AN EXTENSION OF OSTROWSKI’S INEQUALITY TO THE
COMPLEX INTEGRAL

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we extend the Ostrowski inequality to the complex
integral by providing upper bounds for the quantity

fw-w- [ e
Y

under the assumptions that « is a smooth path parametrized by z (¢), ¢ € [a, ],
u=2z(a),v==z(z) with € (a,b) and w = z (b) while f is holomorphic in G,
an open domain and v C G. An application for circular paths is also given.

1. INTRODUCTION

In 1938, A. Ostrowski [7], proved the following inequality concerning the distance
between the integral mean ;- f: f (t) dt and the value f (z), € [a, b].
Theorem 1 (Ostrowski, 1938 [7]). Let f : [a,b] — R be continuous on [a,b] and
differentiable on (a,b) such that f’: (a,b) — R is bounded on (a,b), i.e., |f'|| =

sup |f’ (¢)| < co. Then
t€(a,b)

2
1 r — atb
S <b—2> 1]l (b= a),

a

b
(1.1) if(x) e RACL

for all © € [a,b] and the constant + is the best possible.

In [5], S. S. Dragomir and S. Wang, by the use of the Montgomery integral
identity [6, p. 565],

b b
12) - [ f0d= i [ penf©d. sela),

where p : [a, b]2 — R is given by

t—a if té€la,x],
p(x,t) =
t—b if te (),
gave a simple proof of Ostrowski’s inequality and applied it for special means (iden-
tric mean, logarithmic mean, etc.) and to the problem of estimating the error bound
in approximating the Riemann integral f: f (t) dt by one arbitrary Riemann sum
(see [5], Section 3).
The following result, which is an improvement on Ostrowski’s inequality, holds.
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2 S.S. DRAGOMIR

Theorem 2 (Dragomir, 2002 [1]). Let f : [a,b] — C be an absolutely continuous
function on [a,b] whose derivative f' € Ly, [a,b]. Then

(1.3)

b
fa)- 5o [ T

1 z—a\’ b—z\’
/ /
< § [”f ||[a,:z:},oo (ba) +||f ||[a:,b],oo (bCL) ](b_a)
2
1 o — atb

denotes the usual norm on Lo [m,n], i.e., we

for all z € [a,b], where |||
recall that

m,n],co

||g||['rn7n]7oc = eSSup |g (t)‘ < 0Q.

te[m,n]
The corresponding version for the 1-norm is as follows:

Theorem 3 (Dragomir, 2002 [2]). Let f : [a,b] — C be an absolutely continuous
function on [a,b]. Then

b
bia/ Ft)dt

xT—a, ., b—x
< b—a ||f H[a,aj],l + b—a ”f ||[a:,b],1

ll |x—“—+b
<

-

5T b;} 1 Wl a1

for all z € [a,b], where |||, , 1 denotes the usual norm on Ly [m,n] with m <mn,
i.e., we recall that

9l i= [ lo @]t <.

m

The case of p-norm is as follows:

Theorem 4 (Dragomir, 2013 [3]). Let f : [a,b] — R be an absolutely continuous
function on [a,b]. If f' € L, [a,b], then we have the inequality

(1.4)

b
f@)- 5 [ Fo

g+1

g+1
1 r —a T b—x Tq 1/
- (¢ + 1)1/q l(b—a) Hle[a’w]’p—i_ (b—a> ”f/”[w,b],pl (b—a)’"
1/q

1 z—a)\' b—a2\7H 1/
< b— q ¢
D Kb—a) +(1=2) | -0 W e

or all x € [a,b], where p > 1, 2 +1 =1 and |- is the p-Lebesgue norm on
P a [a,b],p
L, [a,b], i.e., we recall it

b 1/17
190l 0,510 = (/ Ig(t)lpdt> ~
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For a recent survey on Ostrowski’s inequality, see [4].

In order to extend this result for the complex integral, we need some preparations
as follows.

Suppose v is a smooth path parametrized by z (¢), t € [a,b] and f is a complex
function which is continuous on 7. Put z (a) = u and z (b) = w with u, w € C. We
define the integral of f on v, , =~ as

b
/f(z)dz= f(z)d= ::/ F(z(t) 2 () dt.

We observe that that the actual choice of parametrization of v does not matter.

This definition immediately extends to paths that are piecewise smooth. Suppose
~ is parametrized by z (¢), t € [a,b], which is differentiable on the intervals [a, ]
and [c, b], then assuming that f is continuous on v we define

(2)dz == (2)dz + f(z)dz
Vauw Vuw Vo,

where v := z (c) . This can be extended for a finite number of intervals.
We also define the integral with respect to arc-length

b
f(2)|dz] == / f (=017 (0)]dt

and the length of the curve + is then

() = / e = /ab 12 (1) dt.

Let f and g be holomorphic in G, and open domain and suppose v C G is a
piecewise smooth path from z (a) = u to z (b) = w. Then we have the integration
by parts formula

(1.5) f2)g (2)dz = f(w)g(w) - f(u)g(u) - / f(2)g(2)dz.

Yu,w Yu,w

We recall also the triangle inequality for the complex integral, namely

Lf(z) dz

where ||f||'y,oo = Susz’y |f (Z)| .
We also define the p-norm with p > 1 by

71 = ([ 17007 |dz|)1/p.

1Al = / 1 ()] |dz]
Yy

(1.6)

< / £l 1d2] < £, o £ ()

For p = 1 we have

If p, ¢ > 1 with 1% + % =1, then by Holder’s inequality we have

112 < LN 1, -
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In this paper we extend the Ostrowski inequality to the complex integral by
providing upper bounds for the quantity

pwﬂw—w—quMz

under the assumptions that + is a smooth path parametrized by z (t), t € [a, ],
u=z(a),v==z(x) with € (a,b) and w = z (b) while f is holomorphic in G, an
open domain and v C G. An application for circular paths is also given.

2. OSTROWSKI TYPE INEQUALITIES
We have the following result for functions of complex variable:

Theorem 5. Let f be holomorphic in G, an open domain and suppose v C G
is a smooth path from z(a) = u to z(b) = w. If v = z () with x € (a,b), then
Yu,w = Yu,v U Y0

@i)'f@MwU)‘/f@Mz

~

Ny [ =l 0L [ 1wl
ol

w,v Yo, w

S[L

@2)'f@MwU)/f®ﬁ&

.
< max |z —ul [/
€00

|z—wwa+/’z—www]wwnmw
.

u,v v, w

Yu,v’

v max fz = wl 7]

< max{ max |z — ul ,Zlenax |z — w} ”fI”m,w;l )

z€ u,v v, w

Ifp,g>1 with%—k%:l, then

@3>'f@ﬂw—u»—/f@wu

~
1/q
s(/’z—uwda> fwmwp+</
¥ Yo,w

S(/ \zfu|q\dz|+/
¥ v

Proof. Using the integration by parts formula (1.5) twice we have

/ c-u)f (dz=(w-w i)~ | f(2)d

w,v Yu,v

u,v

1/q
|z—wqu> 171, oo

1/q
q /
|zw|u4> 171,

u,v v, w

and

[ eror@e-w-viw- [ e

v, w Yo,w
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If we add these two equalities, we get

L G-wf@det [ Gow)f )

u,v Yo,w

=f)(w—u) - (2) dz — f(z)dz,

Vuw Yo,w

which gives the following equality of interest

1) JOw-w- [f@d=[ Gour@ds [ courede
¥ Yu,v Vo,w

that is a generalization of Montgomery identity for functions of real variables men-
tioned in (1.2).

Using the properties of modulus and the triangle inequality for the complex
integral we have

(25) 'f(v) (w — ) - / [ (2)dz

A G-uf @t [ cowrEd

u,v Yo, w

< +

L (2= u) f' (2) da

u,v

A (2= w) f' (2) dz

v,w

< / |2 —ul |f' (2)] dz] + / I — w| £ (2)] |d]

u,v v,w

Ny [ =l 0L o [ 1wl
Y Y

u,v v, w

/ |z — ul |dz|—|—/ |z—w|dz|] ,
¥ v

u,v v, w

<My, o

which proves the desired result (2.1).
We also have

[ E-if @l + [ e wllf @)

u,v Yo,w

< mox foul [ 17 @I lel ¢ max fe—wl [ 17 ()] d]
2€%4, 0 y

2&%uw Yu,o vow

L ()] e + / e |dz|]

u,v

:max{ max |z — u|, max |z—w|}/ | (2)] |dz|
¥

Z2€Yy, v 2€Yy,w

< max{ max |z — u|, max |z—w}
€Y u,v 2€Y 0w

w,w

and by (2.5) we get (2.5).
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If p, ¢ > 1 with % +$ =1, then by Holder’s weighted integral inequality we have

/ 2 — ul | (2)] |dz] +/ |2 — w| |f (2)] |dz]

u,v v, w

1/q 1/p
s(/ |z—U|q|dZ|) (/ f’(z)lpd2|>
1/Uq 1/p
|z—w|q|dz|> (/ If’(Z)pIdZI> — B.

ab+ cd < (a? + )P (b? + d9)M9

u,v

+(/

By the elementary inequality

v, w

where a, b, ¢, d > 0 and p, ¢ > 1 with % + % =1, we also have

1/q
Bg(/ |z—u|q|dz|+/ z—w|qdz|>

u,v v, w

1/p
x ( / )P |dz] + / 1 <z>”|dz>

1/q 1/p
- ( [-ultias+ [ e wr |dz|> ( [ wrer dz|> ,
which together with (2.5) gives (2.3). d

If the path v is a segment [u, w] C G connecting two distinct points v and w in
. w
G then we write [ f(z)dz as [, f(2)dz
Using the p-norms defined in the introduction for the segments, namely

1l g = sUD | (2)

z€ [u,w]

w 1/p
W= ([ G 1a:l) " for 1,

we can state the following particular case as well:

and

Corollary 1. Let f be holomorphic in G, an open domain and suppose [u,w] C G
is a segment connecting two distinct points u and w in G and v € [u,w]. Then for
=(1—s)u+ sw with s € [0,1], we have

2o [row-w-["se
%' —’LL| |:Hfl||[u,v];0082+||f,||['u,w];oo(1_8)2

i+(s)]|f|um

—

< |w—ul?
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and

27 'f(v)(w—U)—/wf(Z)dz
< fw =l {51 Npupa + 0= ) 1 Njag

1
<fw=al (4[5~ 3) 1 T

pr,q>1with%+%:1, then
(2.8) 'f w - u) / 1e

14+1 1+1

< m lw — ul i { 1/a [ ||[uv +(1-s) i ||f/||[v,w];p}
1 1+1/q [ q+1 g1V,
< W lw — ul {5 +(1-s) } [P T—
q

Proof. Observe that if the segment [u, w] is parametrized by z (t) = (1 — t) u + tw,
then

v S S 1
/ |zfu||dz\:\w7u|/ |(1—t)u+tw—u|dt:|w—u|2/ tdt:552|w—u|2
u 0 0

and

w 1 1
/ |z—w|\dz|=|w—u|/ |(1—t)u+tw—w|dt:|w—u\2/ (1— 1) dt

1 2 2
25(1—3) |w —ul”.

Using (2.1) we get

o= [
<1
=3

2 1 o (1= 9]

2
1 1 )
i (5 - 2) ] 1M )00

w = uf* [nf ||

[u,v] ;09

<

2 2 2
w—ul [s2+<1—s>}nf’n[u,w]m:\w—m

DN =

and the inequality (2.6).
Also,

max |z —u| = max {Jw—u|t} = |w—uls
Z€%u,v t€[0,s]

and

max |z —w|= max {|lw—u|(1—1%)}=|w—ul(1-s3),
2E€Y0 te[s,1]
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then by (2.2) we get

‘f(v)(w—U)—/uwf(z)dz

< |U) - Ul {S ||f/||[u,1)];1 + (1 - S) ||f/||['u,w];1}

1 1
< fw — wlmax {s,1 = s} || f'll g1 = [ — ul < +|s— 2D [P

2

which proves (2.7).
Finally, since

v S S
/|z—u\q|dz\:|w—u|/ |(1—t)u+tw—u|th:|w—u\q+1/ 19t
u 0 0
=L g w — T
q+1

and

w 1 1
/ \z—w|q\dz|=|w—u\/ |(1—t)u+tw—w|qczt=|w—u|q+1/ (1— 1) dt
v S S
]- 1 1
:m(l—s)q+ |W—U\q+ )

hence by (2.3) we get

\f<v><w—u>—Lf(z>dz
1

14+1/q | 141 1+1/q
< Tl [0 g + 0= ) N )
1 1+1 11V
< (q+1)1/q |’LU—U| i Sq+1 +(1_S)q+ i| ||f/||[u,w];p'

O

Remark 1. If there exists m € (a,b) such that z (m) = &%, with w # u then from
(2.1) we get

(29) }f(“j“) w-w-[ 1

Sy e [ - ulldel 1]
i Vo, whu

u, 3

v |l ulld]
5w Y wtu

2 W

g/ = — ] dz] + / 2= wlldzl | 1], oo
Vo, whu Ywtu o ‘
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from (2.2) that

(2.10) \f(w+“)w—uwiﬁf@wz

< _ _ /
< =1y gt e el o

/
< max {zegluaiiu |z — ul 726}}1& . |z — w|} I1f Hvu,u,;l
g 2

and from (2.3) that

(2.11) \f(w+“)w—uwiﬂf@Mz

1/q
<\ [ Eeatie) 1
Vo wtu T
1/q
I BT I R
Y wtu 2 v
1/q
<\ [ s [ i) 120
Vo, whu RECE
23 2
whe'rep,q>1 with 1+1 =1.
Fors= 3 in C’orollary 1 we get
(2.12) ‘ ( ) —u)—/ f(z)dz
< ol 17 17 | < Zhw—uP iy
<3 e oo 1 Mg o] < 3 -
and
w4+ u v 1
@) () w0 [ @] < pho- a1
Ifp,g>1 with%—l—%:l, then
(2.14) ‘f(w+u)(w—u)—/ f(z)dz
1 e )
T 211/a (g 4 1)1 o=l L, g ip + 1 g ]
1 1+1/ '
< —— o= ul T -
2(q+1)1/q [u,w];p

Suppose that v C G is a smooth path from z (a) = u to z (b)) = w. If v = z ()
with @ € (a,b), then v, ., = Yy UVp a0
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If we consider f (z) = exp (z) with z € C, then

/ exp (z)dz = exp (w) — exp (u),

lexp (2)] = [exp (Re (2) + iIm (2))] = exp (Re ()

and by Theorem 5 we have
(215)  [exp (w) — exp (u) — exp (v) (w — u)|

<lesp el oo [ I ulldel +lexp @O, [ 12— wllds

S /
;

o—ulldel + [ 2wl |dz] Jexp (Re (1],
(2.16) |exp (w) — exp (u) — exp (v) (W — u)]

and
< max [z —ul|lexp (Re())[l, ;4 max |z —wl|exp(Re("))|
2€Y v u,v 2€Y 0, w

Vo, wil
< mac { o [zl mox [z =l {exp (Re ()],

pr,q>1with%+%:1,then

(2.17)  |exp (w) — exp (u) — exp (v) (W — u)]

< ( /
(/.
< (/ - +A

With the same assumption on the path v and if we consider f(z) = 2" with

n > 1, then
wn+1 _ un+1
/z”dz =
5 n+1

1/q
q
|z — ul |dz|> llexp (Re (),

u,v

1/q
|Z_w|q|dz|> ||eXp (Re (.))H'\/v,w;p

1/q
|z—w|q|dz> Jexp (Re (DI, .-

v, w

and by Theorem 5 we get, by denoting ¢ (z) = z, z € C, that

,wnJrl _ un+1 N
(2.18) ‘ o — " (w—u)
[ R TR TN T
' Vv ’ Yo, w

u,v v, w

gnM

|z—u||dz\+/ IzwIdZI] [ [
; o
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and

n+l _ . n+1
Y — v (w — u)

(2.19)

‘ w

n+1

Vol

v

<n [ max |z —ul [[(* 7| + max [z —w||["7Y| ]
ZEY, Z€Y 4y w Vo, wil

< nmax{ max |z — ul, max |z — w|} ||€"*1|
EIS

zE'yurv ’Yu,,u;;l ’

pr,q>1with%+%:1,then
n+1_un
n+1

1/a
-ated) el f
v
<n</ |z—u|q|dz|+/
v v

u,v v,w

+1
n

(2.20) — 0" (w — u)

< (/y

‘ w

1/q
o |dz|) T
Yo, wiP

u,v v, w

1/q
z—w|qdz|> HW_IH .
Yauy0iP

3. EXAMPLES FOR CIRCULAR PATHS

Let [a,b] C [0,27] and the circular path [, ;) g centered in 0 and with radius
R>0
z(t) = Rexp (it) = R(cost + isint), t € [a,b].

If [a,b] = [0, 7] then we get a half circle while for [a,b] = [0,27] we get the full
circle.
Since

|eis B eit|2 _ |eis|2 ~ 9Re (ei(sft)) + |eit’2

s—t

=2 —2cos (s —t) = 4sin? (2>
sin st
2
sin st
2

and ’eib — eit’ =2

for any ¢, s € R, then

T

(3.1) ‘eis - e"tr =2"

for any ¢, s € R and r > 0. In particular,

|ezs_ezt| -9

for any ¢, s € R.
For s = a and s = b we have

sin L_t
2

If u = Rexp (ia) and w = Rexp (ib) then

’6“1 _elt| =9

sin E
5 .

w —u = R[exp (ib) — exp (ia)] = R[cosb+ isinb — cosa — isinal

= Rcosb—cosa+i(sinb—sina)|.
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Since
. a+b\ . [b—a
cosb—cosa = —2sin | —— | sin
2 2
and
. . . (b—a a+b
sinb —sina = 2sin [ —— ) cos ,
2 2
hence

. a+b\ . b—a . b—a a+b
qu{2s1n<2>sm< 5 >+2281n( 5 )cos( 5 )]

. (b—a . a+b . a+b
—2R51n<2> |:—bln 5 )—i—zcos( 5 )]
:2Risin<b;a> [cos <a—|—b> + ¢sin (a;—b)]

2
b— b
= 2Risin ( 5 a exp [(a—;— > 7
Moreover,
tf

|z — u| = R|exp (it) — exp (ia)| = 2R |sin ( 5 a)‘

and
. . . (b—t

|z —w| = R|exp (it) — exp (ib)| = 2R |sin —5

for t € [a,b].

If [a,b] C [0,2n] then 0 < 52, b= < 7 for ¢ € [a,b], therefore

t— b—t
|z — ul :2Rsin< 2a) and |z —w| = 2Rsin (2>

We also have
2’ (t) = Riexp (it) and |2’ (¢)] =R
for ¢t € [a,b].

Proposition 1. Let f be holomorphic in G, on open domain and suppose Vg p) g C
G with [a,b] C [0,27] and R > 0. If x € [a,b], then

2sin (b;“> f (Rexp (iz)) exp ((“ ; b) z)

b
—/ f (Rexp (it)) exp (it) dt

(3.2)

r—a

b—
<SR [|f’ (Rexp (i'))”[aw]po sin? ( ) + [lf (Rexp (i'))H[m,bLoo sin? ( 4 x)}

_ b—
<8R (Rexp (i)l j4.5],00 [Sin2 (T) + sin’ ( 4 x)] '
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Proof. We write the inequality (2.1) for v, zr and z € [a,b] to get

‘2Rsin <b_2“> if (Rexp (iz)) exp K“ ; b) z}

b
—Ri/ f (Rexp (it)) exp (it) dt

<22 f (Rewp () [ sin (57 ) at

b
+2R? || f' (Rexp (i'))H{z,b%m/ o <2) )
x

T _ b h—
<2R*||f' (Rexp (D 0], 00 [/a sin (t 5 a) dt —&—/m sin (2t> dt] .

This is equivalent to

2sin (b;“>  (Rexp (iz)) exp ((“ ; b) z)

b
—/ f (Rexp (it)) exp (it) dt

(3.3)

<ORF (Rexp () [ sin (57 ) a

b
. b—t
+ 2R | f (Rexp (z-))||[$’b]’ sin (2 ) dt

< 2R (Rexp (i) o [/jsm(t“)m/lm( )a] |

Observe that

sin s—a ds =2 — 2cos r—a = 4sin? r—a
a 2 2 4

and

b _ ¢ _
/1; sin <b25> ds =2 — 2cos (62) = 4 gin? (b 433)

for z € [a,b].
By using (3.3) we then get the desired result (3.2).

13
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Corollary 2. With the assumptions of Proposition 1 we have

2 sin (b—2a> f <ReXp (a;—bz)) exp (a;bi)

b
—/ f (Rexp (i) exp (it) dt

(3.4)

< SR{|If (Rexp (i), e52] o0 + 1 (Rexp (@) [og2

b_
<16R||f" (Rexp (i)l 4,4],00 sin® < 3 a) :

Remark 2. The case of semi-circle, namely a = 0 and b = 7 in (3.2) gives the
inequality

(3.5)

2if (Rexp (iz)) — /OW f (Rexp (it)) exp (it) dt'

<8R {|f’ (Rexp (7;'))”[0}1],00 sin? (%) + | (Rexp (i.))”[l’,ﬂ'],oo sin? (7T ; 3;)}

<8R f" (Rexp (i)l ja.5).00 {Sinz (z) +sin® (7T ; x)] ’

for x € [0,7].
Since e
sin? (I) = 1—cos(g) _ 1% = 2-V2
8 2 2 4
then by taking x = § in (3.5), we get

(3.6)

2if (Ri) — /07T f(Rexp (it)) exp (it) dt‘
<2 (2= V2) I (Rexp (i)l]o,5) 00 + I (B exp () ] 5,100
<4(2-V2) 1 (Rexp (i)l mp -

Proposition 2. With the assumptions of Proposition 1 we have

2sin (b_2“> f (Rexp (iz)) exp ((a ; b) z>

b
- / f(Rexp (i) exp (it) dt

(3.7)

t —
< 2R {max sin <2a) 1" (Rexp (i’))||[a,z],1

t€la,x]

b—
+ max sin <2t> ||f/ (Rexp (i'))||[z,b],1:|

te(z,b]

t— b—1t
< 2Rmax{ max_sin ( 5 a) , max_sin (2>} Ilf (Rexp (@) a1

tela,x] te(z,b]
for x € [a,b] C [0,27].
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Proof. We write the inequality (2.2) for v, zr and z € [a, ] to get

‘2Rsin <b_2a> if (Rexp (iz)) exp [(a ; b) z}

b
—Ri/ f (Rexp (it)) exp (it) dt

t€la,z]

_ b
+ max sin (bt> / |f/ (Rexp (it))] dt]
te[z,b] 2 z

_ b
< 2R’ max { max sin t-a , max sin bt / |f (Rexp (it))]| dt,
tela,z] 2 te[z,b] 2 a

which is equivalent to (3.7). O

<2R? {max sin (752a> /I |f' (Rexp (it))| dt

Corollary 3. With the assumptions of Proposition 1 we have

o (50 (re ((457) 1)) o (7))

b
7/ f (Rexp (i) exp (it) dt

(3.8)

_ b
< 2Rsin (T)/ | (Rexp (it))] dt.

Proof. If we take in (3.7) z = 22, then we get

s (052)s (o (52 (1))

b
—/ f(Rexp (i) exp (it) dt

(3.9)

a+b

s (t;‘L)/ TP (Rexp (it))] dt

tefa, 242

B b
+ max sin (b;) /m |f’(Rexp(it))dt]

te[242,b] =

_ B b
<2Rmax{ max sin <t a) max _sin <bt> / |f (Rexp (it))] dt.
te[a,”+b] 2 t€[a+b b] 2 a

Since the mtervals a, % and [ b] have a length less than m, then

<t—a . <b—a> . (b—t) . (b—a)
max sin , max sin|-—— | =sin
tefa, 252 te[ 25 b] 2 4

and by (3.9) we get (3.8). O

<2R

The case of p-norms is as follows:
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Proposition 3. With the assumptions of Proposition 1 and p, g > 1 with %—Fé =1

we have
2sin (b_2a) F (Rexp (iz)) exp ((“;’b> z)

b
—/ f (Rexp (i-)) exp (it) dt

(3.10)

<2R

z _ 1/q
(/ sin? (t 5 a) dt) |f" (Rexp (i'))”[a@]m
b bt 1/q
+ </w sin? <2> dt) [ £ (Rexp (Z))”[:rb]p

1/q

T b
/ sin® <t2“) dt+/ sin’ (bzt) dt] 17 (Rexp (i)l o1,

for x € [a,b] C [0,27].
In particular, for x = “T'H’ we get

2R

IN

o () (e (550 ()
-jibf<f%exp<io>exp<u>dt
< 2R (A%?aw(t;“)w)uﬂu%pru»mm@qm
+U;m%ﬁﬂmy%ﬂm@wmﬁml
ol ) 1a

2 t— b—t
/ m”<2a>“+ﬁﬁﬁﬁ<fz)“] I (e (Dl -

Proof. We write the inequality (2.3) for v(, ; r and z € [a, D] to get

‘2Rsin (l’;a) if (Rexp (iz)) exp K“ ; b) z}

b
fRi/ f(Rexp (it)) exp (it) dt
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) x . t—a 1/q , .
< 2R sin 5 dt ||f (ReXp (Z'))H[a,x],p

b 1/q
. b—t .
ot ([l (S50 o) 1 (Rexo @)
1/q
e t— b b—t
< 2R? / sin? ( 5 a) dt +/ sin? (2) dt |f" (Rexp (i'))“[a,b],p’
which proves the desired result (3.10). O

The interested reader may consider for examples some fundamental complex
functions such as f(z) = z™ with n a natural number, f(z) = exp(z) or f a
trigonometric or a hyperbolic complex function. The details are omitted.
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