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SOME INTEGRAL INEQUALITIES RELATED TO WIRTINGER’S
RESULT FOR p-NORMS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish several natural consequences of some
Wirtinger type integral inequalities for p-norms. Applications related to the
trapezoid unweighted inequalities, of Griiss’ type inequalities and reverses of
Jensen’s inequality are also provided.

1. INTRODUCTION

The following Wirtinger type inequalities are well known

b a2t )
(1.1) /uQ(t)dtg (b—a) /[u'(t)} dt

™

provided u € C* ([a, b] R) and u (a) = u (b) = 0 with equality holding if and only
if u(t) = Ksin [ mt— } for some constant K, and, similarly, if u € C* ([a,b],R)
satisfies u (a) = 0, then

(1.2) / b w2 (t)dt < L’;‘L)Q / ’ ! (4)]° dt.

™

The equality holds in (1.2) if and only if u (t) = K sin [”((z a” for some constant

K.

Forp > 1put mp_q := 2? sin ( ) In [10], J. Jaros obtained, as a particular case

of a more general inequality, the followmg generalization of (1.1)

(1.3) /|u |pdt< /|u (t)|" dt
p 1

provided u € C*([a,b],R) and u(a) = u(b) = 0, with equality if and only if

u(t) = Ksin,_; W”%(Z_a)} for some K € R, where sin,_; is the 2m,_;-periodic

generalized sine function, see [17] or [5].
If u(a) =0 and u € C* ([a,b], R) then

(1.4) /|u |pdt< /| )7 dt
p 1

with equality iff u (¢) = Ksin,_q [””2‘(;)7(_:)‘1)] for some K € R.

The inequalities (1.3) and (1.4) were obtained fora =0, b=1and ¢g=p > 1in
[16] by the use of an elementary proof.
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For some related Wirtinger type integral inequalities see [1], [2], [4], [8], [11], [10]
and [14]-[16].

Motivated by the above results, in this paper we establish some natural con-
sequences of the Wirtinger type integral inequalities for p-norms (1.3) and (1.4).
Applications related to the trapezoid unweighted inequalities, of Griiss’ type in-
equalities and reverses of Jensen’s inequality are also provided.

2. SOME APPLICATIONS FOR TRAPEZOID INEQUALITY

We have:

Proposition 1. Let g € C'([a,b],R). Then for p > 1 we have the trapezoid in-
equality

(2.1)

b
TURSTCR

1/p
b—a
S 20 1), ( /|g a+b0'> |

In particular, for p =2, we have [7]

IGETICR Wy P

2 b—a
1/2
<! ( /'w a+b—w|> .
—Cl

Proof. If g € C'([a,b],R), then by taking

(2.2)

g +glatb-1) g(a)+g(d)

u(t) = 5 5 , t€la,b]
we have u (a) = u (b) = 0 and by (1.3) we have
(23) /b g(t)+g(2a+b—t) B g(a)-;g(b) ?
< oD —bl_;’wp 1/ g ()~ g (a+b-1),

namely

2.0 ( /:

g(t)+gla+b—t) g(a)+g(d)
2

p>1/p
1/p
(b—a) /
< g@t)—g (a+b—t .
T 1/p ( I )|>
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By Holder’s integral inequality we have for p, ¢ > 1, Il) + % =1
g(t) +tgla+b—1t) g(a)+g(b)'dt

SO ECERT :
< (/abdt>l/q (/b
_ (b_a)l/q (/ab pdt> 1/p

p 1/p
:(b_a)l—l/p(/b 9()+glatb—1) g(a)+g() dt) |

By making use of the properties of modulus and integral, we also have

g +gla+b-1) g(a)+g(®)
2

» 1/p
dt>

g@t)+glat+b—t) g(a)+g(d)

2 2

(26) /ab g(t)+g(2a+bt)g(a);g(b)’dt
. /:[g<t)+g<2a+b—t>_g(a);g(b)} i
_ /abg(t)dtg(a);_g(b) (b—a)|.
By making use of (2.4)-(2.6) we get the desired result (2.1). O

Further, we have:

Proposition 2. Let g € C([a,b],R). Then for p > 1 we have the trapezoid in-
equality

(2.7)

b
TURIOR Y

b—a L e —g@
< PR (b_a/a O dt) :
In particular, for p =2, we have [7]
b
on [10290 1,
1/2
< b;a (bia/b g’(t)—g(bz_i(“) 2dt> .
Proof. If g € C*([a,b],R), then by taking
ey 2OO=D O =)

b—a



4 S.S. DRAGOMIR

we have u (a) = u (b) = 0 and by (1.3) we have
b P
2o [

9@ b=t+g®)E-a)l

g(t)—

b—a
e o
which gives that
( b (@) (-1 +gb)(t—a)] )”p
(2.10) / g(t) - A dt
g(b) —g(a)

_ b—a /”
B (pf 1)1/p7rp—1 a

By Holder’s integral inequality we have for p, ¢ > 1, % + % =1 that

b
(2.11) / a(t) -

([« ([
=(b—a)1 (/ab

By making use of the properties of modulus and integral, we also have

g(a)(b—1t)+g(b)(t—a)

g(a)(b—1t)+g(b)(t—a)

A dt

gla)(b—1t)+g(b)(t —a)
b—a

g(t)—

b
(2.12) /g(t)— — dt
b - —a
| [ oty - 0= a0,

b
/ g(t)dt—M(b—a) .

By making use of (2.10)-(2.12) we get the desired result (2.7).

We also have:

Proposition 3. Let g € C([a,b],R). Then for p > 1 we have the inequality

b;a/abg(s)ds/abtg(t)dt

(b—a)® 1t
- (p—1)"P s (b_a/a

(2.13)

P 1/p
dt> |

b
9) - 5= [ ats)ds

a
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In particular, for p =2, we have [7]

b b
(2.14) b;“/ g(s)ds—/ tg (¢) dt

_a)? b b 2
< (b — ) {b_la/a g2 (t)dt — (b—la/a g(s)ds) }

Proof. Assume that g : [a,b] — C is continuous, then by taking

1/2

t g [P
u (t) ::/g(s)ds—ti g(s)ds, t € [a,b]

b—a J,

we have u (a) = u (b) = 0, u € C1([a, b],C) and by (1.3) we get

/ab /;g<s>ds—2jj/:g<s>ds

This is equivalent to

(2.15) (/b /:g<s>ds—ZjZng<s>dspdt>l/p

P 1/p
b—a b 1 b
<(p—1)1/p7rpl</a 900 = 5= /ag(S)ds dt) ,

a
By Hoélder’s integral inequality we also have for p, ¢ > 1, % + % =1 that

(2.16)  (b—a)*/ </ab /:9(5)‘13—Z__Z/abg(s)dspdt>l/p
z/ab (Ltg(S)ds—z:Z/abg(s)ds>
/ab (/atg(S)dsZ_Z/abg(s)ds) .

dt

>
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Observe that, integrating by parts, we have

— b—ga/abg(s)ds/abtg(t)dt.

By making use of (2.15)-(2.17) we get the desired result (2.13). O

3. INEQUALITIES FOR THE CEBYSEV FUNCTIONAL

For two Lebesgue integrable functions f, g : [a,b] — R, consider the Cebysev
functional:

b b b
i L S0 o [ roa [ g

In 1935, Griiss [9] showed that

(3.1) C(f,9) =

1
(3.2) IC(f,9)l < 7 (M —m) (N —n),
provided that there exists the real numbers m, M, n, N such that
(3.3) m<ft)<M and n<g(t)<N forae t€]alb].

The constant % is best possible in (3.1) in the sense that it cannot be replaced by
a smaller quantity.

Another, however less known result, even though it was obtained by Cebysev in
1882, [3], states that

(3.49) O 9)] < 75 (b= |7l el

provided that f’, ¢’ exist and are continuous on [a, b] and || f'|| , = sup,e(q4 [f' ()] -
The constant 1—12 cannot be improved in the general case.

The Cebysev inequality (3.4) also holds if f, g : [a,b] — R are assumed to be
absolutely continuous and f', ' € Lo [a,b] while ||f'[| = essup,e(q 4 [ ()] -

A mixture between Griiss’ result (3.2) and Cebysev’s one (3.4) is the following
inequality obtained by Ostrowski in 1970, [13]:

(35) C ()l < 5 (b= a) (M = m) 9.

provided that f is Lebesgue integrable and satisfies (3.3) while g is absolutely con-
tinuous and ¢’ € L [a,b]. The constant & is best possible in (3.5).

The case of euclidean norms of the derivative was considered by A. Lupag in [12]
in which he proved that

(3.6) 1C(f,9)| < %(b*a) £ 112 191l »
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provided that f, g are absolutely continuous and f’, ¢’ € Ls [a, b] . The constant #

is the best possible.
We have:

Theorem 1. If f : [a,b] — R is continuous, p, ¢ > 1 with
g : [a,b] — C is absolutely continuous with ¢’ € Ly [a,b], then

_ VP b
(37) |C(fag)| < (pgj]_)l/z)’ﬂ'pl (bial f()_

P 1/p
dt>

b 1/q

y (/ g/(t)|th> .

In particular, for p=q =2, we get

_ )2 b b 2
38 jo(fal< Y bia/g%)dt_(bia/g(s)ds)

1/2

Proof. Integrating by parts, we have

LT (/ f oy
ia[(/:fu)dt— ds>g<x)b

/a o) (f (2) - ds> da
—a/ f(z dm—l—i/ f(s)ds 1a/abg(a:)da;,

which gives that

(3.9) C(f,g):bia/ (m_a/f dsf/ ft dt)g/ ) dx

Using Holder’s integral inequality for p, ¢ > 1 with % + % = 1 we have
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(3.10) |C(f,9)l =

bla/b (i_Z/bf(s)ds—/mf(t)dO g/ () dz
*b—a,/ x_a/f ds—/f t) dt
([ o [roal ) (faores)”

=1
Using (2.15) we have

g (z)| dz

(311) I<y— (

P 1/p
dt>
b 1/q
x ( / 9 (:c>|qdas>

1 b—a b 1 b
S s (/ I RO

P 1/p
dt>
b 1/q
x ( / |g/<w>|qctx>
1/p
 b-a)'? 1 1 ?
_(pf]_)l/pﬂ'pfl (b_aL f _b_aL f(S)dS dt

b 1/q
x ( [ 1o <x>de>

for p, ¢ > 1 with % + % = 1, which proves (3.7). O

This results can be used to obtain various inequalities by taking particular ex-
amples of functions f and g as follows.
We have the following trapezoid type inequality:

Proposition 4. Assume that g : [a,b] — C has an absolutely continuous derivative
with g € Ly [a,b], where p, ¢ > 1 and 1% + % = 1. Then

(312) (LW Ee®) 1 /bg(t)dt

2 b—a
b—a / // q
lg" ( Idt
20— 1" (p+1)"/"m, <

/a
<
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Proof. We use the following identity that can be proved integrating by parts

g(a);g(b)_bia/abg(t)dt = bia/ab<t—a;b>g’(t)dt

B a+b ,
= C<€ 5 ,g>,

where £(t) =t, t € [a,b].
Using (3.7) we have

b
G
1
o (- 1 /bt_a+b_ 1 /b RIEADH AT
_(p_l)l/l’ﬂ-p_l b—a J, 2 b—a J, 2
b 1/‘1
x ( / |g"<x>|qu>
_ \/p 1 b /q
— (b CL) / /|g// |qu
(p—l)l/pﬂ'p,1 b—a a

q
b—a / // q
- g dx ;
20— 1) (p+1)"/", < o) )

which proves the desired inequality (3.12). ([

t_a+b

Let @ : [m, M] C R — R be a differentiable convex function on (m, M) and f :
[a,b] — [m, M] be absolutely continuous so that ®o f, f, ®'of, (& o f) f € L]a,b].
If f' € Lo [a,b], then we have the Jensen’s reverse inequality [6]

b b
(3.13) ogﬁ/a (@of)(t)dt—@(bla/ f(t)dt)

1
<

it [wenporoa- it [oeswart, [aw
=C(®of,f).

We have the following reverse of Jensen inequality:

Proposition 5. Let ® : [m,M] C R — R be a differentiable convex function on
(m,M) and f : [a,b] — [m,M] be absolutely continuous so that ® o f, f, &' o
f, (®'of)fe€Llab].
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(i) If f' € Ly[a,b], ® o f € L,[a,b] withp, g > 1 and%—ké:l, then

b b
o oL [wonoa-o (L [om)
D 1/p
(b—a)"/? I 1
= (p_l)l/pﬂ'p—l (b—a/a dt)
b 1/‘1
< </ I <t>|‘1dt> .

—a
(i) If @ is twice differentiable and (9" o f) f' € Lq[a,b] with p, ¢ > 1 and
L+ i=1, then

b b
o) o< [wonoa-o (L o)

L (- 1/”
_(p—l)l/pﬂ'p—l b—aJa

/ab (@ o f) (s)ds

(@0 f) () -

b
s AOL

P 1/p
@

b 1/q
x ( / (@0 f) (t)f’(t)lth> |

The proof follows by Theorem 1 for C (®’ o f, f) and the inequality (3.13).
We have the following mid-point type inequalities:

Corollary 1. Let @ : [a,b] C R — R be a differentiable convex function on (a,b).
(i) If ®' € L, [a,b] with p > 1, then

(3.16) 0< bia/:cb(t)dt—@(“;rb)

1
< b—a 1 /b pdt !
- (p- 1)1/p71'p—1 b—a, '

(i) If @ is twice differentiable and ®” € Ly [a,b] with p, ¢ > 1 and % + % =1,
then

(817) 0<; ! /;@(t)dt—@(a—;b>

—a
1/q
bh— b
< i/ - 1/p (/ |(I>H(t)|th> '
201" (p+ 1) mpr \Va
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