NEW INTEGRAL INEQUALITIES OF THE TYPE OF SIMPSON’S AND
HERMITE-HADAMARD’S FOR TWICE DIFFERENTIABLE
QUASI-GEOMETRICALLY CONVEX MAPPINGS

MUHAMMAD MUDDASSAR* AND ZAFFER ELAHI

ABSTRACT. In this paper, we define a new identity for twice differentiable mappings and
obtained some new estimates on the generalization of Hadamard’s and Simpson’s type

inequalities for quasi-geometrically convex mappings using of this identity.

1. INTRODUCTION AND PRELIMINARY RESULTS

A convex function is a continuous function whose value at the midpoint of every interval
in its domain does not exceed the arithmetic mean of its value at the ends of the interval. An
important mathematical problem is to investigate how function behaves under the action
of means. The best known case is that of midpoint convex (or Jensen convex) functions,
which deals with the arithmetic mean [7, pp.2].

More generally, a function f(x) is convex on an interval [a, b], if for any two points x,y €

[a,b] and o, 5 € (0, 1], we have

flax + By) < af(x)+ Bf(y)

A real valued function defined on nonempty subinterval I of R is called convex if we
replace a + 3 = 1 for all points « and y € I in above inequality. It is called strictly convex
if the above inequality holds strictly whenever x and y are distinct points. If — f is convex
(respectively, strictly convex) then we say that f is concave (respectively, strictly concave).
A function is called affine if it is both convex and concave.

The appearance of the new mathematical inequality often puts on firm foundation for the
heuristic algorithms and procedures used in applied sciences. Among others one of the

main inequality, which gives us an explicit error bounds in the trapezoidal and midpoint

Date: January 5, 2015.

2010 Mathematics Subject Classification. 26D10, 26D15, 39A12.
Key words and phrases. quasi-geometrically convex functions, hermitehadamard type inequalities, simpson

type inequality.
* corresponding Author.
1

RGMIA Res. Rep. Coll. 21 (2018), Art. 133, 11 pp. Received 13/11/18


e5011831
Typewritten Text
RGMIA Res. Rep. Coll. 21 (2018), Art. 133, 11 pp.   Received 13/11/18


2 Z. Elahi and M. Muddassar

rules of a smooth function, called Hermit-Hadamard’s inequality defined as

f(a+b)S 1 Zfﬂﬂﬁgf@%;ﬂw (1.1)

2 b—a
where f : [a,b] — R is a convex function. Both inequalities hold in the reversed direction
for f to be concave. We note that Hermit-Hadamard’s inequality (1.1) may be regarded
as a refinement of the concept of convexity and it follows easily from Jensens inequality.
Inequality (1.1) has received renewed attention in recent years and a remarkable variety
of refinements and generalizations have been found in literature and the references cited

therein. The second well known inequality in literature as Simpson’s Inequality defined as
1 a+b\  fla)+f0)] 1 /b

-2 — d
3[f< 2 >+ 2 b=/, J@)d

where f : [a,b] — R is a four times continuous differentiable mapping on (a,b) and

1 .
<— || fGv) —a)? )

| £ [loo= sup,eap | £ (2)| < oo. Itis well known that if the mapping f is neither
four times differentiable nor is the fourth derivative f(**) bounded on (a, b), then we cannot
apply the classical Simpson quadrature formula.

The notion of quasi-convex functions generalizes the notion of convex functions. More

exactly, a function f : [a,b] — R is said quasi-convex on [a, b] if

flaz + By) < sup{f(z), f(y)}

where x,y € [a,b], @, 8 € (0,1] and @ + 8 = 1. The notion of geometrically convex first
introduce by Niculescu, C. P. in [5] and [6] and produced as

Definition 1. A function f : I C Rt — R is said to be GG-convex (called geometrically

convex function) if
f(z*y”) < f@) ()
where x,y € [a,b], o, B € (0,1] and o + B = 1.

Niculescu in same article defined the term geometric — arithmatically convex with

notation G A-convex as

Definition 2. A function f : I C R — R is said to be GG-convex (called geometrically

convex function) if
f(z°y") < af(@)+ Bf(y)
where x,y € [a,b], o, 8 € (0,1] and o+ § = 1.

In [1], iscan, 1. gave definition of quasi-geometrically convexity as follows:
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Definition 3. A function f : I C RT — R is said to be quasi-convex if

£ (zy?) < sup{f(z), f(y)}

where z,y € [a,b], o, 8 € (0,1 and « + 8 = 1.

Clearly, any G A-convex and geometrically convex functions are quasi-geometrically
convex functions. Furthermore, there exist quasi-geometrically convex functions which
are neither G A-convex nor GG-convex [1].

Recently, Iscan, 1. et.al in [4] established some results based on single differentiability for

quasi-geometrically convex functions using the identity

Lemma 1. A function f : I C Rt — R be a differentiable function on I° such that
f € L'([a,b]), where a,b € I with a < b. Then for all \, n € R, we have:

b

Ir(\ p,a,b) =In () {/2(15 — w)a "t (') dt
0

a

1

2

1
+/ (t—Na' """ ' (a*"0) dt} (1.3)

where

b
Iy (/\’:u7a7 b) = (/\ - /-L) f (\/CE) + /J,f(a) + (1 - )\) f(b) o in zb) / @du

where a,b € I witha < band \,u € R.

This article is in the continuation of [4]. The main purpose of this article is to establish
some new general integral inequalities of Hermite-Hadamard and Simpson type for twice

differentiable quasi-geometrically convex functions by using a new integral identity.

2. MAIN RESULTS

In order to prove our main results we need the following identity.

Lemma 2. A function f{ : I C Rt — R be a differentiable function on I1° such that
f € LY([a,b]), where a,b € I with a < b. Then for all \, n € R, we have

1

2 3
\Mf()\,u,cub)\ = (ln <b)> {/ t(t _ Iu>a2(1—t)b2tf// (al—tbt) dt
a 0

1
+/ (L —t)(t — Na*=9p2 £ (a'~'b) dt}(2.4)

2
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where
My (A pa,b) = (A= pi+1) f (Vab) + puf(a) + (1= 2) £(b)

+ M(Agﬂh “in <2) 7 (Vab) - ln(i/a) /ab fiU)d“

where a,b € I witha < band \,u € R.

Proof. Using integration rules and changing the parameter, we can easily prove the above

result. O

Theorem 1. A function f : I C RT — R be a twice differentiable function on I° such
that f" € LY([a,b]), where a,b € I witha < b. If | f"'|9 is quasi — geometrically convex
on [a,b] for some fixed ¢ > 1 and 0 < p < 1/2 < X < 1, then the following inequality
holds

iy et < (1 (2) ) Gup @ O {7 e (a0

AT el (ava, b)} @5)

where
3 1
c(p) = %_%+ﬂ
A3 ™™ 1
co(A) = —?4-)\2—?"'1
1 - 8ua2q(1*#)
) = — = 18,2q200 -], (q2am p2amy _ OHL T
CB(.“?‘LG'? ) 2(] (2111 (%)) wa (a ’ ) q(2111 (3))X
q 10pa®d
L (a2, 5%0%) 4+ — T, (af,b7) +
( ) g (In (2)) (a%,5%) q(2In (7))
2(p—1) 2p
+ ab)? + ab)?
G ]
1 2(1— A% (21 — 1)(ab)? 2q(1-))
A\ b — _ AXN1 = N)a™
0t = oy [y R

8a2a(1—A) p2ar 2\ (ab)d
¢ (2ln(2)"  ¢(2n(3))
4 4(ab) 1
¢@n(2)" ¢ (2m(2)
Proof. Since | "] is quasi-geometrically convex on [a, b] for all ¢t € [0.1]

|f// (alftbt)rl S sup {|f//(a)|q , |f//(b)|q}

L (a®?,6°7) — 2Xa’L (a%,b9) +
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From lemma 2 and using power mean inequality, we have

|Mf()\,,u,a,b)|:(ln( )) </ (¢ — dt) ( It(t— 2<H>b2f) x
sup {|/ (@), 1£"®)[}) ¥ + (/ (1= )t — A dt) (/ (1= )t — )]

(=) s @ o) e

Let here

o= [ |t<t—u>dt:/Oﬂw—t>>dt+/2<t<t—u>>dt: ok
1—7 1 3
/ ()N dt = / I R

3 (1 q,a,0) = %t H>b2f) dt /( )(2(1‘%”) dt+/té( )(2(1‘”b2t>th
w

2(17t)b2t

Using substitution u = a incg (u, q,a,b), we have

1% M a2(l=m)p2p u
_ 2(1—t) 32t _ q—1 —
/0 t(p—t) <a b )dt o (g))2 /112 u 1n(a2>du

JEICEAYE

_r a1y “ u
G

/thf(u 9 ( 2(11) th) i pal q(I=p) p2qp  942q(1—1) p2qu pal N pa2
0

Fen@)’ PemE)] eemE)’ ¢ end)

/f tt — o) (42005 dt = (21111("))3 /(bu; = (in (G5))

ab
_ # q—1 E
(21n (2))* /az<w>b2u v (a2) du

1t — p) (az(lit)b%) gt — (1- ZILL)(bCLb)q . (1w — 1)(ab)‘12 n 3#0,2‘1(1*“21)2(1;
Saln(3) 2 (2m(2)” 2 (2n(})
2(ab)? 2a24(1—1) p2qp

¢ @m(2) ¢ @n(b)’

‘;\T
Nl
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finally, we get

B R A inc)
S =y (M )
af 10pad

L (a2, 5290) + L (a, %) +

¢(2In(3))

2D a4 L2 (ab)q]

Tam ()

a(In(3))

And

1 1
CZ ()\,q,a,b) = ﬁ |(1 _ t)(t _ )\)| (a2(17t)b2t>th
2
A 1

= [t (@) e [ oo g (20-00) e
A

1
Using same substitution u = a®>(*=Yb?! in ¢ (), ¢, a, b), we have

1 2(1 =M% (22 —1)(ab)? 20(1—
_ AN(1 — a(1=2)
han) = gy ey R
L (a2q)\’ bqu) — 22afL (af,b9) + R 24(1=X) p2ar 2\ (ab)?
¢ (2n(2)* a2 (3))
B 4b%4 B 4(ab)?
@mn(2)" ¢ (@2m(})
This completes the proof. O

Corollary 1. A function f : I C RT™ — R be a twice differentiable function on I° such
that f" € L'([a,b]), where a,b € I witha < b. If|f"|? is quasi — geometrically convex
on [a, bl for some fixed ¢ > 1 and for l,m € R with | < m, then the following inequality
holds

g (L0 < 22 (1 (2)) G 1@ 0D 5

1/ 1/
{C?{,Z <m7q7aab> +C£ (m7Q7a7b>} (27)

my <7;,a,b> _ <ml) 7 (Vab) + = (7la) + F8) ln?Z) /ab T g
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and
l l 813 — 3m2l +m3
(m> = C2<m>‘z4ms
l B 1 8l 2q4(m-1) lq(21n(§))—m 2L 12qL
c3 (m,q7a,b> = 72(](2111(2)) lma m (mq(?ln(f;)) >L(a b )
a? Ry 10la?? ~ 2(m-=1) ab)?
) e (2) e 2w (2)
(m—21) q
o (ay
l B 1 8 200m-1) lg(2In(2))-m ok 2gL
“ (m,q,a,b> N 2q(21n(§)) [mb < mq(21n(§)) )L(a2 b )
b o e 0w 2Am=l)
(@) em (2) e 2w (2))
(m=20), ..,
+ = (ab)}

Proof. Proof is exchangeable with Theorem 1 with the substitution y = % and A = 1— %

O

Theorem 2. A function f : I C Rt — R be a twice differentiable function on I° such that
" € LY([a,b]), where a,b € I with a < b. If | f"|? is quasi — geometrically convex on
[a, b] for some fixed conjugate numbers p,q > 0 where ¢ > 1and 0 < p < 1/2 <A <1,
then the following inequality holds

My (A iy 0,0) | < (m (b)) (sup {1 (a)|7, £ (8)|7})’

{cg (9, 1) (g, 0,8) + & (b, Net (¢, a, b)} 2.8)

where

w0 = 5 [ty ) = S 1

I—p 4T (p+1) T MPI(p+ 1)

a? b
cr(g,a,b) = ?L (a?,b7),cs(q,a,b) = EL (a?,b9)
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Proof. From lemma 2 by applying Holder inequality and using the quasi—geometrically

convexity on [a, b] of | f"|9,

= AN : ' : 2(1-t)32t )
M) = (10 (7)) (/O |t(ut)|pdt> </O (a0 x
1 % 1
sup {|f"(a)|", " (0)|"} dt) ‘*+< I(1—8)(t— )|pdt> (/ <a2<17t>bzt)q

swp {If"(@)|", £ ®)["}d) 7} @9)

(/j It(p — t)|pdt>;
(/01(2(1_t)b2t ) </| (1-t)(t— )\|Pdt> </11(a2(1—t>b2t)th>; (2.10)

1

~fhor-ora [ucra o wra- [

1 A 1 _1\pH
1) = / (1) (At Pt = / (1— )P (t—A)Pdi+ A (1—t)P (t-A\)Pdt — %

1 1
Here we use u = a2(1=9p% to calculate ¢ (¢, a,b) and ¢d (g, a, b)

1
2 al
07(q7a’b) :/ (a2(1—t)b2t) dt = 5 L(aq bQ)
0

Q=

Mf()\7ﬂ,a,b):<ln (Z))Q(sup{lf” I 1 B)]})

where

1 q bq
cs(q,a,b) :/1 (aQ(l_t)bgt) dt = EL(aq,bq)

2

Hence (2.8) easily found from (2.10). O

Corollary 2. A function f : I C RT™ — R be a twice differentiable function on I° such
that f" € L'([a,b]), where a,b € I witha < b. If |f"|? is quasi — geometrically convex
on [a,b] for some fixed conjugate numbers p,q > 0 with ¢ > 1 and for l,m € R with
l < m, then the following inequality holds

(L) 1= (0 (D)) sy o2 s @l 01

{c$<q,a,b> +elg,a, b)} @.11)

o(05) = (05) =553 [t |

Q=

X

where
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al b
07((1) a, b) = ?L (a’qa bq) 7C8(Qa a, b) = §L (a’q7 bq)

and my (%, a, b) fixed in Corollary 1.

Proof. Proof is exchangeable with Theorem 2 with the substitution p = % and A\ = 1— %
O

Theorem 3. A function f : I C RT — R be a twice differentiable function on I° such that
1" € LY ([a,b]), where a,b € I witha < b. If | f"'|? is quasi — geometrically convex on
[a, b] for some fixed conjugate numbers p,q > 0 where ¢ > 1and 0 < p <1/2 <A <1,
then the following inequality holds

My (A iy, b) | < (ln (b)) (sup {1 (a)|7, 1" (8)|7})’

{c$<p7a,b>é< )+t (., bed (q A)} @12

h
e 1 [(1—2u)0H! Wy (2A-pe
Cs(q?ILL) - 1_/,6 |:4q+1(q+1>:| 706(q3 )7 )\4q+1(q+1)
ab p v D 1p
c7(p,a,b) = ?L(a ,0P) e (p,a,b) = 5L(a ,0P)
1,1 _
and;—i—a =1

Proof. From lemma 2 by applying Holder inequality and using the quasi —geometrically

convexity on [a, b] of | f”|?, we have

\Ms(\, i, a,b)| = (ln <Z>>2 (/0 (a2(1t)52t>pdt>; (/0 [t(p — t)]7x
sup {| £ (a)|", 1 £ ()|"} dt) " + </1 (aQ(l_t)th)pdt>; (/;(1—15)@—»|q

sup {If"(@)|", £ ®)["}d) T} @13)

( [ - t>|th> q

1 1 P P
</ (2<1—t>b2t ) < |(1—t)(t—N\) qut> (/ (a2(1—t)b2t) dt) (2.14)
0 3

st = == 11 [

Q=

w0l = (i (1)) G 7@ o)

where
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1 1\eit
eolp ) = [ 1000 = (s

1 1
Here we use u = a2 =9b% to calculate ¢ (¢, a,b) and ¢d (g, a, b)

' ’
C7(p,a7b) :/ <a2(17t)b2t)pdt _ %L(ap,bp)
0

1
P
cs(p,a,b) = /1 (az(l_t)b%)pdt = EL (a?, b?)

2

Hence (2.12) easily found from (2.14). O

Corollary 3. A function f : I C RT™ — R be a twice differentiable function on I° such
that f" € L'([a,b]), where a,b € I witha < b. If|f"|? is quasi — geometrically convex
on [a, b] for some fixed conjugate numbers p,q > 0 and for l,m € R with | < m, then the

following inequality holds

(L) 12 (0 () s (o2 s 57 @i, 1)

{c? (p,a,b) + & (p, a, b)} 2.15)

() oo ) - 22

aP bP
C7(p7 a, b) = ?L (ap’ bP) 708(p7 a, b) = EL (a‘pv bp)

where

and my (L a,b) fixed in Corollary 1.

m’

Proof. Proof is exchangeable with Theorem 3 with the substitution p = % and A\ = 1— %

O
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