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NEW APPROXIMATION OF f-DIVERGENCE MEASURES BY
USING TWO POINTS TAYLOR’S TYPE REPRESENTATIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some new approximations of the f-
divergence measures by the use of two points Taylor’s type representations
with integral remainders. Some inequalities for Kullback-Leibler divergence
are provided as well.

1. INTRODUCTION

One of the important issues in many applications of Probability Theory & Sta-
tistics is finding an appropriate measure of distance (difference or discrimination)
between two probability distributions.

A number of divergence measures have been proposed and extensively studied
by: Jeffreys 1946 [26], Kullback-Leibler 1951 [32], Rényi 1961 [39], Ali and Silvey
1966 [1], Csiszar 1967 [11], Havrda-Charvat 1967 [23], Sharma-Mittal 1977 [41],
Rao 1982 [38], Burbea-Rao 1982 [8], Kapur 1984 [29], Vajda 1989 [48], Lin 1991
[33], Shioya and Da-te [42] and others, see [36]

These measures have been applied in a variety of fields such as: anthropology [38],
genetics [36], finance, economics and political science [40], [45], [46], biology [37],
the analysis of contingency tables [22], approximation of probability distributions
[10], [30], signal processing [27], [28] and pattern recognition [7], [9].

Assume that a set Q and the o-finite measure p are given. Consider the set of
all probability densities on p to be

P bl 2~ R p(@) 20 [ p@)dute) =1}

The Kullback-Leibler divergence [32] is well known among the information diver-
gences. It is defined for p, g € P as follows:
(1) Dt .0) = [ o) |20 duo)
Q q(z)
where In is to base e.
In Information Theory and Statistics, various divergences are applied in addition
to the Kullback-Leibler divergence. These are defined for p, ¢ € P as follows

D, (p,q) :== / Ip (z) — q (z)|dp (x) , variation distance,
Q

Dy (p,q) := /Q ‘m— \/q(x)‘ du (z), Hellinger distance [24],
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sz@xq>;:j£p<x>l(gfﬁ%)Q-—lldu<xL XP-divergence,

2P—Awuﬂfmmﬁ%mﬁ,wMWM%
D5 (p,q .—/ \/p x)dp (), Bhattacharyya distance [6],

Dy (p,q) ZZ/ ((;Uj_((xx))d (z), Harmonic distance,

Dj(p,q) = /Q [p(z) —q(z)]In [q(i} du (x), Jeffrey’s distance [26],

Dy, (p,q) = 1

3

and
/ p (@ du( ), triangular discrimination [44].

For other divergence measures, see the paper [29] by Kapur or the book on line
[43] by Taneja.
In 1967, I. Csiszédr [12] introduced the concept of f-divergence as follows

(1.2) nmm:Ammﬂﬁghmm

for p, ¢ € P, where f is convex on (0,00) and normalised, i.e. f (1) =0.

Most of the above distances are particular instances of Csiszdr f-divergence.
There are also many others which are not in this class (see for example Taneja’s
book online [43]). For the basic properties of Csiszar f-divergence such as

I¢(p,q) >0 for any p, g € P,

and
P xP>3(pq)—If(p,q) is convex,
see [12], [13] and [48].
In the recent papers [14], [15] and [16] we obtained several reverses of Jensen’s

integral inequality. These applied to Csiszar f-divergence produce the following
results:

Theorem 1 (Dragomir 2013, [15]). Let f : (0,00) — R be a convex function with
the property that f (1) = 0. Assume that p, ¢ € P and there exists the constants
0<r<1<R<oo such that

(1.3) r < zgz; < R for p-a.e. x €.
Then we have the inequalities
(1.4) 0<1I;(p,q) < W sup ¥y (47, R)
te(r,R)
<(r-n-n B0
< TR LB - 0],
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and ¥y (57, R) : (r,R) — R is defined by
FR -1 FO-10)

Wy tin B) = —p— t—r

We also have the inequality

(15) 0< 1y (a) < (R LI LR

< {BR-D[FL R - 7).
and the inequality
(1.6 0< 1 (o) < 2w { =1 =0
fr)+f(R) r+R

()

1
< §max{R— L1—r}[fL(R)— fi(r)].
Some bounds in terms of the variation distance are as follows:

Theorem 2 (Dragomir 2016, [16]). With the assumptions of Theorem 1 we have

(17) 0< 11 (a) < 3 [ ()~ £ ()] Dy (0.0)
<5 [ (B~ 110 D (pra)] 2
< R-D LR - L]

and

(19) 01y () < 5 (LB ] = [ 1 £1) Dy (9, 0)
< (LR 71~ 15 ) [Dye ()2
< SR~ LA (R =),

where [a,b; f] is the divided difference
f(b) - f(a)
b—a

Further bounds in terms of the Lebesgue norms of the derivative are embodied
in the next theorem:

la,b; f] :==

Theorem 3 (Dragomir 2013, [14]). With the assumptions in Theorem 1 we have
(1.9) 0<If(p,q) < By (rR)
where

(R=1) [} 1f Ol de+ (=) [F 1 (1) dt

(1.10) By (r,R) = 7y
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Moreover, we have the following bounds for By (r, R)
(1.11) By (r, R)

[; + '1;[?'} PRI (@) de

<
R R
LI @l 3|1 @t S @)
and
(1 — T) (R — 1) / /
(1.12) By (r,R) < B [Hf 1, 77,00 T 11 ||[r,1],oo]
1 ||f/‘ [1,R],00 + Hf/H[r,l],oo 1 /
< 5 (R—1) 5 < 5 (R—=r)[lf ”[r,R],oo
and

1
(1L13)  B;(nR)< 4

- T

1
(=) R= DYy gy,
1
FR=1) 1=,
< 1 g (L= 1) (R 1) + (R 1) (1= )]
- R —7r [rR],p ’
Motivated by the above results, in this paper we establish some new inequalities
for f-divergence measures by employing two points Taylor’s type expansions that

are presented below. Applications for particular instances of interest are provided
as well.

2. SOME PRELIMINARY FACTS

The following result is well known in the literature as Taylor’s formula or Tay-
lor’s theorem with the integral remainder.

Lemma 1. Let I C R be a closed interval, ¢ € I and let n be a positive integer. If
f: I — C is such that the n-derivative f™ is absolutely continuous on I, then
for each y €1

where Ty, (f;¢,y) is Taylor’s polynomial, i.e.,
. _7 - (y — C)k (k)
k=0 )
Note that f© := f and 0! := 1 and the remainder is given by
1 [Y n
(23) Ra(ficw)i= o [ =07 10 ) at
* (&

A simple proof of this lemma can be achieved by mathematical induction using
the integration by parts formula in the Lebesgue integral.

For related results, see [2]-][5], [20]-[21], [28], [33]-[35] and [47].

The following identity can be stated:
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Lemma 2. Let f : I — C be n-time differentiable function on the interior I of
the interval I and f, with n > 1, be locally absolutely continuous on I. Then for
each distinct t, a, b € I and for any A € R\ {0, 1} we have the representation

(24) SO ==X f(a)+A ()
53 S50 @) - 0+ (1) A ) (60— 1))
k=1 "

+ Sn,)\ (tv a, b) ’
where the remainder Sy, x (t,a,b) is given by
(2.5) Sp (t,a,b)

= om0 [ e - as

~ ol
! 1
+(=D)" T A (b - t)"“/ FOD (1= s)t + sb) s"ds} .
0

Proof. Using Taylor’s representation with the integral remainder (2.1) we can write
the following two identities

@6 FO=Y Y@= [ @) ar
k=0 " TJa
and

- (—1)k (k) k
@7 fO=> P Oe-1"+

k=0

(—1)n+1 /b f(”+1) (1) (r — t)" dr

n! ‘

for any ¢, a, b € I.
For any integrable function h on an interval and any distinct numbers ¢, d in
that interval, we have, by the change of variable 7 = (1 — s) ¢+ sd, s € [0, 1] that
1

/dh(T)dT:(d—c) h((1—s)c+ sd)ds.

0

Therefore,

[ s ey ar

’ 1
= (t—a) / OV (1 =s)a+st)(t—(1—s)a—st)"ds
0
=(t—a)"™ /1 fOD (1= s)a+st)(1—s)"ds
0

and

/ " (1) (7 0" dr

t

:(b—t)/olf("“)((1—s)t—i—sb)((l—s)t—i—sb—t)"ds

1
=(b-t)" / FOFD (1 = s) t + sb) s"ds.
0
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The identities (2.6) and (2.7) can then be written as
1
(28) F@&)=> %@ -af
k=0
1 1
+=@t—a)"" [ Y (1 —s)a+st)(1—s)"ds

n! 0
and
(D" (k) ok
(2.9) fty=> M me-1
k=0 )

n+1 1
+ (=)t %/ FOFD (1 = s) t + sb) s™ds.
: 0

Now, if we multiply (2.8) with 1 — X\ and (2.9) with A and add the resulting
equalities, a simple calculation yields the desired identity (2.4). |

Remark 1. If we take in (2.4) t = “7“’, with a, b € I, then we have for any
A€ R\{0,1} that

210 7 (5) =0-Nr@+Ar0)

t2 ﬁ [(1=2)£9 (@) + (~1)F A ©)] (0 - 0)
k=1 '

+ Sn (a,b),
where the remainder 5‘,17)\ (a,b) is given by
(2.11) Sy (a,b)
— 1 n+1 ! (n+1) a+b "
= gt 0= Ja=n [ (0= ga e -

1
b
+ (=)™ )\/ forty ((1 —5) % + sb) s”ds} .
0
In particular, for \ = % we have

i) (1) L0

’ ; ﬁ {f(k) (a) + (—1)" f® (b)} (b—a)*

+3S, (a,b),

where the remainder S, (a,b) is given by

(213) 8, (a,b)
1
= szn! (b—a)"*! UO Flrt ((1 - s)a+sa;b> (1—s)"ds

1
+ (_1)n+1 / foty ((1 —8) aro —2|_ b + sb> s”ds} )
0
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Lemma 3. With the assumptions in Lemma 2 we have for each distinct t, a, b € I

1 (b—1)(t—a)

(2.14) f(t) = [(b=1) fa)+(t—a) fF (Ol + ———

b

n

3 2 - @) O @)+ () - )

k=1
+ Ln (t7 a, b) )

where
() = O p D oy /f"“ ~S)atst) (1 s)" ds
)" —p)" (D) (1 — s sb) s"ds
)T t)/of (1 s)t+ sb) d}
and
Q1) FO)= (- a) @)+ (b1 FO)
e S Lm0 9 @+ (1 -0 9 )
k=1 "
+Pn(t>a7b)a
where
1
Fu(t a,b) = ﬁ [@ —a)"*? / FO (A~ s at st) (1 - s)" ds
SO [ (1) s
0
respectively.

The proof is obvious. Choose A = (t —a)/(b—a) and A = (b—1)/(b—a),
respectively, in Lemma 2. The details are omitted.

Corollary 1. With the assumption in Lemma 2 we have for each A € [0,1] and
any distinct a, b € I that

(2.16) F((1—=A)a+Ab) = (1—\)f(a)+Af(b)+A(1—N)
x kf: % [A’“_lf(k) (@) + (—1)F (1 = Nt (b)} (b—a)* + Sy (a,b),
=1

where the remainder Sy x (a,b) is given by

(2.17) Sn.x (a,b)

i' (1=XA0b—a)"™ [)\" /1 FOHY (1= sA)a+ sAb) (1 —5)" ds

+ (=)™ / FOD (1 —s—=A+sX)a+ (A+s—s\)b)s"ds| .
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We also have
(2.18) f((1=XNb+Xa)=(1—=X)f(a)+ Af (D)
+ Z T [(1 — )\)k-&-l f(k) (a) + (_1)k )\k+1f(k) (b)} (b— a)k + Py (a,b),

where the remainder P, x (a,b) is given by
(2.19) P, (a,b)

= L p— gyt [(1 — )"t /1 FOD (A= s+ As)a+ (1—N)sb) (1—s)"ds
0

n!
1
+ (=)™t A"”/ FOD (1= s) Xa+ (1 — X+ As)b) s"ds| .
0

Remark 2. The case n = 0, namely when the function f is locally absolutely
continuous on I with the derivative f' existing almost everywhere in I is important
and produces the following simple identities for each distinct t, a, b € I and A\ €

R\ {0,1}
(2.20) F#) =@ =A)f(a)+Af(b) +5x(t,a,b),

where the remainder Sy (t,a,b) is given by

(2.21) S (t,a,b) = (1 — A) (£ — a) / £ (1= s)a+ st)ds
- ft/f $)t + sb) ds.

We then have for each distinct t, a, b € I

(222)  f)= (6= 0@+ —a) f O]+ L(ab),

where

(2.23) L(tab)
= b-tt-a [/f s)a+ st) ds—/f (1—s)t+sb)ds

and

1

(2.24) )=

[(t—a) fla)+(—1)f ()] + P(tab),
where

(2.25) P (t,a,b)

_ b —azl’—sass——zl’—s sb) ds
s |- [ - sersas- o0 [ =gt
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3. GENERALIZED REVERSE TRAPEZOID TYPE ESTIMATES

Assume that p, ¢ € P and there exists the constants 0 < r < 1 < R < oo such
that

(z)
(z)

LS

(3.1) r < < R for p-a.e. x € Q2.

3

We consider the following divergence measures

k
(3.2) Dyk . (p,q) = /Q Wdu () > 0for k € N,
and
k
(3.3) Dp .k (p,q) == /Q (Rp;i)_l_(i)(x)) dp(z) > 0for k € N.

We have the following approximation of the divergence measure using a reverse
generalized trapezoid rule:

Theorem 4. Let I be an open interval with [r, R] C I as above, f : I — C be n-time
differentiable function on I and f™, withn > 1, be locally absolutely continuous on
1. Then for any p, q € P satisfying the condition (3.1) we have the representation

(34)  Iy(p,q)
A-nfr)+@R-1)f(R)

R—r
I 1
+ k; AP @) Dy (0.0) + ()" FP (R) Dpens (pr9) |
+ Qf,n (p7 q)

and the reminder Q¢ (p, q) is given by

35 Q) = s l [re (29 )"

)
(] (oo ) a)as
e [ o (r- 1)

p(z)

([ 70 o ) )]

-~
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Proof. From the equality (2.15) we have for ¢t = M, a =1 and b = R that

Fe)
o5 1 (50)

~ 7= |G )0+ (2 1) )

R : ;

k=1

30
where
(3.8) P, (Zgg,r,R>

~ () [ (o) u-are

p(z) p ()

+ (=~ (R - qu))"“ /01 FtD) ((1 _g) 2@ SR) s"ds] :

and z € Q.
If we multiply (3.6) by p (z) and integrate on 2, then we get

39 [r@r (1) auw

FE0 0w [ e (1) g, (x)} +Qra (0.0)
_0-nf+R-DIR)
R—r
- kzkl, {f(’“) o [ pe (144 —r)kﬂ au (2)
He0 0w [ e (1) g, <x>} +Qra ().



NEW APPROXIMATION OF f-DIVERGENCE MEASURES 11

where

Qfn (p,q) = /Q p(z) Py (Zggm R) dp ()

o

(Lo e

o ot )
a(z)
p (@)

([ (a3 om) o) anco]

Corollary 2. With the assumptions of Theorem 4 and if f+1) € Lo [r, R], then
we have the following bounds for the reminder

(3.10)  |Qf.n (p, Q)|

( ) _ e (n+1)
< GTES [/ @ (5 ) e sy 2
q n+1) T
0 (1)1 )
< W fo+n ‘[ oo [ (p,q) + D vz (. q)]
2 n+1 n
= (n+1)' f( ' )H[nR],oo R_T) o
Proof. From (3.5) we have
n+2
SR | E
' q(z)
(1 s)r—i—sp(x))( ) ds|du(x)

+/ o ><R—ziz§>"”
+1)<
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< Vg”(x) GeR >+
<[ e ((1 — )+ ;Exi)\ (1 )" dsdp ()
RIS

X /01 Foty ((1 —5) 4(2) + sR)

p(x)

s dsdp (o)

We also have

1
) ((1—s T+sq($)> 1—5)"ds
[l (a9 0=
< essup | Y ((1 )r—i—sq(x)) /1(1—3) ds
 s€f0,1] p(z) 0
1
— (n+1) < = || f(nt1)
=t s < g 1)
and
! q(z)
/ ftD ((1—3) —|—sR> s"ds
0 p(2)
q(x) '
< essup | (Y ((1— s) —= + R) / s"ds
s€[0,1] p( ) 0
1
_ (n+1) PR e
=l e g < 7 17

for z € Q.
Therefore,

Ly (p,q)

T e 1
S(n+1)11( )Vp(x)(%_ ) Hf( +>H%R (@)
+ [ p) (R ;ﬂ ) TR PR du(w)]

(n+1) (R—r) Hf( Y H[ ,R],00

| [ o (4@, e PR LCOD R
/Q <pw > ( p(z)

| /\

[r,R],00

[r,R],00
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- (n+1)!1(R—r) Hf("m
= (n—|—1)!2(R—r) Hf(nm
B (n—i2-1)! Hf(nﬂ)

[Dynt1 .1 (@) + D yntz (p, )]

[r,R],00

R—r)""?
[r,R],00 ( )

R—r)"t.
[T‘,R],OO( )

By making use of (3.11) we get the desired result (3.10). O

We consider the divergence measures

(g (x) = rp(@)" "
pn+1/s (SC)

(3.12) Dynt2s1/s , (P, q) = /Q dp(z) >0forneN, s>1

and

(3.13) Dy yni2s17s (D, Q)
_ / (Rp (.’L‘) —q (.13))”+2+1/S
Q

pn+1/s ({E)

du(z) >0forn eN, s> 1.

Corollary 3. With the assumptions of Theorem 4 and if f™+t1) € L, [r, R], with
s, q>1, and % + % =1, then we have the following bounds for the reminder

(3.14) Qs (P, )]
1

(gn+ )Yl (R —7)

<

T n+2+1/s

X l/ﬁp(aﬂ) (ngi _r) +2+ Hf(n+1) o] du ()
2\ 24+1/s

oo (2-55) S e 523 s (m)]

< I !
(gn+1DYnl(R
X [Dxn+2+1/5¢ (p, q) + DRX””“/S (pa Q)]

< [ s
(gn + 1) nl

Hf(n+1)
—7)

[r,R],s

R—7r n+1+1/s )
[T,R],S( )

Proof. Using Holder’s integral inequality for s, ¢ > 1 and % + % =1, we have
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Flr ((1—7)r+7q(x)> S s

p(z)

T) (qn1+ 1>l/q
- (qn+1 1 (%g )/ A ()
1/s
(qn _:1)1/‘1 (;Eg B r) Hf(nﬂ) H[T,R],s

and, similarly

/

s (0-n L8 4 7)) |

1/s
=l +11>1/q (R‘ ZED 17 Dy .

1/s
< 0 5w) B,

for x € Q.
Therefore

o< e i)

1 (q(w)

(gn+1)"* \p(2) n 3]s

oo (- 1)

)
- 1/s
o (5 g, )

X
_ 1
C(gn+DYIRI(R - 1)
T +2+1/
[ (8 o] g 0
+2+1/
o[ (- 2) T ey o)
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< 1
~ (gn+ 1)1/qn! (R -

Y l [re (45 -1) T ) + IREICE ;Eg)"%/s dan <x>] 7

which proves (3.14). O

H (n+1)

[r,R],s

4. GENERALIZED TRAPEZOID TYPE ESTIMATES

Assume that p, ¢ € P and there exists the constants 0 < r < 1 < R < oo such
that

(4.1) r< 1)

< R for p-a.e. x € €.

We consider the following divergence measures

(42) Daern(poa) im /Q (Rp (2) — q (@) (¢ (z) — rp (2))" du(z) > 0for k€ N,

p* (z)
and
k
19 Duvetpy = [ B GO =0 gy g

We have the following approximation of the divergence measure using a gener-
alized trapezoid rule:

Theorem 5. Let I be an open interval with [r, R] C I as above, f : I — C be n-time
differentiable function on I and f), withn > 1, be locally absolutely continuous on
I. Then for any p, q € P satisfying the condition (3.1) we have the representation

(4.4) Iy (p.q)

C(R-1f)+ (1= f(R)
R—r

n

Z % [f(’“’ ) Dy (, @) + (=1 £&) (R) Dy . 1 (. q)

+ Tf,n( p,q )
and the reminder Ty, (p, q) is given by

45 T = [pe 2, (DD R) o

= o (56 (465 )
x (/01 FotD) ((1 — s+ Siﬁg) 1-s)" ds) dy ()
re o (n-25)" (43 )

x (/01 FotD) ((1 — %) Iq)gg + sR> s"ds> dy (cr:)] .

n+1
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Proof. We use the identity 2.14 in Lemma 3 in the following form

1
Ly, (t,a,b) := m {(b —t)(t—a)" /0 FOY (1= s)a+st) (1 —s)"ds

+ (=) b —t)"T (t —a) /1 FOHD (1= s)t + sb) s™ds
0

If we take in these equalities t = %, a =1 and b = R, then we get

p
s () G ) o
v (= 28) (5 o) o ) 42 ().

where

0 p(z)
s (e35) G5 )
X ) ftD <(1 —s) ]qjgi; + SR) s”ds]

and z € Q.
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If we multiply (3.6) by p (z) and integrate on 2, then we get

L@ (55) dute)

:R% [(Rp(x) — q () f (r) + (¢ (z) — rp (2)) f (R)] dp ()
rJa

+ Tf,n (p, Q)
(R-1f()+ -1 F(R)

n

bt 3 (9 0) Do () + (<) FO (R) Do (0 9)]
k=1

+ T (ps q)

where

Ty () = [ 90 Lo (15 ) (o)
= oo (-5 (43 - )
</ f(”“)<1 $)r+s x)> (1—s)" ds>
e [ (n-25) <§éz%—r>
(e (g von) ) e

which proves the theorem. (Il

Corollary 4. With the assumptions of Theorem 4 and if f+1) € L [r, R], then
we have the following bounds for the reminder

(4.6) |Ts,n (P, Q)|
(n+1
X X nt
x{/gp ) (a3
@\ (¢@) -
AL )(RZ@c)) (f?(x)r) f”)!!mﬂ]m]




18 S.S. DRAGOMIR

1
< (n+1) ‘ Dan Dan )
N (n+1)!(R*T) f [r,R],00 [ ontinR (p,q)+ wrthrR (p, q)]
1
<~ (R—m)|fm+ ‘ Dy, D
= 4(n+1)! (R—mr)||f [T’R]’OO[ xtr (P,@) + Dryn (P, q)]
1 n+1 (n+1) ’
< — .
~2(n+1)! ( ) f [r,R],00

Proof. We have

T (p;q)|

p
X ftn <(1 —5) a(x) + sR) s"ds

<
o3 G )
o (n-22) " (5 )

DS S
=+ DI(R-7)

(
[Dq)"‘*'l,r,R (p7 q) + D‘I’"+17T'7R (p’ q)] :

f(n+1) H
[r,R],00

Further, by using the elementary inequality

aﬂgi( —a)?, a, >0
we have
Doweirnlpa) = [ po(r-H3) (45 —7">n+1du («)
= fre(r-55) Ge ) (@) we
< 1= [ 5o (82 r) dw
= L(R=1) Dy, (.0)
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and
Duirntva) = [ o (r- 1) (1D Y gy
i (15 (25 ) (129 e
< -0 [ v (-2 duia)
= % (R—7)" Dy (p4)
which completes the proof. O

5. APPLICATION FOR KULLBACK-LEIBLER DIVERGENCE

Consider the logarithmic function f (t) = —1Int, ¢ > 0. Then

I (p,q) = —/Qp(SC) In [zgg} dp (z) = Dk (p. q)

for p, g € P.
‘We have

k
f(k)(t):W’ keN, k>1

and for [a,b] C (0,00),

Hf(n+1)

1 n!
== sup ‘f("H) t ‘zn! sup { }Z —3
[a.bl.oo  tefab] Q tefap LT antl

1 1
b = b 5
a dt
— (n+1) —nl _
[a,b],c ’ (/a f (t)’ dt) " [/a t(n+1)a‘|

b(n-‘rl)a—l _ a(n-i—l)a—l =
|:[(TL + 1) a — 1] b(n+1)a1a(n+1)a1:|

and for a > 1

Hf(n«kl)

Assume that p, ¢ € P and there exists the constants 0 < r < 1 < R < oo such
that

rgwgl{foru-a.e.xeﬂ.

p(z)
Using the identity (3.4) we get
(5.1)  Diw(pg)=In[r~ 07 R

1 &1 [(=D)* 1
N R
k=1

+ Qf,n (P, q)

+
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and the remainder satisfies the inequality (by (3.10))

(5.2) |Qn (p,q)] <

1
(n+1)r"t (R —r)

()

[Dyn+2 . (p,q) + Dp yn+2 (p,q)]

and, by (3.14), the bound
(53)  1@n(p,9)l

1 R(+1)s—1 _ p(n+1)s—1 s
< T e bR
[Dynssse . (9, q) + Dgynsrzirss (p,q)]

9 R(n+D)s—1 _ p(n+1)s—1
(gn + 1)"/1 {[(n +1)s — 1] Rin+Ds—1p(n+1)s—1

X

<

Wheres,q>1with%+%:1.
Using the identity (4.4) we have

(54) D (pq)=In [r= =0 R=07)]

R rk R
+ T (p,q)

1 &1 (=1 1
+ —r;% Dgr . (:q) + o5 D r (P, 0)

and the remainder satisfies the inequality (see (4.6))
(5.5)  |Tw(p,9)l

(1]
2]
(3]
(4]

(5]

[6]

< 1
~ (n+1)r"tH(R—r) [

Dgn+1,4. 1 (P, q) + Dyn+1 v g (9, q)]

1
<——  __(R- H (n+1) Don s (9.q) + Dpun (p.
— 4(n+1) T.nJrl( T) f [r,R]po[ X", (p q)+ R,x (p Q)]
1 R n+1
< ——+ [ ——1 .
~—2(n+1) (7’ )
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