ON SOME GRUSS’ TYPE INEQUALITIES FOR THE COMPLEX
INTEGRAL

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Assume that f and g are continuous on 7, v C C is a piecewise
smooth path parametrized by z (t), ¢ € [a,b] from z (a) = u to z (b) = w with
w # u and the complex Cebysev functional is defined by
1
/ g(2)dz.
—u/,

Dy (1) = = [ 1@e@ds - —— [ f@rde
v v

In this paper we establish some bounds for the magnitude of the functional
D (f,g) under various assumptions for the functions f and g and provide a
complex version for the well known Griiss inequality.

1. INTRODUCTION

For two Lebesgue integrable functions f, g : [a,b] — C, in order to compare the
integral mean of the product with the product of the integral means, we consider
the Cebysev functional defined by

cua=ity [romoa it [Froast, oo

In 1934, G. Griiss [17] showed that
(1.1) C(f9l <7 (M m) (N —n),
provided m, M,n, N are real numbers with the property that

(1.2) —co<m< f<M<oo, —oo<n<g<N<oo ae on [ab].

The constant i is best possible in (1.6) in the sense that it cannot be replaced
by a smaller one.
In [6], P. Cerone and S. S. Dragomir proved the following inequalities:

f) -

. 1 b
it g~ 3l %5 /o s)ds| dt,

(1.3)  C(f:9)l <

1
. b b »
inf llg =l 745 (J7 |£ 0 =52 L (s)as| at) "
where p > 1, 1/p+1/q=1.
For v = 0, we get from the first inequality in (1.3)

1 b
mb—a/a /
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(1.4) IC(f:9)] < llgll s)ds| dt
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for which the constant 1 cannot be replaced by a smaller conbtant
Ifm<g<M for ae. z € [a,b], then Hg m+MHOO <3 L (M —m) and by the
first inequality in (1.3) we can deduce the following result obtained by Cheng and

Sun [9]
bia/abf(s)ds dt

The constant % is best in (1.5) as shown by Cerone and Dragomir in [7].

For other inequality of Griiss’ type see [1]-[5], [7]-[16], [18]-[23] and [25]-[28].

In order to extend Griiss’ inequality to complex integral we need the following
preparations.

Suppose v is a smooth path parametrized by z (t), t € [a,b] and f is a complex
function which is continuous on «. Put z (a) = u and z (b) = w with u, w € C. We
define the integral of f on v, , =~ as

Lf(z)dz Mf(z)dz:/abﬂz(t))z'

We observe that that the actual choice of parametrization of v does not matter.

This definition immediately extends to paths that are piecewise smooth. Suppose
« is parametrized by z (¢), t € [a,b], which is differentiable on the intervals [a, ]
and [c, b], then assuming that f is continuous on v we define

f(z)dz = f(z)dz+ f(z)dz

Yu,w Yu,v Yv,w

b
(15 ()l <5 0r—m)= [ |r -

where v := z (¢) . This can be extended for a finite number of intervals.
We also define the integral with respect to arc-length

RCLE —/ F )17 () dt

and the length of the curve + is then

e(v)/m |dz|/ab|z'<t>|dt.

Let f and g be holomorphic in G, and open domain and suppose v C G is a
piecewise smooth path from z (a) = u to z (b) = w. Then we have the integration
by parts formula

o) [ f@Ed =W - fwew - [ FEge)d

Yu,w Yu,w

We recall also the triangle inequality for the complex integral, namely

[r@a| < [1r @l <171, 00)

where [|f[ o = sup.e, |f (2)]-
We also define the p-norm with p > 1 by

1Al = (/ e Ipldz|) "

(1.7)
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For p =1 we have

1£l = / 1 ()] |dz]

If p, ¢ > 1 with % + % =1, then by Hoélder’s inequality we have

[ S A %) R [

Suppose v C C is a piecewise smooth path parametrized by z(t), t € ~ from
z(a) =u to z(b) = w with w # w. If f and g are continuous on 7y, we consider the
complex Cebysev functional defined by

: ﬂ/f 2 ds - 1uLf(z)dzw1uLg(z)dz.

In this paper we establish some bounds for the magnitude of the functional D, (f, g)
under various assumptions for the functions f and g and provide a complex version
for the Griiss inequality (1.1).

Dy (f:9

2. GENERAL RESULTS

We start with the following identity of interest:

Lemma 1. Suppose v C C is a piecewise smooth path parametrized by z (t), t € v
from z(a) = u to z (b) = w with w # u. If f and g are continuous on =y, then

(21) D, (f.9) = (w - /(/( ()—f(w))(g(Z)—g(w))dw)dz

o / 1) (92) g ) dz) ds
(

3 (w _ u)2 [//7 f(2) = f(w))(g(2) — g (w))dzdw.

Proof. For any z € v the integral fv (f(z) = f(w))(g(2) — g (w)) dw exists and

Ey— /f w) duw - g(Z)Lf(w)dw—f(Z)
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The function I (z) is also continuous on -, then the integral fv I (z) dz exists and

[16ra= [ |w= 7@+ [ fwgw)d
Z)/f(w)dw—f(Z)/g(w)dw} &z
_ —u/f 2)dz + (w —u/f
e dw/ )dzf/ ()def(Z)dz
:2(w—u)/yf(z) 2)dz -2 /f dz/ 2)dz=2(w—u)’ Py (f.9),

which proves the first equality in (2.1).
The rest follows in a similar manner and we omit the details. O

Suppose 7 C C is a piecewise smooth path from z(a) = u to z(b) = w and
f v — C a continuous function on . Define the quantity:

2

@) P ) =g [ = | [ e

_ 1 ,U,L/ 2) |dz|
¢ v

L)y
Theorem 1. Suppose v C C is a piecewise smooth path parametrized by z (t), t € v
from z(a) = u to z (b) = w with w # u. If f and g are continuous on =, then

g?
('V)| [

Proof. Taking the modulus in the first equality in (2.1), we get

[([we=smnee—gw)in)

Cfw)(9(x) —g <w>>dw‘ dz] = A

|dv| > 0.

‘We have:

(2.3) D (< (£ D] 1Py (9,902

1
|D’Y(fvg)|: 2
2w — ul

 —
—2|w 2 0

Using the Cauchy-Bunyakovsky-Schwarz integral inequality, we have

[0 - £ @) 66 - g ) dul

<( [ —f(w)Ide>l/2 ( 1o =g |dw|)1/2,
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which implies that
A

2|w ul® /(/'f w)l’ 'dw|>1/2 (/ 19 (2) =g (w)[? dw) |dz|

=: B.
By the Cauchy-Bunyakovsky-Schwarz integral inequality, we also have

[(fire-rwr |dw|)l/2 ( / 9()— g (w)P |dw|) |il|
< ( / ( [ = |dw|)1/2] |dz|)

: (/ ([l -stwPiaol) Tw)
SVAVECEEE) ldzl)m (f (196 orawr) )™

which implies that

1/2
(2.4) < (/ ||dw|) |dz|)
2|w u| ¥
1/2
(/ (/ 19() — g (w)]? dw) dz|) |
Now, observe that

5 [ ( [ - () vl ) a2
/(/ (|f< )2~ 2Re (£ (2) () + I ()P |dw|> a2

= ) et
L sl = 2e ([ £ @1l [ TThaud) £ [ 1 )P b

20) [ 17 () o - 2Re</; st (f £ |dw|)>

[ ) e = [ £ |dz] 262 (7) P, (1.7)
and, similarly

(2.6 / ( / 9) = 9 )l ) 1@ =26 ()P, (9.9).

1/2
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Making use of (2.5) and (2.6), we get

1/2

<— L pemr (] 22 0)Py (0.9)]

T2 w — ul
() [
w — P
which proves the desired result (2.3). (|

Remark 1. For g = f we have

(2.7) D (f, f) = — Lf%aw—(wl AfuMQQ

w—u

and by (2.8) we get

02 —
@3) IS P (7).
For g = f we have

@9 Py = gy [Vl o [ @ [ TR

~

and by (2.8) we get

*(7)

(2.10) D, (1.7 < =2 p (1,7).
o —u]

3. GRUSS’ TYPE INEQUALITIES

Suppose v C C is a piecewise smooth path parametrized by z(t), ¢t € v from
z(a) = u to z(b) = w. Now, for ¢, & € C, define the sets of complex-valued
functions

anxm:={f:v—»cum[@»—fu»(?Cﬁ—&Q}zo brwdleV}
and
A d
A, (¢, @) := {f:7—>((j| 'f(z)— ¢‘f2‘
The following representation result may be stated.

Proposition 1. For any ¢, ® € C, ¢ # ®, we have that U, (¢, ®) and A, (¢, D)
are nonempty, convexr and closed sets and

'§;|<I>—¢| for each zefy}.

Proof. We observe that for any w € C we have the equivalence
o+ 1
_ < P —
w-222 < Sje -0

if and only if _

Re [(@ — w) (@—3)] > 0.
This follows by the equality
2

oot <o 452 -l wie-3
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that holds for any w € C.
The equality (3.1) is thus a simple consequence of this fact. O
On making use of the complex numbers field properties we can also state that:

Corollary 1. For any ¢, ® € C, ¢ # ®,we have that

(32)  Uy(¢,®)={f:7—C| (Re®—Ref(2)) (Ref(2) —Reo)
+(Im® —Im f (2)) (Im f (2) — Im @) > 0 for each z € v} .

Now, if we assume that Re (®) > Re (¢) and Im (®) > Im (¢) , then we can define
the following set of functions as well:

(3.3) 8,(¢,®):={f:7—C| Re(®) > Re f(2) > Re(¢)
and Im (®) > Im f (z) > Im (¢) for each z € ~}.
One can easily observe that S, (¢, ®) is closed, convex and

We have the following simple facts:

Lemma 2. Suppose v C C is a piecewise smooth path parametrized by z (t), t €
from z(a) = u to z (b) = w. If f is continuous on =y, then for all A € C we have

85 P T = g [ (100 g [ £l ) (T ) b

Proof. We observe that

i | (0= 55 [ 1 @1ae1) (T = 2)
= it [ P o5 [ 1@l g [ F@T I
st | (ro- 5 [ 1) o

1 ) 1 1
- MLIf(v)I o] WAf(Z) d2] M(Lf(v) |dv)
1 ) 1 2
M)/Jf(vn | ‘em/f“”dz
for any A € C, which proves (3.5). O
We hayve:

Lemma 3. Suppose v C C is a piecewise smooth path parametrized by z (t), t € v
from z(a) = u to z(b) = w. If f is continuous on v and there exists ¢ € C and
p > 0 such that

(3.6) feD(cp)={z€C| |z—c[ < p},

then
(3.7) 0<P, (1) < pg(%) / £ (0) ﬁ / £ (2)|dz]

|dv]
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and

(3.8) 0<Py(f,f) <p’
Proof. For the equality (3.5) for A = ¢ we have

P00 =y [ (10 = g5 [ £ 10e1) (T ) o

1 TN —
‘() ”)—W/f(Z) |dz| ]f(v)—c‘ |dv|
! 1
) K(v/y (2) ldz|| |f (v) = ¢f |dv]
1 1
<oai |0 7y [ 7 el ol

which proves (3.7).
Using Cauchy-Bunyakovsky-Schwarz integral inequality, we have

e % JRICIE
( ﬁ / £ (2) ldz| 2|dv>1/2
1/2

_< ()A| ey R
ol < p [Py (£, )]

(3.9) |dv|

N
— —

~

where for the last equality we used (2.2).
From (3.7) and (3.9) we have

0<P, (f. f

el

<[P (1)) <o
proving the desired result (3.8). O

which implies that

Corollary 2. Suppose v C C is a piecewise smooth path parametrized by z (t),
t €y fromz(a)=u to z (b) = w. If f is continuous on v and there exists ¢, ® € C,
¢ # ® such that f € A, (¢,<I>), then

(310)  0<P, (£.F) < |<1> A s / (2) |d|| do]
and
(3.11) 0<P, (f, ) < |<1> o).

The proof follows by Lemma 3 by choosing ¢ = ‘HT@ and p = 3 |® — ¢|.
We have the following Griiss’ type result:
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Theorem 2. Suppose v C C is a piecewise smooth path parametrized by z (t), t € v
from z(a) = u to z (b) = w with w # w. If f and g are continuous on v and there
exists c € C and p > 0 such that (3.6) is valid, then

(3.12) D, (f.9) < =0

20 [Py (9,97
— u‘
The proof follows by Theorem 1 and Lemma 3.
If we take g = f in (3.12), we get
e (7)

2
(3.13) D, (f, )l < mp [P, (fj)]l/Q < |j _(1)202

and for g = f we get

(3.14) D, (1) < 0o, (1] <

|lw — ul T w — ul

provided that f satisfies the condition (3.6).

Corollary 3. Suppose v C C is a piecewise smooth path parametrized by z (t),
t € from z(a) = u to 2 (b) = w with w # u. If f and g are continuous on vy and
there exists ¢, ® € C, ¢ # ® such that f € A, (¢, D), then

62
(3.15) D, (fa)l < Lo -6 =D (g2,
lw— v
In particular, we have
02 - 2
316) D, (5N < 10— ol D [py (1 7)) < Lo o SO
lw —u 4 jw — ul
and
o 52 o €2
617) [0, (1) < 5l ol D [p, (1) < Te 0P
|w — ul 4 |lw — ul

We have the following Griiss type inequality:

Corollary 4. Suppose v C C is a piecewise smooth path parametrized by z (t),
t €5 from z(a) = u to z(b) = w with w # w. If f and g are continuous on vy

and there exists ¢, ®, ¢, ¥ € C, ¢ # @, ¥ # V such that f € A, (¢, ®) and
g€ A, (¢,7) then

)
w — ul?

| — o[ [T — 9|

l
w

N

(3.18) Dy (f9)] <

If the path v is a segment [u,w] connecting two distinct points w and w in C
then we write [ f(2)dz as L f (2)de.

If f, g are continuous on [u,w] and there exists ¢, ®, ¢, ¥ € C, p # P, v # ¥
such that f € A[u,w] ((;5, CI)) and g € A[u,w] (¢, \I/) then

(3.19) wluéfﬂauaw—wluleﬂ@m ! %fwaw

w—u

< {12 ollw -yl
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4. EXAMPLES FOR CIRCULAR PATHS

Let [a,b] C [0,27] and the circular path 7, ;) g centered in 0 and with radius
R>0

z(t) = Rexp (it) = R(cost +isint), ¢ € [a,b].

If [a,b] = [0, 7] then we get a half circle while for [a,b] = [0,27] we get the full
circle.
Since

|€is _ eit|2 _ |€is|2 — 9Re (ei(sft)) 4 |€it‘2

—t
=2 —2cos (s —t) = 4sin® (52 >

for any t, s € R, then

r

(4.1) et —e|" = 2"

sin st
2

. [(s—1
sin
2
for any ¢, s € R.

If u = Rexp (ia) and w = Rexp (ib) then

for any t, s € R and r > 0. In particular,

|ezs_€zt| -9

w —u = Rlexp (ib) — exp (ta)] = R[cosb+isinb — cosa — isinal

= R[cosb—cosa+i(sinb—sina)].

Since
. a+b\ . b—a
cosb—cosa = —2sin | —— | sin
2 2

and

sinb — sina = 2sin b_J cos ath

N 2 2 )’

hence

w—u=R {—2sin (a2—|—b> sin <b—a> + 2¢sin <b;a) cos <a—2&—b)]
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If ¥ = Y4}, then the circular complex Cebysev functional is defined by

(4.2) C[a,b],R (f,9) = D'Y[a,b],R (f,9)

1 b . . .
~ 2sin (55°) exp [(52) 1 |7 (Resp () g (Rexp it) exp it

1
4 sin? (”‘T“) exp [2 (‘LTH’) z]

b b
X / f (Rexp (it)) exp (it) dt / g (Rexp (it)) exp (it) dt.

We have the following result:

Proposition 2. Let vy, g be a circular path centered in 0 and with radius R > 0
and [a,b] C [0,27]. If f and g are continuous on |, r and there ezists c € C and
p >0 such that (3.6) is valid, then

h— 2
(43) \C[U,,b],R (f?g) S Mﬂ
1 b 1 b 1?
b_a/a g(Rexp(it))|2dt—’b_a/a g (Rexp (it)) dt

We have the Griiss’ type inequality for circular paths:

Corollary 5. Let 7,4 g be a circular path centered in 0 and with radius R > 0
and [a,b] C [0,27]. If f and g are continuous on |, p and there exists ¢, ®, 9,
U eC, ¢#®, ¢ #T such that f € A, (¢,®) and g € A, (¢, V) then

1 (b—a)?
(4.4) Conrn (19 < 7512 =6l ¥ ¥l Zay.
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