INTEGRAL INEQUALITIES OF HERMITE-HADAMARD TYPE
FOR L-BOUNDED NORM WEAK CONVEX MAPPINGS

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we introduce a class of functions that extends the
concept of Lipschitzian function and called them L-bounded norm weak convex
functions. Integral inequalities of Hermite-Hadamard type are obtained and
applications for discrete inequalities of Jensen type are provided as well.

1. INTRODUCTION

Let B(H) be the Banach algebra of bounded linear operators on a complex
Hilbert space H. The absolute value of an operator A is the positive operator |A|

defined as |A| := (A*A)l/z.
One of the central problems in perturbation theory is to find bounds for

17 (A) = F (B

in terms of ||[A — B|| for different classes of measurable functions f for which the
function of operator can be defined. For some results on this topic, see [5], [34] and
the references therein.

It is known that [4] in the infinite-dimensional case the map f(A) := |A] is
not Lipschitz continuous on B (H) with the usual operator norm, i.e. there is no
constant L > 0 such that

Al = 1Bll < L|[A - B

for any A, B€ B(H).
However, as shown by Farforovskaya in [32], [33] and Kato in [39], the following
inequality holds

2 Al + 1Bl
(1) 4] = 151 < 2 14 - 51 (24 1og
™ |A— B
for any A, B € B(H) with A # B.
If the operator norm is replaced with Hilbert-Schmidt norm ||C|| ¢ := (tr C*C)
of an operator C, then the following inequality is true [2]
(1.2) 1Al = Blllzs < V2I|A = Bl s

for any A,B € B(H).
The coefficient /2 is best possible for a general A and B. If A and B are restricted
to be selfadjoint, then the best coefficient is 1.
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It has been shown in [4] that, if A is an invertible operator, then for all operators
B in a neighborhood of A we have

(13) A= Bll <@ A= Bl +a A~ B|* +0 (|4~ BI)
where
_ _ _1p3
a1 = [[ATM[ 1A]] and az = [[A7H| + A7 A
In [3] the author also obtained the following Lipschitz type inequality
(1.4) If (A) = f Bl < f(a)]A- B

where f is an operator monotone function on (0,00) and A, B > alg > 0.

Let (X; |- x) and (Y75 ||-|ly) be two Banach spaces over the complex number field
C. Let C be a convex set in X. For any mapping F : C C X — Y we can consider
the associated functions ®p 4y x, Ypgya : [0,1] — Y, where z,y € C, X € [0,1],
defined by [25]

(1.5) @paoya(t)=1—=XN)F[(1—-1)((1—=Nz+Ay)+ty]
+AF[(I=t)z+t((1—XN)z+ Ay)]
and
(1.6) Wpaya(t):=1=A)F[1=1)((1=A)z+Ay)+ty]
+AF [tz +(1—t) (L =N z+ Ay)].

We say that the mapping F' : B C X — Y is Lipschitzian with the constant
L > 0 on the subset B of X if

(1.7) 1F(z) = F(y)lly <Llz—ylx forany z,y € B.
The following result holds [25]:

Theorem 1. Let ' : C C X — Y be a Lipschitzian mapping with the constant
L > 0 on the convex subset C' of X. If x,y € C, then we have

1) |

1
AF,m,y,)\ (t) - / F [sy + (1 — S) IL‘] ds
0 Y

(= e (-3 -
4 2 4 ) | 1# T YIx

for any t € [0,1] and X € [0,1], where Apzyx = Prayxr o7 Apzyx = Yrazy .

<2L

If we take in (1.8) Apzyx = Pruya, A= 3, then we get

(1.9) H; (F [(1—t)x‘£y+t4 L F [(1_t)x+th+yD

1 1\?
14' t—§ lz —yllx

1
—/ Flsy+ (1 —s)z]ds §%L
0

for any z,y € C and t € [0, 1].
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If we take in (1.8) Apzyr = Upaya, A= 1, then we get

w0 [0t ofero-02i)

1 1\?
1+ t*§ lz —yllx

L

! 1
7/0 Flsy+ (1—s)z]ds 5

Y

for any ¢t € [0,1] and z,y € C.
We also have the simpler inequalities

(1.11) H; [F <3x:y) +F <xz3y>} —/olF[sy+(1—s)x]ds

Y
1
< Loyl
T+y ! 1
(1.12) HF () _/ Flsy+(1—s)alds| <-Lllz—ylx
and
1 ! 1
w9 [E@+ @i [ Flyr - s <3l
0 Y

for any z,y € C. The constants é and i are best possible.

The inequalities (1.12) and (1.13) are the corresponding versions of Hermite-
Hadamard inequalities for Lipschitzian functions. The scalar cases were obtained
in [12] and [43]. For Hermite-Hadamard’s type inequalities, see for instance [10],
[12], [13], [35], [37], [38], [40], [42], [43], [46], [47], [48], [49], [50] and the references
therein.

From (1.8) we also have the Ostrowski’s inequality

(1.14) HF[ty+ (1—1)a] —/OlF[sy—i- (1= s)a]ds

Y

1 1\?
Z+ t—§ lz —yllx

for any ¢ € [0,1] and z, y € C. For Ostrowski’s type inequalities for the Lebesgue
integral, see [1], [8]-[9] and [15]-[30]. Inequalities for the Riemann-Stieltjes integral
may be found in [17], [19] while the generalization for isotonic functionals was
provided in [20]. For the case of functions of self-adjoint operators on complex
Hilbert spaces, see the recent monograph [23].

Motivated by the above results, we introduce here a class of functions that ex-
tends the concept of Lipschitzian function and called them L-bounded norm weak
convex functions. Integral inequalities of Hermite-Hadamard type are obtained and
applications for discrete inequalities of Jensen type are provided as well.

<L

2. L-BOUNDED NORM WEAK CONVEX MAPPINGS

Let (X; |||l ) and (Y7 ||-]ly-) be two normed linear spaces over the complex num-
ber field C. Let C' be a convex set in X. We consider the following class of functions:
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Definition 1. A mapping F : C C X — Y s called L-bounded norm weak conver,
for some given L > 0, if it satisfies the condition

21) Q=X F(@)+AF(y) - F(L =Nz +y)lly <LAQ =) [lz —yllx

for any z, y € C and X\ € |0,1]. For simplicity, we denote this by F € BNW (C).

We have from (2.1) for A = l the Jensen’s inequality

[P (2]

for any z, y € C.

We observe that BN W/, (C) is a convex subset in the linear space of all functions
defined on C' and with values in Y.

The following simple result holds:

AR

Lemma 1. If the function F : C C X — Y is Lipschitzian with the constant
K >0, then F € BNW (C) with L =2K.

Proof. Since F is Lipschitzian, we have
IF(1=XNz+Ay) - F(@)lly <KXz —yly
and
[F((T=XNz+Ay) = F@)ly <KA-N)z—yllx
for any z, y € C and A € [0,1].

If we multiply the first inequality by 1 — A and the second inequality by A and
add these inequalities, we get

A=NIF((=Nz+X )= F @)y +AF((1=Nz+X ) = Fylly
S2KA(1 =N [z —yllx
for any «, y € C and A € [0,1].
We also have
A=NIF((1=Nz+X )= F@)ly +A[F((1=Nz+X ) = Fy)lly
2A=NF((I=Nz+y) = (1 =X F(z) + AF (1= Az + X y) = AF (y)ly
= [F((A=XNz+Xy) — (1 =) F(z) = AF (y)ll,
which proves that
[(T=X) F(z) + AF (y) = F((1 =)z + Ayl <2KA(1 = A) [z -yl x
for any z, y € C and X € [0, 1], namely F € BNW/ (C) with L = 2K. O
We observe also that, by the triangle inequality, we have
23)  [IF (@ =N+ M)lly = [[(1=A) F(z)+ AF (y)ly
<A =X F(z) +AF (y) = F (1 =)z + Ay)lly
and by (2.1) we get
[F((Q=XNz+ M)y —[[(1=XA) F(z) + AF (y)lly < LAA =N llz —ylly,
which, again, by the triangle inequality gives
(24) F((L=XN)z+y)lly
SLAA =Mz —ylx + A=V F @)y + AEF @)y
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for any xz,y € C and A € [0,1].
Now, if the function ¢ — ||F' ((1 — X) z + Ay)||y-, for some z, y € C, is Lebesgue
integrable on [0, 1], then by taking the integral in (2.4) we get

(2.5) / IF (1= Nz + )lly dA < Lljz — yll / A(L—A)dA
1

+||F<x>||y/0 (1—A>dA+||F<y>HY/O AdA

1 1 1 1 1
/A(l—A)d/\:f, / (I—A)d/\:/ A= L,
0 6 0 0 2

then we get from (2.5) that

and since

! 1 1
(2.6) /O [F((1=A)z+ Ay)ly dA < EL |z —yllx + 3 IF @)y + [1F@)lly]-

If we assume continuity for the function F' on C' in the norm topology of
(X5l x), then the inequality (2.6) holds for any z, y € C. Moreover, if we as-
sume that (Y7 ||-||y-) is a Banach space and F is continuos on C, then we have the
generalized triangle inequality

and by (2.6) we get

/1F((1—/\)a:+)\y)d)\
0

1
s/ IF (1= A) 2+ M)y dA,
Y 0

en || [ ra-Nerma| <grle-sc+ 5 0F@IL 17 @]

Y

for any z, y € C.
We have the following results:

Theorem 2. Let (X;||||yx) and (Y;]||ly) be two normed linear spaces over the
complex number field C with’ Y complete. Assume that the mapping F: C C X —Y
is continuous on the conver set C in the norm topology. If F € BNW/ (C) for
some L > 0, then we have

N —/01F<<1—A>x+xy> D < gEle-uly
and
(2.9) ‘/OlF((l—)\)x—i—)\y)d)\—F<x—2|—y> Y<;L||a:—y||x

for any x, y € C.
The constants % and % are best possible.
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Proof. From (2.1) we have successively

/O (1= \)F () + AF () — F (1= A) 2 + Ay)] dA

Y
< [ 0= NF @+ AP 6) = F (=N + )l d
1
<Ila=ylx [ A1=Ndr=gLla =yl

which produces the desired result (2.8).
Utilising (2.2) we have

F((1- F 1-—
oy [FUNE 0L F Qo009 _p (223
Y
1 1 1
< LI = Moy = do = (=Nl = 3K v = g e =l

for any x, y € C and X € [0,1].
Integrating in (2.10) we get

(2.11) ‘/1 {F((l—)\)m—i—)\y);F()\x‘F(l—)\)y)_F<x‘;y>}d)\
0 Y
</01 F((l—)\)m+)\y)-2FF()\$+(1—)\)y)_F<$+y> yd)\
§;K||x—y||x/01 A—;'dh;Knx—ynx
and since

/1F((1—)\)x+/\y)d)\:/1F(/\x+(1—)\)y)d/\,
0 0

then from (2.11) we get (2.9).
Now, consider the function Fy : H — R, Fy(z) = ||z||> where (H,(.,.)) is a
complex inner product space. If z, y € H and X € [0,1], then
(L=X)Fo(z) + AFo (y) — Fo (1 = A) z + Ay)
= (L= N [+ Algll* = 1L = A) & + Agll”
= (L= llz|* + Mlgll* = (1 =2 Jall* = 2(1 = A) ARe (z,) — A? |ly]|®
= (1= ) A [ll2l]® = 2Re (. ) + ly]1*] = (1= 2 Alle - II*.

Consider Cy a convex subset of H such that ||z —y| < 1 for any z,y € C. For
instance Cy = B (O7 %) is the closed ball centered in 0 and with a radius % Then
for all z, y € B (0,3) we have |z —y| < [lz[|+ [yl < 5+ 3 =1.

Therefore, if we consider Fy (z) = ||z||* defined on Cy = B (0,3), we have

0<(I=A)Fo(z)+AFo(y) — Fo (1 =Nz +Ay) < (1= A) Az —yll
which shows that Fy € BNW/, (Cp) with L = 1.
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‘We have
1 1
/FO((l—/\)a:+>\y)d>\:/ (1= A) 2+ Ay|2 dA
0 0
1
= [ [0 2l 2= 2 ARe (o) + 22 [5]*]
0

1
= 3 |ll2l* + Re (2 ) + Iyl

for any z, y € H.
Therefore

F F !
M —/ Fo (1 =Xz + X\y)dA
0
B 1 2 2:| 1
=3 [l + yI?] - 5
Now, assume that the inequality (2.8) holds with a constant A > 0, namely

HW/;F(@A)HWA

2 2 1 2
[l + Re (@) + lsll°] = 5 lle =y

<ALz = yllx

Y
then by taking Fy € BN W/, (Cy) with L = 1 defined above, we get

1 2
Sl =yl < Alle -yl
namely
1
(2.12) gle—yl <A

Ife € H with [le|| = 1, thenz = Jeandy = —1e € B(0,3) giving that z—y = e
and by (2.12) we get A > §.

Now, consider the function Fy : X — [0,00), Fy (z) = ||z — ¢2||, with a,b € X
with a # b. Then
a+b a+b
Fo@ - Rl = ||o- 52| - |- 25| < e -,

for any z, y € X, which shows that Fj is Lipschitzian with the constant K = 1.
By utilising Lemma 1 we conclude that Fy € BNW/, (C) with L = 2.
We have

/OlFo((l—)\)a+)\b)d)\_FO (a-2H,> :/01

which shows that the inequality (2.9) holds with equality. O

a+b

(I=XNa+Mb—

1
|ix=1l0-al.

3. RELATED INEQUALITIES

We have the following result as well:

Theorem 3. Let (X;|||y) and (Y;]||ly) be two normed linear spaces over the
complex number field C with’ Y complete. Assume that the mapping F: C C X —Y
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is continuous on the convex set C in the norm topology. If F € BNWy (C) for
some L > 0, then we have

1 A
(3.1) /0 F(uer(lfu):c)du—2/\1_1/17/\F(sx+(175)y)ds

F

S SLAA =) [ly =zl

N | =

forany A€ [0,1], A\ # L and z, y € C.
Proof. Since F € BNW/, (C) for K > 0, then
(32)  JA=NF(u)+AF(v) = F(1=XNu+ )|y <LAN1—=X)|lu—0v]y

for any u, v € C and A € [0,1].
Let t € [0,1] and for z, y € C, take

u=(1-t)(1-Naz+Iy)+ty, v=te+1-t)(1-Nz+Ay) €C

in (3.2) to get

(33) A=) F((1-0)(1=Nz+Ay)+ty)
+AF(tz+ (1=t (1 =N z+ \y))
“F(A=-N[A=)((1=Naz+Ay) +tyl + Alte+ (1 =) (1= Nz + )]y
SIXA=-N[A=)((1=XNz+Iy)+ty—[ta+ (1 —t)(1=Nz+ Iy -

Observe that

T=-N[A=-(Q=XNx+Ay)+ty]+ Atz + (1 —t) (1 =N z+ \y)]
=1=NA=) (@ =Nz+X)+ (1 -ty
FAMz+ A1 =) (1 =N z+ Ay)
=1-8)((1=Nz+Ay)+(1—-XN)ty+ A
=[1-t) Q=N +Xz+[(1-)A+ (1 -N)t]y

and

I-t)((1=Nz+Iy)+ty—[tzc+ (1 —1t)((1—XA)z+ Ay)]
=1-t)1-Nz+(1-t)Ay+ty—te—(1—-t) 1 —Naz—(1—-t)y=t(y—z).
Then by (3.3) we have
3.4) [(T=XF(1=1)((1=A)z+Ay)+ty)

+AF(tz+(1—8) (=N z+Ay))
—F(A=) A=)+ Mz +[1-)rA+ 1 =Nyl
SIAA =Nty —zlx,

for any ¢, A € [0,1] and z,y € C.
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Integrating the inequality (3.4) over ¢ on [0, 1] and using the generalized triangle
inequality for norms and integrals, we get

(3.5) H(l—)\)/o F((1—1) (1= A)x+ Ay) + ty) dt
+)\/1F(tx+(1—t)((1—A)x+/\y))dt
0

—/1F([(1—t)(1—>\)+)\t]:1c+[(1—t))\+(1—>\)t]y)dt

Y

SSLAL =N [ly =zl

N =

for any A € [0,1] and z, y € C.
Observe that

1
(3.6) /0F[(l—t)(Ay—i—(l—A)zc)—kty]dt

:/1F[((1—t)/\+t)y+(1—t)(1—/\)a:}dt
0

and

(3.7) /OlF(tm+ (1= 1) (1= A)z + Ay))dt

= F((l—t)x+t((1—)\)x+/\y))dt=/1F[t)\y—|—(1—)\t)z]dt.

If we make the change of variable u := (1 —¢)\ + ¢ then we have 1 — u =
(1—-¢t)(1—=X) and du = (1 — A) du. Then
1 1
/ F[((l—t)A—H)y—i—(l—t)(l—)\)x]dt:ﬁ/ Fluy + (1—u) 2] du.
0 — AU

If we make the change of variable u := A\t then we have du = Adt and

1 1 A
/ F[t)\y—&-(l—/\t)as]dtzx/ Fluy+ (1 — u) 2] du.
0 0
Therefore

1
(1—)\)/0 FA-t)Ay+ 1 —=Xz)+ty]dt

+/\/1F[t(/\y+(1—)\)m)+(1—t)x]dt
0

1 A 1
:/}\F[uy+(17u)aj}du+/0 F[uer(lfu)x]du:/O Fluy + (1 —u)x] du,

and we have the simple equality
1
(3.8) (1- )\)/ F((1-t)({(1=XNz+Ay)+ty)dt
0

1 1
+>\/0 F(tz+(lft)((l—/\)er)\y))dt:/U Fluy+ (1 —u)a]du
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for any A € [0,1] and z, y € C.
Consider now the integral

/1F([(1—t)(l—A)+At}x+[(1—t)/\+(1—>\)t]y)dt.
0
Put
s=1-t) A=A +M=1-XA+2 1)t
Then
l—s=(1-t)A+(1-Nt

If A # 1, then s =1— X+ (2\ — 1) ¢ is a change of variable with dt = 55

9 —1 and we
have

1
/ FUL=1) (1= N4+ Ma+[(1— A (1= N f]y)dt
0
2 -1/,
Now, making use of (3.5) we get the desired result (3.1). O

F(sz+ (1—s)y)ds.

Remark 1. We observe that for A\ — % we recapture from (3.1) the inequality
(2.9). If we take in (3.1) A =3, then we get

1 3/4
(3.9) /OF[uy+(1fu)z]du72/1 F(sz+(1—s)y)ds

/4

F

3
< Llly—aly.

4. APPLICATIONS FOR GATEAUX DIFFERENTIABLE FUNCTIONS

Following [11, p. 59], let (X, |-|x) and (Y, |-|ly') be two normed linear spaces,
2 an open subset of X and f: Q@ —= Y. Ifa € Q, u € X \ {0} and if the limit

1
lim + 1/ (a+ tu) - f (o)

exists, then we denote this derivative 9, f (a) . It is called the directional derivative
of f at a in the direction w. If the directional derivative is defined in all directions
and there is a continuous linear mapping ® from X into Y such that for all v € X

Ouf (a) =< (u)a

then we say that f is Gateauz-differentiable at a and that ® is the Gateauz differ-
ential of f at a. If a mapping f is differentiable at a point a, then clearly all its
directional derivatives exist and we have

Ouf(a)=f (a)u, ue X.

Thus f is Gateaux-differentiable at a. However, the Gateaux differential may exist
without the differential existing. The existence of directional derivatives at a point
does not imply that the mapping is Gateaux-differentiable. To distinguish the
differential from the Géateaux differential, the differential is often referred as the
Fréchet differential.
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Theorem 4. Let (X;|-||y) and (Y;|-|ly) be two normed linear spaces over the
complex number field C. Assume that the mapping F : C C X — Y is defined on
the open convex set C and F € BNW/, (C) for some L > 0. If z;, € C, py, > 0 for
ke {l,..n} with Y ,_,px =1 and F is Gateaux-differentiable at > ,_, ppx) €
C, then for any y; € C and qgj > 0 for j € {1,...,m} with Z;nzl g; = 1 and
Z;nzl QY = Yj1 Pk we have

m

(4.1) > gF(y)-F (me) <L) g
j=1 k=1 v j=1

In particular, we have

(42) ijF(.’I?j) - F (Zpkxk> < szj
j=1 k=1 v Jj=1

Proof. Since F € BNW/ (C) then we have

n
Yi — Zpkwk
k=1

X

n
Tj; — E PrTg
k=1

X

IME (y) = F ()] + F(2) = F(A =Nz +2)lly <LAL =N [z —ylx

for any z, y € C and A € [0,1].
This implies that
Fz+A(y—=))— F(2)
A

(43 HF@) P - <LO- Nyl

Y

for any z, y € C' and A € (0,1).
If we assume that F' is Gateaux-differentiable at z, then by taking the limit over
A — 0+ in (4.3) we get

(4.4) IF(y) = F (z) = Oy—F' ()|l < Lllz -yl x

for any z, y € C.
Now, if F' is Gateaux-differentiable at Y_;'_, ppx) € C, then

F(y) -F (Zpkxk> - ayfzz’zlpksz (ZPkﬂs)
k=1 k=1

<L

(4.5)

Y

n
Zpkl“k -y
k=1

X

for any y € C.
If y; € C and g; > 0 for j € {1,...,m} with 37", ¢; = 1, then by (4.5) we have

(4.6) Z qj

F(y;) - F (Zp”’f) ERCTES e <Zpkxk)
k=1 k=1
<L) g

j=1

Y

n
Zpkl“k Y
k=1

X
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By the generalized triangle inequality we have
(4.7) quF (yj) — F (Zpkmk> = O gy -, pean (Zmu)
j=1 k=1 k=1
< Z 4j
j=1

Y

F(yj)—F <Zpk$’“> = Oy i F (ZPM%)
k=1 k=1

Y
and by (4.6) and (4.7) we have the following inequality of interest
(4.8) Z 4 F (y;) = F (ZPM%) - 82?:1 4595 =Sy pran (Z pkx’“)
j=1 k=1 k=1 v
m n
<L Z qj PrTE — Yj
j=1 k=1 X

If we take 37", qjy; = >_j—) ey in (4.8), then we get the desired inequality (4.1).
The inequality (4.2) follows by (4.1) on taking m = n and ¢; = p;, j € {1,...,n}.
(]

We also have:

Theorem 5. Let (X;|-||y) and (Y;|-|ly) be two normed linear spaces over the
complex number field C. Assume that the mapping F': C C X — Y 1is defined on
the open convex set C and F € BNW/, (C) for some L > 0. Let x, € C, p, > 0
for k € {1,...,n} with >} _, px = 1 and F is Gdteaus-differentiable at zy, for any
ke {l,...n}. If there exists z € C such that

(4.9) ZpkazF (l'k) = ZpkamkF (xk)ﬂ
k=1 k=1

then we have

(4.10) F(z) =Y peF (we)|| <L prllzr—zlx-
k=1 Y k=1

Proof. From (4.4) we have

(4.11) IE (y) = F(2r) = Oy F (wi)lly < Lllzn —ylix

for any y € C and for any k € {1,...,n}.
If we multiply (4.11) by px > 0 for k € {1,...,n} and sum, we get

(4.12) ST ok IF () = F(ar) = 0y, F (@) ly <L pellzr — yllx
k=1 k=1

for any y € C.
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By the generalized triangle inequality we get
(413) D p|IF (y) = F (z1) = Oy F (i)
k=1

>

F(y) - Zka () — Zpkayfka (k)
k=1 k=1

Y
By the linearity of the Gateaux differential we have

D KOy F () = Y pk0yF (wx) = > pra, F (zx)
k=1 k=1

k=1
and by (4.12) and (4.13) we have the inequality of interest

(4.14) |[F (y) = > _puF (wx) = > prOyF (wx) + > a0 F (2r)
k=1 k=1 k=1 Y
< LS pellon -yl
k=1
for any y € C.
Now, if z € C is such that (4.9) holds, then by (4.14) we get the desired result
(4.10). O

Remark 2. Let x;, € C, pr > 0 for k € {1,...,n} with >}_ px = 1 and F is
differentiable at xy, for any k € {1,...,n}. If there exists z € C such that

n n
(4.15) Zka' (zk)z = Zka (zk) Tk,
k=1 k=1

then we have the inequality (4.10).
Moreover, if the operator Y p._, ppF’ (zx) is invertible and

(4.16) z = <ika' (xk)> (ika (k) xk> eC,
k=1 k=1

then we have the inequality

(4.17) ||F (ipﬁ%m)) (Zmﬂm)m) —> P F (k)
k=1 k=1 k=1

%
< LZpk Ty — (Zkal (m)) <ZPkF(l’k)$k>
k=1 k=1 k=1
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