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SOME IYENGAR TYPE WEIGHTED INTEGRAL INEQUALITIES

SILVESTRU SEVER DRAGOMIR!+?

ABSTRACT. In this paper we obtain some weighted integral inequalities related
to the celebrated results of Iyengar and Ostrowski. Particular cases for some
weights of interest are given as well.

1. INTRODUCTION

In 1938, Iyengar proved the following theorem obtaining bounds for a trapezoidal
quadrature rule for functions whose derivative are bounded (see for example [16, p.
471)).

Theorem 1. Let f be a differentiable function on (a,b) and assume that there is
a constant M > 0 such that |f' (z)| < M,for any x € (a,b). Then we have

b —a)?
[ GRS 0| PRI SR

(1.1) (f (a) — £ (b))*.

Using a classical inequality due to Hayashi (see for example, [15, pp. 311-312]),
Agarwal and Dragomir proved in [1] the following generalization of Theorem 1.

Theorem 2. Let f : I C R— R be a differentiable mapping in f, the interior
of I, and let a, b € I with a < b. Let M = sup,¢jo) f' (¥) < 00 and m =
infyepq, f' () > —00. If m < M, then we have

b
[ 10— -0 L0

[f (0) = fa) =m(b—a)| [M(b—a)—f(b)+f(a)]
2(M —m)

(M —m)(b—a)’.

(1.2)

<

IN

1
8

Thus, by placing m = —M in (1.2) the Iyengar’s result (1.1) is recovered.

As pointed out in [12], it should be noted that Theorem 1 and Theorem 2 are
equivalent, in the sense that we can also obtain Theorem 2 from Theorem 1. Indeed,
we can write the condition m < f'(z) < M for z € [a,b] as |f' (z) — 2| <
2 (M —m) for x € [a,b]. Let g (z) := f (z) — “5Mz and My := 1 (M —m) and if
we apply Theorem 1 for g and My, then we get Theorem 2.

For some Iyengar type inequalities see [2]-[4], [7]-[10], [12]-[14] and [18]-[21].

Motivated by the above results, in this paper we obtain some weighted integral
inequalities related to (1.1), (1.2) and Ostrowski’s result from 1970 regarding an

1991 Mathematics Subject Classification. 26D15; 26D10.
Key words and phrases. Iyengar inequality, Ostrowski inequality, Weighted integrals, Cebysev’s
functional.
1

RGMIA Res. Rep. Coll. 21 (2018), Art. 49, 17 pp.


e5011831
Typewritten Text
Received 17/05/18

e5011831
Typewritten Text
RGMIA Res. Rep. Coll. 21 (2018), Art. 49, 17 pp.


2 S.S. DRAGOMIR

upper bound for the absolute value of Cebysev’s functional. Particular cases for
some weights of interest are given as well.

2. WEIGHTED IYENGAR TYPE INEQUALITIES

In [5] we obtained the following inequality:
Lemma 1. Let h: [a,b] — R be an integrable function on [a,b] such that
—00<y<h(z)<T < oo forae x on [a,b].

Then we have the inequality

(2.1) bla/ub /jh(t)dt—z_Z/bh(u)du

b b —u
(bl /ah(u)du—'y> (F_b—la/a h(u)du)lﬁ_v

=) (b-a),

IN

1
2
_1
=3

with the constants % and % best possible.

Using this fact, we can improve the Agarwal-Dragomir inequality (1.2) and Iyen-
gar inequality (1.1) as follows:

Theorem 3. If f : [a,b] — R is absolutely continuous on [a,b] and there exist the
real numbers m, M with m < f' () < M for almost every (a.e.) x € [a,b], then

(2.2) b di — )f();f()
g/ f(z)_(xfa)f(bgjibfx)f(a) d
<) = fla)=mb—a)][M((®—a)—f(b)+f(a)]
- 2(M —m)
1
<g (M- m) (b—a)*.

If |f' ()] < M for a.e. © € [a,b] with M > 0, then

(2.3) Hat - (- a) LD
(x—a)f(b)+ (b—x) f(a)
g/a f(z)— i dz
M@®b—a)? 1 M (b—a)?
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Proof. We observe that, if we take h (t) = f’ (¢), then

T —a b T T —a b
/lﬂﬂﬁ—i_a/iMWMFi/f%ﬂﬁ—b_a/anMu
= @)= f(@) = T [F () — £ ()]
_ (z—a)f(b)+(b—z)f(a)
— (@)~ —

and by (2.1) we get

(2.4) bialb

F@) - (x—a)f(b)+(b—=)f(a)

dx
b—a
1 (f(b)—f(a) fO)—fla)) b—a
<2( b—a )(M b—a )Mm
<M -m)-a),
provided m < f/ (z) < M for a.e. x € [a,b].
By the properties of modulus and integral we also have
b —a —x) f(a
25 [ro-E=as® 0@,
’ P—a)f(O)+(b-2)f(a)
>\ [ @i [ )+ s
b a
= / fz)de —(b—a) 7f( );f(b) ,

which completes the proof of (2.2).

O

In order to extend the Iyengar type inequalities presented above for weighted

integrals, we need the following result as well:

Lemma 2. Let h : [a,b] — [h(a),h (b)] be a continuous strictly increasing function
that is differentiable on (a,b). If g : [a,b] — R are absolutely continuous on [a, b]

and there exist the real numbers k < K with

)
(2.6) k< W (@) < K for a.e. x € [a,b],

then we have

b
en |[ son ®a- 0o - b LT
b o a B u
S/fm*ﬂW)h”fgfﬁg Mmﬂ)ywﬁ
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If ‘ Z:E;g < K for a.e. x € [a,b] with K > 0, then we have
28 |[ otn @t 0) iy 10T
’ (h(t)=h(a)g®)+ (h(b) —h(t)g(a)]|,,
SL g(t)_ h(b)—h(a) h(t)dt
< LK () = h(@)* ~ 1 (g () — g @) < 1K (h(B) — h (@)
Proof. We observe that the function f := g o h™! is absolutely continuous on

[h(a),h(b)] and using the chain rule and the derivative of inverse functions we
have

(2.9) (go h_l)/ (z)= (g’ oh™ ") (2) (h_1>/ (2) = m

for almost every (a.e.) z € [h(c),h(d)].
By the condition (2.6) we have
k<(goh™) (2) <K for ae. z € [h(c),h(d)].
If we use the inequality (2.2) for the function f := goh™! on the interval [h (a) , h (b)],

then we get

/h(b) (g . h—l) (2)dz - (h(5) - h () (g o h*l) (h(a)) + (g o h*l) (h (b))
h(a) 2

h(b)
< / (
h(a)

poht) () ER@ gl ) B O) + (h0) =2 (gon™) ()],

= ﬁ [(goh™) (h (b)) = (g0h™") (h(a)) =k (h(b) — h(a))]
< [K (h () = h(a)) — (g0 h=Y) (h (1) + (g b~ (h (@))]
< % (K — k) (h(b) — h(a))?

which is equivalent to

(2.10) / " gon ) @)z - (b @) - (@) L2
h(a) 2
h(b) o h-1) (2 _(z—h(a))g(b)+(h b) — z) g (a) 3
<[ Jeerne 20+ y
§m[g(b)—g(a)—k(h(b)—h(a))][K(h(b)—h(a))—g(b)+g(a)]
< S (K= k) (h ()~ h(a))*.

If we change the variable t = h™1 (2), z € [h(c),h(d)], then we have z = h (),
which gives dz = h' (t) dt,

h(b) b
/ (goh—l)(z)dzz/ g6 () dt,
h(a) a
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MOy oy (@) g () + (A () — ) g(a)|
Juw [l5700 R D)~ h@) !
_ [ (@) —h(@)g®) +(h(b) —h{@)g(a)],,
AL )~ h () i
and by (2.10) we get the desired result (2.7). O

The following weighted integral inequality holds:

Theorem 4. Assume that w : [a,b] — (0,00) is continuous on [a,b]. If g : [a,b] —
R are absolutely continuous on [a,b] and there exist the real numbers k < K with

(2.11) kw(z) < ¢ (z) <w(x)K for a.e. x € [a,b],

then we have

/bg(t)w(t)dt—g(“)“’(b)/bw(t)dt

(2.12) 5

) fiw(s)ds+g(a) [} w
Sy w(@)dt

b b
Sﬁ [g(b)—g(a)—k/a w(t)dt] [K/a w(t)dt — g(b) + g (a)
Sé(ka) (/bw(t)dt> .

If |¢' ()] < Kw (x) for a.e. x € [a,b] with K > 0, then we have

b b
/ag(t)w(t)dt—W/a w (t) dt

</b g () [y w(s)ds+g(a) [} w
~Ja [Pw (t)dt

b 2 b 2
giK(/a w(t)dt) —ﬁ( (b)—g(a))2§1K</a w(t)dt) .

The proof follows by Lemma 2 for h (z) := [ w(s) ds.
a). If g : [a,b] C (0,00) — R are absolutely continuous on [a,b] and there exist
the real numbers £ < K with

w (t) dt

(2.13)

g(t) -

(2.14)

SRES
8 [X

<g' (x) < — for a.e. x € [a,}],
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If |¢/ (z)| < & for a.e. z € [a,b] C (0,00) with K > 0, then we have

(2.16) /ab git)dt_ g(a) -QFg(b) n (2)‘

< iK (m (2))2 - %(g(b) —g(a)*< iK (ln <Z>>2

b). If g : [a,b] — R are absolutely continuous on [a,b] and there exist the real
numbers k < K with

(2.17) kexpz < ¢’ () < Kexpux for a.e. x € [a,b],
b
(2.18) /a g (t) exptdt — M (expb —expa)
| . g(b)(expt —expa) +g(a) (expb—expt)
= /a () (expb—expa) ‘ exp bt
< ﬁ [9(b) — g (a) — k(expb — expa)] [K (expb — expa) — g (b) + g (a)]

1
< g(ka) (expb — expa)®.

If |¢' (x)] < K exp (z) for a.e. x € [a,b] with K > 0, then we have

b
(2.19) / g (t) exptdt — M (expb —expa)

b
</
a

1 2 1 2
< Z _ - — <
< ;K (expb —expa)” — == (9 (b) —g(a))” <
c). If g : [a,b] C (0,00) — R are absolutely continuous on [a,b] and there exist
the real numbers k < K and p # —1 with

(2.20) ka? < ¢’ (z) < KaP for a.e. = € [a,b],

g (b) (expt —expa) + g (a) (expb — expt)
(expb—expa)

g(t)— ‘ exp tdt

K (expb—expa)’.

N



SOME IYENGAR TYPE WEIGHTED INTEGRAL INEQUALITIES 7

then

(2.21)

b +1 +1 +1 +1
g (b) (171 — aP*h) 4 g (a) (1 — )|
S/a (t) — TS —— tPdt
1 pp+1 _ gptl pp+1l _ gpt1
b) — — —g(b
< s 0 a0 - ] [ 0+ a0
1
<sorp KR ET -
b

If |¢' (x)] < KaP for a.e. x € [a,b] C (0,00) with K > 0, then we have

b
b — aPt g (a) 4 g (b)
p —

(2.22) /a g (t)tPdt | 5

b —+1 —+1 —+1 —+1

g () (tP1 — aP™) + g (a) (P — P H)
< /a g (t) - pp+1 — gp+1 tPdt

< LK (bp+1 _ CLzo+1)2_i (g (b) — g(a))2 < ¥K (bp“ _ ap+1)2'
T Ap+1)? AK T 4p+1)’

3. SOME RELATED RESULTS

For two Lebesgue integrable functions f, g : [a,b] — R, consider the Cebysev
functional:

b b b
i L fswa— o [Crar [ gwar

In 1935, Griiss [11] showed that

C(f?.g) =

(3.1) C 9] < 3 (M —m) (N —n),

provided that there exists the real numbers m, M, n, N such that
(3.2) m<ft)<M and n<g(t)<N forae t€]alb].

The constant i is best possible in (3.1) in the sense that it cannot be replaced by
a smaller quantity.
The following inequality was obtained by Ostrowski in 1970, [17]:

1
(3.3) C (£l < g b—a)(M=m) gl
provided that f is Lebesgue integrable and satisfies (3.2) while g is absolutely con-

tinuous and ¢’ € L [a,b]. The constant 3 is best possible in (3.3).
In [5] we obtained the following refinement of Ostrowski’s inequality:
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Lemma 3. Let f, g : [a,b] — R be such that g is absolutely continuous on [a, b
with g’ € Lo [a,b] and f is Lebesgue integrable and satisfies (3.2), then

(ﬁfabf(t)dt—m) (M—ﬁf:f(t)dt)
M—-—m

N

(34) 100l < 5b-a)dl

IN

S 19l (b~ ) (O —m).

As a particular case of this inequality that may be seen as a perturbed Iyengar
type inequality, we have:

Corollary 1. If f : [a,b] — R is absolutely continuous on [a,b] and there exist the
real numbers vy, T' with v < f” (x) <T for almost every (a.e.) x € [a,b], then

a b
as) (LD Le—gre-se- 2 [ roa
1 (B ) -
4 -~
<G l-a -7,
In particular, if |f" ()| < T for almost every (a.e.) x € [a,b], then
b
so (LY Le-gre-se- L [ roa
1 1 ., , 2
<M aP - L1 0) - (a)
<lp—ar

8
Proof. Using (3.4) for f” and g (t) := 1 (t — a) (b — t) with x € [a, b], then we get

b
(3.7) ﬁ/@ (t—a)(b—1t)f"(t)dt
b b
2(b1—a)/ (t—a)(b—t)dtﬁ/ £ () dt
s Jo @) dt— ) (T = g2 [) 7 () dt
< 51 e (0= ) G P)_(7 : )
< 19 Ny (b= @) (T =),
We have

b
/ (t—a) (b—1) f" (1) dt

§<ta><bt>f'<t>|ZLb(a+bt> £(e)at

N | =

2
:/ab <t_a;b)f,<t)dt:W(b_a)_/abf(t)dt
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and
b 2 2 b
/(t—a)(b—t)dt:a ;Lb (b—a)—/ 2dt
a2+62 b3—a3
=y 09Ty
a®>+b b>+4ab+a® 1 3
—(b—a)[ 5 2 ]_6(6—(1)
then
1 b
- _ _ 1
s | =0 ma

b b
—ﬁ/ (t—a)(b—t)dtﬁ/ £ () dt

b
MO [ o G 0- ol 6)- £ @),

2

Also ¢’ (t) := %% — ¢, which gives 19"l 5,00 = 1 (b—a) and by (3.7) we get
(3.5). O

Consider now the weighted Cebysev functional

(38) Cu(f,g):=

1 b 1 b
_fabw(t)dt/a w(t)f(t)dtw/a w (t) g (t)dt

where f, g, w: [a,b] — R and w (t) > 0 for a.e. t € [a, ] are measurable functions

such that the involved integrals exist and f; w(t)dt > 0.
We can also define, as above,

1 b
B9 Cn (1) = ey |, [ Os W O
1

1 b ) b /
_m/a f@h (t)dtm/a g (t) R (t)dt,

where h is absolutely continuous and f, g are Lebesgue measurable on [a,b] and
such that the above integrals exist.

Lemma 4. Let h : [a,b] — [h(a),h (b)] be a continuous strictly increasing function
that is differentiable on (a,b). If f is Lebesgue integrable and satisfies the condition
m < f(t) <M fort € [a,b] and g : [a,b] — R is absolutely continuous on [a,b] and
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% is essentially bounded, namely z—l, € Lo [a,b], then we have

/

310) (Cu (f.9) < 5 100) - n(@) |2
(Wfbf(t)hl(t)dt_m) <M R(b)— ha)ff )dt)
8 M —m
1 g
< g -h@ar—m|f]

The constants % and % are best possible.
Proof. Since % € L [c,d], hence (go hil)/ € Lo [R(c),h(d)]. Also
[(gony

Now, if we use the refinement of Ostrowski’s inequality (3.4) for the functions
foh tand goh~! on the interval [h(a),h (b)], then we get

g

hl

[h(e).h(d)]00 ‘ le.d],00

h(b)
(3.11) m/h foh Yu)goh (u)du

(a)

B 1 h(b) . h(b) .
o) - h @) /Cuw foh <“)d“~4;a> goh (u)du

< % (h(b) — h(a)) H (goh™)

H[h (c), h( )] 00
h(b) h(b)
y (h(b ~h(a) fh(a foh™t(t)dt - m) (M RB)—h(a) h(a) fh(a) f(t )
M—-—m
1

< S ®) = h@) (M —m) |[(gon)

since m < foh™1(u) < M for all u € [h(a),h (b)].
Observe also that, by the change of variable t = h=! (u), u € [g(a),g (b)], we
have u = h (t) that gives du = A/ (t) dt and

[ mon v

h(b)
A@gm Um:L g ()1 (1) dt,

h(b) b
/ foh_l(u)goh_l(u)du:/ fF@)gt)n (t)dt
h(a) a

[h(a),h(b)],00

and
/

9

hty =
H(go ) [h(a),h(b)],00 ‘h’ [a,b],00

By making use of (3.11) we then get the desired result (3.10).
The best constant follows by the refinement of Ostrowski’s inequality (3.4). O
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Ifw:
W : [a,b] — [0,00), W (z) :
(a,b) . We have W' (x)

Jow

Theorem 5. Assume that w : [a,b] —

Lo [a,b], then we have
1 g
(3.12)  [Cu (fi9)] < m w N
(a0
Jow (WS

The constant % 18 best possible.

11

[a, b] — R is continuous and positive on the interval [a, b] , then the function
(s) ds is strictly increasing and differentiable on
=w (z) for any = € (a,b).

(0,
integrable and satisfies the condition m < f(t) < M fort € [a,b] and g :
R is absolutely continuous on [a,b] with % is essentially bounded, namely 2

00) is continuous on [a,b], f is Lebesgue
[a,b] —
S

fo

I () )/abw(s)ds

! b
g - / w(s)ds.
a,b],co Y a

QM mﬂ

Remark 1. Under the assumptions of Theorem 5 and if there exists a constant

K > 0 such that |g’ (t)] < Kw (t) for a.e.

(3.13) |Cu (f

1
ag)‘ﬁmff

X(ﬁfmqut
f;w S

(s) ds

=07 (1), te fab]

_m><M_

t € [a,b], then by (3.12) we get

Pr@ywydt b
f;w(s)ds >/u ws)ds

b
S%(M—m)K/a w (s)ds

(0,00), where ¢ (t) = t, define

(3.14) Cos (f,9) l/f

Ifmgf(t)ngorte[cub]andg.

(3.15)  |Cp-r (£, 9)

b f(t
S A~

a

(w5

1 br@) . 1
Lt 1n<s)/a £ (D)

[a,
with £g’ is essentially bounded, namely £g’ € Lo,

Abgfhw

b] — R is absolutely continuous on [a, ]
[a,b], then we have

1 /
< B 149" 1 1a,01,00

b). For w (t) = expt, ¢ € [a,b], define

b
(3.16) Con (9) = o= [ 190

1 b
- t
epr—expa/a 1)

’@(M‘mé>
Na

b f(t
[ fa)
(2
a

m

b
16 1010 5

exp tdt

1 b
exptdt——— / g (t) exp tdt.
expb—expa J,
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Iftm < f(t) < M for t € [a,b] and g : [a,b] — R is absolutely continuous on [a, b]
with ng is essentially bounded, namely ei—p € L [a,b], then we have

(3.17) |chp (f,9)l
Jf®ewtdt N (o @ exwtdr
[a,b],00 \ €XP b—expa expb—expa

1
X (expb — expa)

/

9

D
~2(M —m) ||exp

/

9
exp

(expb—expa).

1
< (M -m)
8 [a,b],00

c). Forw(t) =¢P(t), t € [a,b] C (0,00), where £ (t) =t and p # —1, define

b
(318) Cu (f.9) ::#/ 1P F () g (£) dt

apt1

p+1 bP p+1 bp
_W/(;tf(t)dtm atg(t)dt

Ifm< f(t) <M fort€ [a,b] and g : [a,b] — R is absolutely continuous on [a, b]
with ¢’¢7P is essentially bounded, namely ¢'¢~? € L, [a,b], then we have

bPt — P ' p

p+1 p+1
X<bp+1 ap+1/f t)trdt — )(M T ap+1/f t%)

pPL — gP Tt
< 7
- 8(p+1)

(3.19)  [Cw (f,9)

(M —m) [lg"C"[] .
We have:

Lemma 5. Let h : [a,b] — [h(a),h (b)] be a continuous strictly increasing function
that is twice differentiable on (a,b). If g : [a,b] — R has an absolutely continuous
derivative on [a,b] and there exist the real numbers n < N with

(3.20) 6 < 9" (@)W (z) — g’ (x) h" (2)

< ® for a.e. x € [a,b],

[ ()]
then we have
g9(a)+g(b)
(3.21) 5
1 g (b) ¢ (a) 1 ’ 1
12 00 =@ |35~ 5|~ i [ o0 0
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In particular, if

(3.22) g (@) I ([J;l, (—w)g]’g(m) W () < ® for a.e. x € [a,b]
then
o2y [Ll)200)
1 "(b)  ¢'(a) 1 ’ -1
~ 40 =00 |65 - ] - e [ 0
1 1L [g) g7
< §0h0) -l - o[£ - 2]
< sh®)-h@Pe
Proof. We observe that the function f := g o h~! has an absolutely continuous

derivative on [k (a),h (b)] and using the chain rule and the derivative of inverse
functions we have

(gon™)" (=) = (Ei ) 8)
(¢ o h ™) (2) (Woh ) (2) = (¢ o) () (W o h™1) (2)
(A 0 h=1) (2)]
D (W h 1) ()~ (g 0 ) () o))
(W o h=1) (2)]?

(g” o h_l) (2) (h' o h_l) (z) — (g’ o h_l) (2) (h” o h_l) (2)
(W o h=1) (2))°

for almost every (a.e.) z € [h(a),h (b)].
If x € [a,b] and we put z = h (z), then

(goh™)" (h(z))
(9" o h™1) (h(2)) (W o h™1) (h(z)) = (¢’ o b 1Y) (R (z)) (R o K1) (h())
(W o h=1) ( (x))]
9" (@) W (x) — g’ (z) h" (x)

- ).
pwp 0"
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If we use the inequality (3.5) for f = goh~! and the interval [h (a),h (b)], then we
get

goh~t(h(a)) +goh™" (h(b))

1 " (g oh™ ) (h(0) (¢ oh™")(h(a))
1z (10 = (@) [(h’oh—l)(h(b)) (h’oh—l)(h(a))l
1 R(b)
T @07
< L(h(b) —h(a))” (a))
4 B-
(g0~ 1)(h(b))  (g'0h™")(h(a)) (g'cn™1)(n(b))  (g'oh™')(h(a))
(WD) — (Woh—D(h) _ _ (Woh=O)(R(B) — (Woh=")(h{(a))
( h(b) = h(a) ) ( h(b) — h(a) )
< (B - h (@ (@),
which is equivalent to (3.21). O

Theorem 6. Assume that w : [a,b] — (0,00) is absolutely continuous on [a,b],
g : [a,b] — R has an absolutely continuous derivative on [a,b] and there exist the
real numbers ¢ < ® with

(3.24) o< @@ g @ (2)

w7 () < ® for a.e. x € [a,b],

then we have

g2y [Lta
2
SR LGN AC) [T S—
12 [w(b) w(a)}/a (s)d f;w(s)ds/ag(t) (t)dt

In particular, if

(3.26)
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2 2
1 ’ L[g®) ¢dW@]_1 ’
<-P ds| —— — <=9 d
-8 (/a w(s) S) 8P {w(b) w(a)| — 8 /aw(s) §
a). Assume that g : [a,b] C (0,00) — R has an absolutely continuous derivative

on [a,b] and there exist the real numbers ¢ < ® with
(3.28) $<g"(x)z* +4 (z)z < ® for ae. z € [a,b],
then by (3.25) for w (t) = 1 we get

T

aa) [0 100
1, , b 1 b
,ﬁ[g bb—g (a)a]ln(CL)ln(g)/a @dt
1(n(2)” (¢ )b (@)a g’ ()b—g' (a)a
e Uowey \TT T w0

b). Assume that g : [a,b] C (0,00) — R has an absolutely continuous derivative
on [a,b] and there exist the real numbers ¢ < ® with

9@ =9 @) g prne zela
(3.30) < S forac velo),
then by (3.25) for w (t) = expt we get
9(0) +9(0)
(3.31) ‘2
b
5l B exp (h) = o @exp (<) b= expa) - it s [ g exptar

1 (expb —exp a)’
i D¢
" (9’ (b) exp (=b) — ¢’ (a) exp (—a) _ <b) (Q _ g (bexp(=b) — g’ (a) eXp(—a))

expb—expa expb—expa

IN

< 2 (- 9) (expb — expa)’.

¢). Assume that g : [a,b] C (0,00) — R has an absolutely continuous derivative
on [a,b] and there exist the real numbers ¢ < ® with

g" (x)x —pg' ()
(3.32) ¢ < porEs:

< ® for a.e. © € [a,b], p # —1,
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then by (3.25) for w (t) = tP we get

(3.33) ‘

g(a)+g(b)
2
ppt+l _ gptl , B B p+1 b
“Bprn O s @) - gt o

(bpHt — ap+1)2

P iy
A+ (@ -9)

X<@+1Hdwﬂ”g%@@’?_¢)<¢_@+lﬂd®ﬁ”gwwapd

(1]

pp+1 — gp+1 pp+1 — gp+1

(bt — aP+1)2

2-9) (p+1)°

1
< —
— 16 (
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