
GENERALIZED TRAPEZOID INEQUALITY FOR THE
COMPLEX INTEGRAL OF HOLOMORPHIC FUNCTIONS ON

CONVEX DOMAINS

SILVESTRU SEVER DRAGOMIR1;2

Abstract. In this paper we extend the generalized trapezoid inequality to
the complex integral, by providing upper bounds for the quantity����[�f (u) + (1� �) f (w)] (y � x)� Z


f (z) dz

����
under the assumptions that  is a smooth path parametrized by z (t) ; t 2 [a; b] ;
x = z (a) and y = z (b) while f is holomorphic in G, convex domain,  � G;

u; w 2 D and � 2 C: Applications for some particular functions of interest are
also given.

1. Introduction

Inequalities providing upper bounds for the quantity

(1.1)

�����(t� a) f (a) + (b� t) f (b)�
Z b

a

f (s) ds

����� ; t 2 [a; b]

are known in the literature as generalized trapezoid inequalities and it has been
shown in [2] that �����(t� a) f (a) + (b� t) f (b)�

Z b

a

f (s) ds

�����(1.2)

�
"
1

2
+

����� t� a+b
2

b� a

�����
#
(b� a)

b_
a

(f)

for any t 2 [a; b] ; provided that f is of bounded variation on [a; b] : The constant 12
is the best possible.
If f is absolutely continuous on [a; b] ; then (see [1, p. 93])

(1.3)

�����(t� a) f (a) + (b� t) f (b)�
Z b

a

f (s) ds

�����
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�

8>>>>>>>><>>>>>>>>:

�
1
4 +

�
t� a+b

2

b�a

�2�
(b� a)2 kf 0k1 if f 0 2 L1 [a; b] ;

1
(q+1)1=q

��
t�a
b�a

�q+1
+
�
b�t
b�a

�q+1� 1q
(b� a)1+1=q kf 0kp if f 0 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;h

1
2 +

��� t� a+b
2

b�a

���i (b� a) kf 0k1
for any t 2 [a; b] : The constants 1

2 ;
1
4 and

1
(q+1)1=q

are the best possible.

For other recent results on the trapezoid inequality, see [3], [4], [8], [9], [10] and
[12].
In order to extend this result for the complex integral, we need some preparations

as follows.
Suppose  is a smooth path parametrized by z (t) ; t 2 [a; b] and f is a complex

function which is continuous on : Put z (a) = u and z (b) = w with u; w 2 C. We
de�ne the integral of f on u;w =  asZ



f (z) dz =

Z
u;w

f (z) dz :=

Z b

a

f (z (t)) z0 (t) dt:

We observe that that the actual choice of parametrization of  does not matter.
This de�nition immediately extends to paths that are piecewise smooth. Suppose

 is parametrized by z (t), t 2 [a; b], which is di¤erentiable on the intervals [a; c]
and [c; b]; then assuming that f is continuous on  we de�neZ

u;w

f (z) dz :=

Z
u;v

f (z) dz +

Z
v;w

f (z) dz

where v := z (c) : This can be extended for a �nite number of intervals.
We also de�ne the integral with respect to arc-lengthZ

u;w

f (z) jdzj :=
Z b

a

f (z (t)) jz0 (t)j dt

and the length of the curve  is then

` () =

Z
u;w

jdzj =
Z b

a

jz0 (t)j dt:

Let f and g be holomorphic in G, an open domain and suppose  � G is a
piecewise smooth path from z (a) = u to z (b) = w. Then we have the integration
by parts formula

(1.4)
Z
u;w

f (z) g0 (z) dz = f (w) g (w)� f (u) g (u)�
Z
u;w

f 0 (z) g (z) dz:

We recall also the triangle inequality for the complex integral, namely

(1.5)

����Z


f (z) dz

���� � Z


jf (z)j jdzj � kfk;1 ` ()

where kfk;1 := supz2 jf (z)j :
We also de�ne the p-norm with p � 1 by

kfk;p :=
�Z



jf (z)jp jdzj
�1=p

:
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For p = 1 we have

kfk;1 :=
Z


jf (z)j jdzj :

If p; q > 1 with 1
p +

1
q = 1; then by Hölder�s inequality we have

kfk;1 � [` ()]
1=q kfk;p :

We have the following recent result for functions of complex variable [6]:

Theorem 1. Let f be holomorphic in G; an open domain and suppose  � G
is a smooth path from z (a) = u to z (b) = w: If v = z (x) with x 2 (a; b) ; then
u;w = u;v [ v;w;

(1.6)

����(v � u) f (u) + (w � v) f (w)� Z


f (z) dz

����
� kf 0ku;v ;1

Z
u;v

jz � vj jdzj+ kf 0kv;w;1
Z
v;w

jz � vj jdzj

� kf 0ku;w;1
Z
u;w

jz � vj jdzj ;

and

(1.7)

����(v � u) f (u) + (w � v) f (w)� Z


f (z) dz

����
� kf 0ku;v ;1 maxz2u;v

jz � vj+ kf 0kv;w;1 maxz2v;w
jz � vj

� kf 0ku;w;1 maxz2u;w
jz � vj :

If p; q > 1 with 1
p +

1
q = 1; then

(1.8)

����(v � u) f (u) + (w � v) f (w)� Z


f (z) dz

����
� kf 0ku;v;p

 Z
u;v

jz � vjq jdzj
!1=q

+ kf 0kv;w;p

 Z
v;w

jz � vjq jdzj
!1=q

� kf 0ku;w;p

 Z
u;w

jz � vjq jdzj
!1=q

:

In this paper we extend the generalized trapezoid inequality to the complex
integral, by providing upper bounds for the quantity����[�f (u) + (1� �) f (w)] (y � x)� Z



f (z) dz

����
under the assumptions that  is a smooth path parametrized by z (t) ; t 2 [a; b] ;
x = z (a) and y = z (b) while f is holomorphic in G, convex domain,  � G; and
u; w 2 D and � 2 C: Applications for some particular functions of interest are also
given.
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2. Generalized Trapezoid Inequalities

We have:

Theorem 2. Let f : D � C! C be a holomorphic function on the convex domain
D and suppose  � D is a piecewise smooth path parametrized by z (t) ; t 2 [a; b] ;
x = z (a) and y = z (b). If � 2 C and u; w 2 D then

(2.1)

����[�f (u) + (1� �) f (w)] (y � x)� Z


f (z) dz

����
� j�j

Z


ju� zj
����Z 1

0

f 0 ((1� t) z + tu) dt
���� jdzj

+ j1� �j
Z


jw � zj
����Z 1

0

f 0 ((1� t) z + tw) dt
���� jdzj =: A (�)

and

(2.2)

����[�f (u) + (1� �) f (w)] (y � x)� Z


f (z) dz

����
� j�j

Z 1

0

����Z


(u� z) f 0 ((1� t) z + tu) dz
���� dt

+ j1� �j
Z 1

0

����Z


(w � z) f 0 ((1� t) z + tw) dz
���� dt = B (�) :

Proof. Due to the convexity of D, for any z; v 2 D we can de�ne the function
'z;v : [0; 1]! R by 'z;v (t) := f ((1� t) z + tv) : The function 'z;v is di¤erentiable
on (0; 1) and

d'z;v (t)

dt
= (v � z) f 0 ((1� t) z + tv) for t 2 (0; 1) :

We have

f (v)� f (z) = 'z;v (1)� 'z;v (0) =
Z 1

0

d'z;v (t)

dt
dt

= (v � z)
Z 1

0

f 0 ((1� t) z + tv) dt

namely

(2.3) f (v) = f (z) + (v � z)
Z 1

0

f 0 ((1� t) z + tv) dt

for any z; v 2 D:
Therefore, by (2.3) we get

(2.4) f (u) = f (z) + (u� z)
Z 1

0

f 0 ((1� t) z + tu) dt

and

(2.5) f (w) = f (z) + (w � z)
Z 1

0

f 0 ((1� t) z + tw) dt

for any z 2 D:
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If we multiply (2.4) and (2.5) by � and 1� � and add, we get

(2.6) �f (u) + (1� �) f (w)� f (z)

= � (u� z)
Z 1

0

f 0 ((1� t) z + tu) dt+ (1� �) (w � z)
Z 1

0

f 0 ((1� t) z + tw) dt

for any z 2 D and � 2 C.
Now, if we integrate this equality over z in  and also use Fubini�s theorem, we

get the following equality of interest

(2.7) [�f (u) + (1� �) f (w)] (y � x)�
Z


f (z) dz

= �

Z


(u� z)
�Z 1

0

f 0 ((1� t) z + tu) dt
�
dz

+ (1� �)
Z


(w � z)
�Z 1

0

f 0 ((1� t) z + tw) dt
�
dz

= �

Z 1

0

�Z


(u� z) f 0 ((1� t) z + tu) dz
�
dt

+ (1� �)
Z 1

0

�Z


(w � z) f 0 ((1� t) z + tw) dz
�
dt

for any � 2 C.
Taking the modulus in the �rst equality in (2.7) we get

(2.8)

����[�f (u) + (1� �) f (w)] (y � x)� Z


f (z) dz

����
� j�j

����Z


(u� z)
�Z 1

0

f 0 ((1� t) z + tu) dt
�
dz

����
+ j1� �j

����Z


(w � z)
�Z 1

0

f 0 ((1� t) z + tw) dt
�
dz

����
� j�j

Z


ju� zj
����Z 1

0

f 0 ((1� t) z + tu) dt
���� jdzj

+ j1� �j
Z


jw � zj
����Z 1

0

f 0 ((1� t) z + tw) dt
���� jdzj = A (�) ;

which, by (2.8) proves the inequality (2.1).
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Taking the modulus in the second equality in (2.7), we get

����[�f (u) + (1� �) f (w)] (y � x)� Z


f (z) dz

����
� j�j

����Z 1

0

�Z


(u� z) f 0 ((1� t) z + tu) dz
�
dt

����
+ j1� �j

����Z 1

0

�Z


(w � z) f 0 ((1� t) z + tw) dz
�
dt

����
� j�j

Z 1

0

����Z


(u� z) f 0 ((1� t) z + tu) dz
���� dt

+ j1� �j
Z 1

0

����Z


(w � z) f 0 ((1� t) z + tw) dz
���� dt = B (�) ;

which proves the inequality (2.2) �

Remark 1. Using Hölder�s inequality we also have

Z


ju� zj
����Z 1

0

f 0 ((1� t) z + tu) dt
���� jdzj

�

8>>>>>>>>><>>>>>>>>>:

maxz2 ju� zj
R


���R 10 f 0 ((1� t) z + tu) dt��� jdzj ;
�R


ju� zjp jdzj

�1=p �R


���R 10 f 0 ((1� t) z + tu) dt���q jdzj�1=q
p; q > 1 with 1

p +
1
q = 1;

maxz2

���R 10 f 0 ((1� t) z + tu) dt��� R ju� zj jdzj ;
and

Z


jw � zj
����Z 1

0

f 0 ((1� t) z + tw) dt
���� jdzj

�

8>>>>>>>>><>>>>>>>>>:

maxz2 jw � zj
R


���R 10 f 0 ((1� t) z + tw) dt��� jdzj ;
�R


jw � zjp jdzj

�1=p �R


���R 10 f 0 ((1� t) z + tw) dt���q jdzj�1=q
p; q > 1 with 1

p +
1
q = 1;

maxz2

���R 10 f 0 ((1� t) z + tw) dt��� R jw � zj jdzj ;
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which give the following upper bounds for A (�)

(2.9) A (�) � j�j

8>>>>>>>>><>>>>>>>>>:

maxz2 ju� zj
R


���R 10 f 0 ((1� t) z + tu) dt��� jdzj ;
�R


ju� zjp jdzj

�1=p �R


���R 10 f 0 ((1� t) z + tu) dt���q jdzj�1=q
p; q > 1 with 1

p +
1
q = 1;

maxz2

���R 10 f 0 ((1� t) z + tu) dt��� R ju� zj jdzj ;

+ j1� �j

8>>>>>>>>><>>>>>>>>>:

maxz2 jw � zj
R


���R 10 f 0 ((1� t) z + tw) dt��� jdzj ;
�R


jw � zjp jdzj

�1=p �R


���R 10 f 0 ((1� t) z + tw) dt���q jdzj�1=q
p; q > 1 with 1

p +
1
q = 1;

maxz2

���R 10 f 0 ((1� t) z + tw) dt��� R jw � zj jdzj ;
for any � 2 C.
Using Hölder�s inequality we also have

����Z


(u� z) f 0 ((1� t) z + tu) dz
����

�

8>>>>>>>><>>>>>>>>:

maxz2 ju� zj
R

jf 0 ((1� t) z + tu)j jdzj

�R

ju� zjp jdzj

�1=p �R

jf 0 ((1� t) z + tu)jq jdzj

�1=q
p; q > 1 with 1

p +
1
q = 1;

maxz2 jf 0 ((1� t) z + tu)j
R

ju� zj jdzj

and

����Z


(w � z) f 0 ((1� t) z + tw) dz
����

�

8>>>>>>>><>>>>>>>>:

maxz2 jw � zj
R

jf 0 ((1� t) z + tw)j jdzj

�R

jw � zjp jdzj

�1=p �R

jf 0 ((1� t) z + tw)jq jdzj

�1=q
p; q > 1 with 1

p +
1
q = 1;

maxz2 jf 0 ((1� t) z + tw)j
R

jw � zj jdzj
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which by integration over t 2 [0; 1] produce

Z 1

0

����Z


(u� z) f 0 ((1� t) z + tu) dz
���� dt

�

8>>>>>>>>><>>>>>>>>>:

maxz2 ju� zj
R 1
0

�R

jf 0 ((1� t) z + tu)j jdzj

�
dt

�R

ju� zjp jdzj

�1=p R 1
0

�R

jf 0 ((1� t) z + tu)jq jdzj

�1=q
dt

p; q > 1 with 1
p +

1
q = 1;R


ju� zj jdzj

R 1
0
(maxz2 jf 0 ((1� t) z + tu)j) dt

and

Z 1

0

����Z


(w � z) f 0 ((1� t) z + tw) dz
���� dt

�

8>>>>>>>>><>>>>>>>>>:

maxz2 jw � zj
R 1
0

�R

jf 0 ((1� t) z + tw)j jdzj

�
dt

�R

jw � zjp jdzj

�1=p R 1
0

�R

jf 0 ((1� t) z + tw)jq jdzj

�1=q
dt

p; q > 1 with 1
p +

1
q = 1;R


jw � zj jdzj

R 1
0
(maxz2 jf 0 ((1� t) z + tw)j) dt:

Therefore, we also have the upper bounds for B (�)

(2.10) B (�) � j�j

8>>>>>>>>><>>>>>>>>>:

maxz2 ju� zj
R 1
0

�R

jf 0 ((1� t) z + tu)j jdzj

�
dt

�R

ju� zjp jdzj

�1=p R 1
0

�R

jf 0 ((1� t) z + tu)jq jdzj

�1=q
dt

p; q > 1 with 1
p +

1
q = 1;R


ju� zj jdzj

R 1
0
(maxz2 jf 0 ((1� t) z + tu)j) dt

+ j1� �j

8>>>>>>>>><>>>>>>>>>:

maxz2 jw � zj
R 1
0

�R

jf 0 ((1� t) z + tw)j jdzj

�
dt

�R

jw � zjp jdzj

�1=p R 1
0

�R

jf 0 ((1� t) z + tw)jq jdzj

�1=q
dt

p; q > 1 with 1
p +

1
q = 1;R


jw � zj jdzj

R 1
0
(maxz2 jf 0 ((1� t) z + tw)j) dt;

for any � 2 C.
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Corollary 1. With the assumptions of Theorem 2 and if kf 0kD;1 := supz2D jf 0 (z)j <
1; then we also have

(2.11)

����[�f (u) + (1� �) f (w)] (y � x)� Z


f (z) dz

����
� kf 0kD;1

�
j�j
Z


ju� zj jdzj+ j1� �j
Z


jw � zj jdzj
�

for any � 2 C.

Proof. It follows by (2.1) observing that����Z 1

0

f 0 ((1� t) z + tu) dt
���� � Z 1

0

jf 0 ((1� t) z + tu)j dt � sup
z2D

jf 0 (z)j
Z 1

0

dt

= kf 0kD;1
and, similarly ����Z 1

0

f 0 ((1� t) z + tw) dt
���� � kf 0kD;1 :

�

In the case of some convexity properties for the modulus of the derivative, other
upper bounds can be derived as follows.

Corollary 2. With the assumptions of Theorem 2 and if jf 0j is convex on D; then

(2.12)

����[�f (u) + (1� �) f (w)] (y � x)� Z


f (z) dz

����
� 1

2
j�j
�Z



ju� zj jf 0 (z)j jdzj+ jf 0 (u)j
Z


ju� zj jdzj
�

+
1

2
j1� �j

�Z


jw � zj jf 0 (z)j jdzj+ jf 0 (w)j
Z


jw � zj jdzj
�

� kf 0kD;1
�
j�j
Z


ju� zj jdzj+ j1� �j
Z


jw � zj jdzj
�

provided
kf 0kD;1 := sup

z2D
jf 0 (z)j <1:

Proof. If g : [0; 1]! R is convex, then the following inequality is well known in the
literature as Hermite-Hadamard inequalityZ 1

0

g (t) dt � g (0) + g (1)

2
:

Let v 2 D and z 2 : By Hermite-Hadamard inequality for the convex function
[0; 1] 3 t! jf 0 ((1� t) z + tv)j we haveZ 1

0

jf 0 ((1� t) z + tv)j dt � 1

2
[jf 0 (z)j+ jf 0 (v)j] ;

which implies thatZ 1

0

jf 0 ((1� t) z + tu)j dt � 1

2
[jf 0 (z)j+ jf 0 (u)j] ;
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and Z 1

0

jf 0 ((1� t) z + tw)j dt � 1

2
[jf 0 (z)j+ jf 0 (w)j] :

Therefore

Z


ju� zj
����Z 1

0

f 0 ((1� t) z + tu) dt
���� jdzj

�
Z


ju� zj
�Z 1

0

jf 0 ((1� t) z + tu)j dt
�
jdzj

�
Z


ju� zj
�
1

2
[jf 0 (z)j+ jf 0 (u)j]

�
jdzj

=
1

2

�Z


ju� zj jf 0 (z)j jdzj+ jf 0 (u)j
Z


ju� zj jdzj
�

and, similarly

Z


jw � zj
����Z 1

0

f 0 ((1� t) z + tw) dt
���� jdzj

� 1

2

�Z


jw � zj jf 0 (z)j jdzj+ jf 0 (w)j
Z


jw � zj jdzj
�
;

which, by (2.1), produces the �rst inequality in (2.12).
The last part is obvious. �

We also have:

Corollary 3. With the assumptions of Theorem 2 and if jf 0jq with q > 1 is convex
on D; then

(2.13)

����[�f (u) + (1� �) f (w)] (y � x)� Z


f (z) dz

����
� 1

21=q
j�j
�Z



ju� zjp jdzj
�1=p�Z



jf 0 (z)jq jdzj+ jf 0 (u)jq ` ()
�1=q

+
1

21=q
j1� �j

�Z


jw � zjp jdzj
�1=p�Z



jf 0 (z)jq jdzj+ jf 0 (w)jq ` ()
�1=q

� max fj�j ; j1� �jg
�Z



(ju� zjp + jw � zjp) jdzj
�1=p

�
�Z



jf 0 (z)jq jdzj+ jf
0 (u)jq + jf 0 (w)jq

2
` ()

�1=q
;

where p > 1 with 1
p +

1
q = 1:
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Proof. Using power inequality for integral and the convexity of jf 0jq ; with q > 1;
we have Z 1

0

jf 0 ((1� t) z + tv)j dt �
�Z 1

0

jf 0 ((1� t) z + tv)jq dt
�1=q

�
�
jf 0 (z)jq + jf 0 (v)jq

2

�1=q
for v 2 D and z 2 :
This implies thatZ


ju� zj
����Z 1

0

f 0 ((1� t) z + tu) dt
���� jdzj

�
Z


ju� zj
�Z 1

0

jf 0 ((1� t) z + tu)j dt
�
jdzj

�
Z


ju� zj
�Z 1

0

jf 0 ((1� t) z + tv)jq dt
�1=q

jdzj

�
�Z



ju� zjp jdzj
�1=p Z



"�
jf 0 (z)jq + jf 0 (u)jq

2

�1=q#q
jdzj

!1=q

=

�Z


ju� zjp jdzj
�1=p�Z



jf 0 (z)jq + jf 0 (u)jq

2
jdzj

�1=q
=

�Z


ju� zjp jdzj
�1=p�

1

2

Z


jf 0 (z)jq jdzj+ 1
2
jf 0 (u)jq ` ()

�1=q
and, in a similar wayZ



jw � zj
����Z 1

0

f 0 ((1� t) z + tw) dt
���� jdzj

�
�Z



jw � zjp jdzj
�1=p�

1

2

Z


jf 0 (z)jq jdzj+ 1
2
jf 0 (w)jq ` ()

�1=q
:

By using (2.1) we get the �rst part (2.13).
The last part follows by Hölder�s discrete inequality. �

Let us give now an example for the complex exponential function.
For z 2 C we have
jexp (z)j = jexp (Re z + i Im z)j = jexp (Re z) exp (i Im z)j

= jexp (Re z)j jexp (i Im z)j = exp (Re z) jcos (Im z) + i sin (Im z)j
= exp (Re z) :

Then for any t 2 [0; 1] and for any z; w 2 C we have
jexp ((1� t) z + tw)j� = exp [� (Re ((1� t) z + tw))]

= exp [(1� t)�Re z + t�Rew]
� (1� t) exp (�Re z) + t exp (�Rew)
= (1� t) jexp (z)j� + t jexp (w)j�
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which shows that the function g (z) = jexp (z)j� is convex for any � 2 Rr f0g :
Suppose  � D is a piecewise smooth path parametrized by z (t) ; t 2 [a; b] ;

x = z (a) and y = z (b). We also have for  = u;w thatZ


exp (z) dz =

Z
u;w

exp (z) dz = exp (y)� exp (x) :

Using the inequality (2.12) for the function f (z) = exp z, we have for u; w; � 2 C
that

(2.14) j[� expu+ (1� �) expw] (y � x)� exp (y) + exp (x)j

� 1

2
j�j
�Z



ju� zj exp (Re z) jdzj+ exp (Reu)
Z


ju� zj jdzj
�

+
1

2
j1� �j

�Z


jw � zj exp (Re z) jdzj+ exp (Rew)
Z


jw � zj jdzj
�

� kexpkD;1
�
j�j
Z


ju� zj jdzj+ j1� �j
Z


jw � zj jdzj
�
:

From the inequality (2.13) for the function f (z) = exp z, we have for u; w; � 2 C
that

(2.15) jj[� expu+ (1� �) expw] (y � x)� exp (y) + exp (x)jj

� 1

21=q
j�j
�Z



ju� zjp jdzj
�1=p�Z



exp (qRe z) jdzj+ exp (qReu) ` ()
�1=q

+
1

21=q
j1� �j

�Z


jw � zjp jdzj
�1=p�Z



exp (qRe z) jdzj+ exp (qRew) ` ()
�1=q

� max fj�j ; j1� �jg
�Z



(ju� zjp + jw � zjp) jdzj
�1=p

�
�Z



exp (qRe z) jdzj+ exp (qReu) + exp (qRew)
2

` ()

�1=q
;

where p > 1 with 1
p +

1
q = 1:

3. Related Results

Now, by the help of power series f(z) =
P1

n=0 anz
n we can naturally construct

another power series which will have as coe¢ cients the absolute values of the coef-
�cients of the original series, namely, fa(z) =

P1
n=0 janj zn: It is obvious that this

new power series will have the same radius of convergence as the original series.
We also notice that if all coe¢ cients an � 0 then fa = f:



GENERALIZED TRAPEZOID INEQUALITY 13

We notice that if

f (z) =
1X
n=1

(�1)n

n
zn = ln

1

1 + z
; z 2 D (0; 1) ;(3.1)

g (z) =
1X
n=0

(�1)n

(2n)!
z2n = cos z; z 2 C;

h (z) =
1X
n=0

(�1)n

(2n+ 1)!
z2n+1 = sin z; z 2 C;

l (z) =
1X
n=0

(�1)n zn = 1

1 + z
; z 2 D (0; 1) ;

then the corresponding functions constructed by the use of the absolute values of
the coe¢ cients are

fa (z) =
1X
n=1

1

n!
zn = ln

1

1� z ; z 2 D (0; 1) ;(3.2)

ga (z) =
1X
n=0

1

(2n)!
z2n = cosh z; z 2 C;

ha (z) =
1X
n=0

1

(2n+ 1)!
z2n+1 = sinh z; z 2 C;

la (z) =

1X
n=0

zn =
1

1� z ; z 2 D (0; 1) :

Theorem 3. Consider the power series f(z) =
P1

n=0 anz
n that is convergent on

the open disk D (0; R) and suppose  � D (0; R) is a piecewise smooth path para-
metrized by z (t) ; t 2 [a; b] ; x = z (a) and y = z (b). If u; w 2 D (0; R) ; then we
have the inequalities

(3.3)

����[�f (u) + (1� �) f (w)] (y � x)� Z


f (z) dz

����
� 1

2
j�j
�Z



ju� zj jf 0a (z)j jdzj+ jf 0a (u)j ` ()
�

+
1

2
j1� �j

�Z


jw � zj jf 0a (z)j jdzj+ jf 0a (w)j ` ()
�

and

(3.4)

����[�f (u) + (1� �) f (w)] (y � x)� Z


f (z) dz

����
� 1

2
j�j
�Z



ju� zj f 0a (jzj) jdzj+ f 0a (juj) ` ()
�

+
1

2
j1� �j

�Z


jw � zj f 0a (jzj) jdzj+ f 0a (jwj) ` ()
�

for � 2 C.
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Proof. We have f 0(z) =
P1

n=1 nanz
n�1 and f 0a(z) =

P1
n=1 n janj zn�1. For m � 1;

by using the generalized triangle inequality we have

(3.5)

�����
mX
n=1

nanz
n�1

����� �
mX
n=1

n janj zn�1:

Since the series
P1

n=1 nanz
n�1 and

P1
n=1 n janj zn�1 are convergent, then by letting

m!1 in (3.5) we get

jf 0(z)j � f 0a(jzj) for any z 2 D (0; R) :

We observe that, since f 0a has nonnegative coe¢ cients, then this functions is
convex as a real variable functions on the interval (�R;R) and increasing on [0; R):
For z; v 2 D; consider the function hz;v : [0; 1]! [0;1); hz;v (t) := f 0a (j(1� t) z + tvj) :

For �; � 2 [0; 1] with �+ � = 1 and t1; t2 2 [0; 1] we have

hz;v (�t1 + �t2) = f
0
a (j(1� �t1 � �t2) z + �t1 + �t2vj)

= f 0a [j� ((1� t1) z + t1v) + � ((1� t2) z + t2v)j]
� f 0a [� j(1� t1) z + t1vj+ � j(1� t2) z + t2vj]
� �f 0a (j(1� t1) z + t1vj) + �f 0a (j(1� t2) z + t2vj) ;

which shows that hz;v is convex on [0; 1] :
If we write the Hermite-Hadamard inequality for hz;v on [0; 1] then we getZ 1

0

f 0a (j(1� t) z + tvj) dt �
jf 0a (z)j+ jf 0a (v)j

2

for any z; v 2 D; which implies thatZ


ju� zj
�Z 1

0

jf 0 ((1� t) z + tu)j dt
�
jdzj

�
Z


ju� zj
�Z 1

0

f 0a (j(1� t) z + tuj) dt
�
jdzj

�
Z


ju� zj jf
0
a (z)j+ jf 0a (u)j

2
jdzj

=
1

2

�Z


ju� zj jf 0a (z)j jdzj+ jf 0a (u)j ` ()
�

and Z


jw � zj
�Z 1

0

jf 0 ((1� t) z + tw)j dt
�
jdzj

�
Z


jw � zj
�Z 1

0

f 0a (j(1� t) z + twj) dt
�
jdzj

�
Z


jw � zj jf
0
a (z)j+ jf 0a (w)j

2
jdzj

=
1

2

�Z


jw � zj jf 0a (z)j jdzj+ jf 0a (w)j ` ()
�
;

the inequality (3.3) is proved.
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We also have

f 0a (j(1� t) z + tvj) � f 0a ((1� t) jzj+ t jvj)

for any z; v 2 D and t 2 [0; 1] and since the function pz;v (t) := f 0a ((1� t) jzj+ t jvj)
is convex, then by Hermite-Hadamard inequality we haveZ 1

0

f 0a (j(1� t) z + tvj) dt �
Z 1

0

f 0a ((1� t) jzj+ t jvj) dt �
f 0a (jzj) + f 0a (jvj)

2
:

This implies thatZ


ju� zj
�Z 1

0

f 0a (j(1� t) z + tuj) dt
�
jdzj

�
Z


ju� zj
�Z 1

0

f 0a ((1� t) jzj+ t juj) dt
�
jdzj

�
Z


ju� zj f
0
a (jzj) + f 0a (juj)

2
jdzj = 1

2

�Z


ju� zj f 0a (jzj) jdzj+ f 0a (juj) ` ()
�
;

andZ


jw � zj
�Z 1

0

f 0a (j(1� t) z + twj) dt
�
jdzj

�
Z


jw � zj
�Z 1

0

f 0a ((1� t) jzj+ t jwj) dt
�
jdzj

�
Z


jw � zj f
0
a (jzj) + f 0a (jwj)

2
jdzj = 1

2

�Z


jw � zj f 0a (jzj) jdzj+ f 0a (jwj) ` ()
�
;

which proves (3.4). �

Remark 2. If we consider, for instance f (z) = sin z; then fa (z) = sinh z; z 2 C
and by (3.3) and (3.4) we get

(3.6) j[� sin (u) + (1� �) sin (w)] (y � x) + cos y � cosxj

� 1

2
j�j
�Z



ju� zj jcosh (z)j jdzj+ jcosh (u)j ` ()
�

+
1

2
j1� �j

�Z


jw � zj jcosh (z)j jdzj+ jcosh (w)j ` ()
�

and

(3.7) j[� sin (u) + (1� �) sin (w)] (y � x) + cos y � cosxj

� 1

2
j�j
�Z



ju� zj cosh (jzj) jdzj+ cosh (juj) ` ()
�

+
1

2
j1� �j

�Z


jw � zj cosh (jzj) jdzj+ cosh (jwj) ` ()
�

for any u; w; � 2 C and x;y � C a piecewise smooth path.
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Corollary 4. If the power series f(z) =
P1

n=0 anz
n has nonnegative coe¢ cients

and is convergent on the open disk D (0; R), then with the other assumptions in
Theorem 3 we have

(3.8)

����[�f (u) + (1� �) f (w)] (y � x)� Z


f (z) dz

����
� 1

2
j�j
�Z



ju� zj jf 0 (z)j jdzj+ jf 0 (u)j ` ()
�

+
1

2
j1� �j

�Z


jw � zj jf 0 (z)j jdzj+ jf 0 (w)j ` ()
�

and

(3.9)

����[�f (u) + (1� �) f (w)] (y � x)� Z


f (z) dz

����
� 1

2
j�j
�Z



ju� zj f 0 (jzj) jdzj+ f 0 (juj) ` ()
�

+
1

2
j1� �j

�Z


jw � zj f 0 (jzj) jdzj+ f 0 (jwj) ` ()
�
:

Important examples of functions as power series representations with nonnega-
tive coe¢ cients in addition to the ones from (3.2), are:

exp (z) =
1X
n=0

1

n!
zn; z 2 C;(3.10)

1

2
ln

�
1 + z

1� z

�
=

1X
n=1

1

2n� 1z
2n�1; z 2 D (0; 1) ;

sin�1 (z) =
1X
n=0

�
�
n+ 1

2

�
p
� (2n+ 1)n!

z2n+1; z 2 D (0; 1) ;

tanh�1 (z) =

1X
n=1

1

2n� 1z
2n�1; z 2 D (0; 1) ;

2F1 (�; �; ; z) =
1X
n=0

� (n+ �) � (n+ �) � ()

n!� (�) � (�) � (n+ )
zn; �; �;  > 0;

z 2 D (0; 1) ;

where � is Gamma function.
If we write the inequalities (3.8) and (3.9) for the function f (z) = ln (1� z)�1 ;

z 2 D (0; 1) ; then we get

(3.11)

����h� ln (1� u)�1 + (1� �) ln (1� w)�1i (y � x)� Z


ln (1� z)�1 dz
����

� 1

2
j�j
�Z



ju� zj
���(1� z)�1��� jdzj+ ���(1� u)�1��� ` ()�

+
1

2
j1� �j

�Z


jw � zj
���(1� z)�1��� jdzj+ ���(1� w)�1��� ` ()�
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and

(3.12)

����h� ln (1� u)�1 + (1� �) ln (1� w)�1i (y � x)� Z


ln (1� z)�1 dz
����

� 1

2
j�j
�Z



ju� zj
���(1� jzj)�1��� jdzj+ ���(1� juj)�1��� ` ()�

+
1

2
j1� �j

�Z


jw � zj
���(1� jzj)�1��� jdzj+ ���(1� jwj)�1��� ` ()�

where u; w 2 D (0; 1) and x;y � D (0; 1) :
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