2
’ / 1 1
S [p2 <1 - Mﬁyéfl) ~h <1 — M¥iyre 1)] > 0.
Py [ D2 P1

’ ’ L],L L,i/

We used here that % > % and M* "t >1>y" 72,

From the second case we get

! ! i
f1y =12 Pyt e s 0
P1 D1
and then
f(M,y) > f(M,1) > 0.

Therefore the point A(1, 1) is the global minimum of the function f on the interval
[1, M] x [1, M].

Taking into account hypothesis from Lemma 1, (i) and denoting by a, %, by b,
%andbyc7 %,Wegetc>1, a<b<l.

Condition As > 0 from the proof of Lemma 1 becomes,

(p,l—l> P2 (P2 ) +p—1(1—p;) > (22 1)
Py P2 \ P2 P p2

(1 _ 1) [=b(b — p3) + a(1 — p3)] > (b—1)2

a

or

and by calculus, we have:
po(l—a)>b—a

o (1) m
p1 b2 N
from our hypothesis.

(ii) We replace x € [1, M] by 2 and y € [1, M] by  and because < € [1, M] and

b € 1, M] the inequality from (i) becomes:

1 = ’ a =
Loy b, 1oy (b> _n [{a+{b+{_ (@) (b> ]
pLc  paC  P3 c c p1|pyc  DpyC Py c c
and multiplying by ¢ > 0 we get the desired inequality.
|

, 1. e. the condition
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Example 2. The particular case from Example 1 (i) satisfies the conditions of
Theorem 1 (i), and then the point A(1,1) is the global minimum for the function f
and the inequality from Theorem 1 (i) takes place.

3. Holder-type inequality for three functions

The following result is obtained as a consequence of Theorem 1 (ii) for isotonic
linear functionals, being a Holder-type inequality in the case of three functions.

Theorem 2. Let M > 1 and p1,p2,p3, p;,p;,p;’ be positive real numbers which
A N e - -
P p3

p1 2 Py Po P3 p3 p2
and py(1 — %) > Z—i — % > 0, L satisfying conditions L1, L2 and A satisfy-
ing A1, A2 on the set E. Considering the nonnegative functions f, g, h with

P1 P2 P3

Foh, frignhts, fr gt b€ Loand A(f7) >0, A(g") > 0, A((h*) >0, if
. .. P P1 P P2 P

in addition, Aé"h;) < a7y <M ?hsz) and A(h;’S) < A(ggpz) < M4 (hp3) we will
have,

satisfies the conditions,

A(fgh) P A(f7rg72hes)
1-— T 1 1 > — 1- 1 1 L
APt (frr) APz (gP2)A%s (hPs) P A (fpl)A”/Z (gPQ)Ap;’ (hvs)
Proof. We use inequality from Theorem 1 (ii), for ¢ = %, b = A?;iz) and
c= A?Zm) and we have
1 m 1 gre 1 pps fgh

AP T pa Al T pa AG) T AR (fr) At (gre) AT (hee)

p'l 1 fm 1 gPe 1 hPs fp/lgp; h s

- G + - + a —~ 1 T T
pr \ Py A(PY) - py A(gP2)  py A(hPs) A?(fpl)Ag(gpz)AZ(hps)
Now using hypothesis and condition A2, we get,
1A 1 Agr) 1 AR A(fgh)
A(fpl) D2 A(gpz) b3 A(hp3) AP1 (fpl) PL (gp

N
S
]
[
—
>
]
[
~—

po[ LAGP) L AGg) L AR A(frgr2hs)
p1 \ Py AP py A(gr?)  ps A(hPs) BT ’

or by calculus we obtain the desired inequality.

As a particular case, when instead of the isotonic linear functional, A(f) we
consider, as in [3], fj f(z)dz, Theorem 2 becomes:



Remark 1. Let M > 1 and pl,pg,pg, pl,p2,p3 be posztwe real numbers whzch

1 1 1 1 1 ps Pz
satisfies the conditions, p1 + pz + p3 =1, o + o + = o =1, e > 1> o and
pa(l— 1) > B2 =2 >0,

Considering the continuous functions f, g, h > 0 on the interval [a,b] with and
h?3 (x) Pr@) g hP@) g BT (ede) 9”2 (x) h?3 ()
f: hP3(x)dz f: fri(x)dx f: hP3(x) f: hP3(x)dz f: gP2 (z)dx f: hP3(z)dx

we will have,

ﬁf )g(@)h(z)dz

>
ffpl dx P1 f gp2 x 17L f hP3 d;p)
P2
7 p/ p/ p/
o, i 2<m§ym )
pl f fpl dx p1 f gpQ /2 f hp3 ;3
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