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Abstract. In this paper, some new integral inequalities for n-times differen-
tiable r-convex functions are obtained.

1. INTRODUCTION

The following inequality is well known in literature as Hermite-Hadamard in-
equality for convex functions:

Let f : I ⊂ R → R be a convex function on the interval I of real numbers and
a, b ∈ I with a < b. Then the following double inequality holds:

(1.1) f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
.

For Hermite-Hadamard inequality, see [2]-[4], [6], [7] and [9]-[11] where further
references are listed.
In [7], the power mean Mr(x, y;λ) of order r of positive numbers x, y is defined

as the following:

(1.2) Mr(x, y;λ) =


(λxr + (1− λ)yr) , if r 6= 0(

xλy1−λ
)
, if r = 0

.

In [3], Gill et. all used the definition of Mr(x, y;λ) to introduce the concept of
r-convex functions.

Definition 1. A positive function f is r−convex on [a, b] if for all x, y ∈ [a, b] and
λ ∈ [0, 1]
(1.3)

f(λx+ (1− λ)y) ≤Mr(f(x), f(y);λ) =

 (λfr(x) + (1− λ)fr(y))
1
r , r 6= 0

fλ(x)f1−λ(y), r = 0

.

In the definition of r-convex functions if we choose r = 1 and r = 0, we have
ordinary convex functions and log-convex functions respectively.
It is obvious that if f is r-convex in [a, b] where r > 0, then fr is convex on [a, b].

1991 Mathematics Subject Classification. 26A51; 26D15.
Key words and phrases. r−convex function, Hermite-Hadamard inequality, n-times differen-

tiable functions.
�Corresponding Author.

1

e5011831
Typewritten Text
Received 04/07/18

e5011831
Typewritten Text
RGMIA Res. Rep. Coll. 21 (2018), Art. 74, 8 pp.



2 MUSTAFA KARAGÖZLÜF� AND MERVE AVCI ARDIÇF

The generalized logarithmic means of order r of positive numbers x, y defined by

(1.4) Lr(x, y) =


r
r+1

x−y
ln x−ln y , r 6= 0,−1;x 6= y
x−y

ln x−ln y , r = 0, x 6= y

xy x−y
ln x−ln y , r = −1, x 6= y

x x = y

,see [3].
Gill et. all proved the following theorem for r-convex functions:

Theorem 1. Suppose f is a positive r-convex function on [a, b]. Then

(1.5)
1

b− a

∫ b

a

f(x)dx ≤ Lr(f(a), f(b)).

If f is a positive r-concave function, then the inequality is reversed, see [3].

For several results concerning of r-convexity, see [3] and [5]-[11] where further
references are listed.
The main aim of this paper is to obtain some new integral inequalities for r-

convex functions by using Lemma 1.

Lemma 1. Suppose f : I ⊆ R → R is a function such that f (n) exists on I◦ for
n ∈ N, n ≥ 1. If f (n) is integrable on [a, b], for a, b ∈ I with a < b, the equality
holds
(1.6)
n−1∑
k=0

[
(−1)k + 1

]
2k+1(k + 1)!

f (k)
(
a+ b

2

)
− 1

b− a

∫ b

a

f(x)dx =
(−1)(b− a)n

n!

∫ 1

0

Kn(t)f
(n) (ta+ (1− t) b) dt,

where

Kn(t) :=

 tn, t ∈
[
0, 12
]

(t− 1)n t ∈
(
1
2 , 1
]
,

see [4].

2. New Results for r-Convexity

Theorem 2. Let f : I ⊆ R→ R is a function such that f (n) exists on I◦ for n ∈ N,
n ≥ 1 and f (n) ∈ L [a, b] where a, b ∈ I with a < b. If

∣∣f (n)∣∣ is r-convex function on
[a, b] for r > 1, then the inequality holds:∣∣∣∣∣∣

n−1∑
k=0

[
(−1)k + 1

]
2k+1(k + 1)!

f (k)
(
a+ b

2

)
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣∣
≤ (b− a)n

n!

{∣∣∣f (n) (a)∣∣∣+ ∣∣∣f (n) (b)∣∣∣}
×
(

r

2(nr+r+1)/r(nr + r + 1)
+ β1/2

(
n+ 1,

1

r
+ 1

))
,
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where

βz (a, b) =

∫ z

0

ua−1(1− u)b−1du

is the incomplete Beta function which is a generalization of the complete Beta func-
tion.

Proof. From Lemma 1 and using properties of modulus, we can write

A =

∣∣∣∣∣∣
n−1∑
k=0

[
(−1)k + 1

]
2k+1(k + 1)!

f (k)
(
a+ b

2

)
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣∣
≤ (b− a)n

n!

[∫ 1
2

0

tn
∣∣∣f (n) (ta+ (1− t) b)∣∣∣ dt+ ∫ 1

1
2

(1− t)n
∣∣∣f (n) (ta+ (1− t) b)∣∣∣ dt] .

If we use r-convexity of
∣∣f (n)∣∣, then we have

A ≤ (b− a)n
n!

[∫ 1
2

0

tn
(
t
∣∣∣f (n)(a)∣∣∣r + (1− t) ∣∣∣f (n)(b)∣∣∣r)1/r dt

+

∫ 1

1
2

(1− t)n
(
t
∣∣∣f (n)(a)∣∣∣r + (1− t) ∣∣∣f (n)(b)∣∣∣r)1/r dt] .

If we use
(2.1)
n∑
i=1

(ai + bi)
k ≤

n∑
i=1

aki +

n∑
i=1

bki for 0 < k < 1; a1, a2, ..., an ≥ 0 and b1, b2, ..., bn ≥ 0,

we obtain

A ≤ (b− a)n
n!

[∫ 1
2

0

(
t(nr+1)/r

∣∣∣f (n)(a)∣∣∣+ tn(1− t)1/r ∣∣∣f (n)(b)∣∣∣) dt
+

∫ 1

1
2

(
(1− t)nt1/r

∣∣∣f (n)(a)∣∣∣+ (1− t)(nr+1)/r ∣∣∣f (n)(b)∣∣∣) dt] .
If we calculate the above integrals, then the proof is completed. �

Theorem 3. Let f : I ⊆ R→ R is a function such that f (n) exists on I◦ for n ∈ N,
n ≥ 1 and f (n) ∈ L [a, b] where a, b ∈ I with a < b. If

∣∣f (n)∣∣q is r-convex function
on [a, b] for r > 1 and q > 1; 1p +

1
q = 1, then the inequality holds:∣∣∣∣∣∣

n−1∑
k=0

[
(−1)k + 1

]
2k+1(k + 1)!

f (k)
(
a+ b

2

)
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣∣
≤ (b− a)n

n!

(
1

(np+ 1)2np+1

)1/p(
r

(r + 1)2(r+1)/r

)1/q
×
{[∣∣∣f (n)(a)∣∣∣q + ∣∣∣f (n)(b)∣∣∣q (2(r+1)/r − 1)]1/q

+
[∣∣∣f (n)(a)∣∣∣q (2(r+1)/r − 1) + ∣∣∣f (n)(b)∣∣∣q]1/q} .
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Proof. From Lemma 1 and using the properties of modulus and well known Hölder
inequality, we can write

A ≤ (b− a)n
n!

(∫ 1
2

0

tnpdt

)1/p(∫ 1
2

0

∣∣∣f (n) (ta+ (1− t) b)∣∣∣q dt)1/q

+

(∫ 1

1
2

(1− t)npdt
)1/p(∫ 1

1
2

∣∣∣f (n) (ta+ (1− t) b)∣∣∣q dt)1/q
 .

If we use r-convexity of
∣∣f (n)∣∣q, then we have

A ≤ (b− a)n
n!

(∫ 1
2

0

tnpdt

)1/p(∫ 1
2

0

[
t
∣∣∣f (n)(a)∣∣∣qr + (1− t) ∣∣∣f (n)(b)∣∣∣qr]1/r dt)1/q

+

(∫ 1

1
2

(1− t)npdt
)1/p(∫ 1

1
2

[
t
∣∣∣f (n)(a)∣∣∣qr + (1− t) ∣∣∣f (n)(b)∣∣∣qr]1/r dt)1/q

 .
Applying (2.1) in the above inequality we can write

A ≤ (b− a)n
n!

(∫ 1
2

0

tnpdt

)1/p(∫ 1
2

0

[
t1/r

∣∣∣f (n)(a)∣∣∣q + (1− t)1/r ∣∣∣f (n)(b)∣∣∣q] dt)1/q

+

(∫ 1

1
2

(1− t)npdt
)1/p(∫ 1

1
2

[
t1/r

∣∣∣f (n)(a)∣∣∣q + (1− t)1/r ∣∣∣f (n)(b)∣∣∣q] dt)1/q
 .

If we calculate above integrals, then the proof is completed. �

Theorem 4. Under the assumptions of Theorem 3 we have the following inequality∣∣∣∣∣∣
n−1∑
k=0

[
(−1)k + 1

]
2k+1(k + 1)!

f (k)
(
a+ b

2

)
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣∣
≤ (b− a)n

n!

(
1

2

)1/p
×
{(∣∣∣f (n)(a)∣∣∣q r

r + qnr + 1

(
1

2

)(r+qnr+1)/r
+
∣∣∣f (n)(b)∣∣∣q β1/2(qn+ 1, 1r + 1

))1/q
+

(∣∣∣f (n)(a)∣∣∣q β1/2(qn+ 1, 1r + 1
)

+
∣∣∣f (n)(b)∣∣∣q r

r + qnr + 1

(
1

2

)(r+qnr+1)/r)1/q .
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Proof. From Lemma 1 and using the properties of modulus and well known Hölder
inequality, we can write

A ≤ (b− a)n
n!

(∫ 1
2

0

dt

)1/p(∫ 1
2

0

tnq
∣∣∣f (n) (ta+ (1− t) b)∣∣∣q dt)1/q

+

(∫ 1

1
2

dt

)1/p(∫ 1

1
2

(1− t)nq
∣∣∣f (n) (ta+ (1− t) b)∣∣∣q dt)1/q

 .
If we use

∣∣f (n)∣∣q of r-convexity and applying (2.1) in the above inequality we can
write

A ≤ (b− a)n
n!

(∫ 1
2

0

dt

)1/p(∣∣∣f (n)(a)∣∣∣q ∫ 1
2

0

t(nqr+1)/rdt+
∣∣∣f (n)(b)∣∣∣q ∫ 1

2

0

tnq(1− t)1/rdt
)1/q

+

(∫ 1

1
2

dt

)1/p(∣∣∣f (n)(a)∣∣∣q ∫ 1

1
2

(1− t)nqt1/rdt+
∣∣∣f (n)(b)∣∣∣q ∫ 1

1
2

(1− t)(nqr+1)/rdt
)1/q .

If we calculate above integrals, then the proof is completed. �

Theorem 5. Under the assumptions of Theorem 3 we have the following inequality

∣∣∣∣∣∣
n−1∑
k=0

[
(−1)k + 1

]
2k+1(k + 1)!

f (k)
(
a+ b

2

)
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣∣
≤ (b− a)n

n!

(
1

2n+1(n+ 1)

)1/p
×
{(∣∣∣f (n)(a)∣∣∣q r

(r + nr + 1)2(r+nr+1)/r

+
∣∣∣f (n)(b)∣∣∣q β1/2(n+ 1, 1r + 1

))1/q
+

(∣∣∣f (n)(a)∣∣∣q β1/2(n+ 1, 1r + 1
)

+
∣∣∣f (n)(b)∣∣∣q r

(r + nr + 1)2(r+nr+1)/r

)1/q}
.
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Proof. From Lemma 1 and using the properties of modulus and well known Hölder
inequality, we can write

A ≤ (b− a)n
n!

(∫ 1
2

0

tndt

)1/p(∫ 1
2

0

tn
∣∣∣f (n) (ta+ (1− t) b)∣∣∣q dt)1/q

+

(∫ 1

1
2

(1− t)ndt
)1/p(∫ 1

1
2

(1− t)n
∣∣∣f (n) (ta+ (1− t) b)∣∣∣q dt)1/q

 .
If we use

∣∣f (n)∣∣q of r-convexity and applying (2.1) in the above inequality we can
write

A ≤ (b− a)n
n!

(∫ 1
2

0

tndt

)1/p(∫ 1
2

0

tn
(
t1/r

∣∣∣f (n)(a)∣∣∣q + (1− t)1/r ∣∣∣f (n)(b)∣∣∣q) dt)1/q

+

(∫ 1

1
2

(1− t)ndt
)1/p(∫ 1

1
2

(1− t)n
(
t1/r

∣∣∣f (n)(a)∣∣∣q + (1− t)1/r ∣∣∣f (n)(b)∣∣∣q) dt)1/q
 .

If we calculate above integrals, then the proof is completed. �

Theorem 6. Under the assumptions of Theorem 3 we have the following inequality∣∣∣∣∣∣
n−1∑
k=0

[
(−1)k + 1

]
2k+1(k + 1)!

f (k)
(
a+ b

2

)
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣∣
≤ (b− a)n

n!

(
1

2(n−1)p+2 [(n− 1)p+ 2]

)1/p
×
{(∣∣∣f (n)(a)∣∣∣q r

2(2r+1)/r(2r + 1)
+
∣∣∣f (n)(b)∣∣∣q r

(r + 1)(2r + 1)

[
2(2r+1)/rr − 3r − 1

2(2r+1)/r

])1/q

+

(∣∣∣f (n)(a)∣∣∣q r

(r + 1)(2r + 1)

[
2(2r+1)/rr − 3r − 1

2(2r+1)/r

]
+
∣∣∣f (n)(b)∣∣∣q r

2(2r+1)/r(2r + 1)

)1/q}
.

Proof. From Lemma 1 and using the properties of modulus and well known Hölder
inequality, we can write

A ≤ (b− a)n
n!

(∫ 1
2

0

t(n−1)ptdt

)1/p(∫ 1
2

0

t
∣∣∣f (n) (ta+ (1− t) b)∣∣∣q dt)1/q

+

(∫ 1

1
2

(1− t)(n−1)p(1− t)dt
)1/p(∫ 1

1
2

(1− t)
∣∣∣f (n) (ta+ (1− t) b)∣∣∣q dt)1/q

 .
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If we use
∣∣f (n)∣∣q of r-convexity and applying (2.1) in the above inequality we can

write

A ≤ (b− a)n
n!

(∫ 1
2

0

t(n−1)ptdt

)1/p(∫ 1
2

0

t
(
t1/r

∣∣∣f (n)(a)∣∣∣q + (1− t)1/r ∣∣∣f (n)(b)∣∣∣q) dt)1/q

+

(∫ 1

1
2

(1− t)(n−1)p(1− t)dt
)1/p(∫ 1

1
2

(1− t)
(
t1/r

∣∣∣f (n)(a)∣∣∣q + (1− t)1/r ∣∣∣f (n)(b)∣∣∣q) dt)1/q
 .

If we calculate above integrals, then the proof is completed. �

Theorem 7. Let f : I ⊆ R → R is a function such that f (n) exists on I◦ for
n ∈ N, n ≥ 1 such that f (n) ∈ L [a, b] where a, b ∈ I with a < b. If

∣∣f (n)∣∣q is
r-convex function on [a, b] for q > 1; 1p +

1
q = 1, then the inequality holds:∣∣∣∣∣∣

n−1∑
k=0

[
(−1)k + 1

]
2k+1(k + 1)!

f (k)
(
a+ b

2

)
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣∣
≤ (b− a)n

2(n)!

(
1

2n(n+ 1)

)1/p
{[

Lr

(∣∣∣f (n) (b)∣∣∣q , ∣∣∣∣f (n)(a+ b2
)∣∣∣∣q)]1/q

+

[
Lr

(∣∣∣f (n) (a)∣∣∣q , ∣∣∣∣f (n)(a+ b2
)∣∣∣∣q)]1/q

}
.

Proof. From Lemma 1 and using the properties of modulus and well known Hölder
inequality, we can write

A ≤ (b− a)n
n!

(∫ 1
2

0

tnpdt

)1/p(∫ 1
2

0

∣∣∣f (n) (ta+ (1− t) b)∣∣∣q dt)1/q

+

(∫ 1

1
2

(1− t)npdt
)1/p(∫ 1

1
2

∣∣∣f (n) (ta+ (1− t) b)∣∣∣q dt)1/q
 .

If we use r-convextity of
∣∣f (n)∣∣q ; we can write the following inequalities∫ 1/2

0

∣∣∣f (n) (ta+ (1− t) b)∣∣∣q dt ≤ 1
2
Lr

(∣∣∣f (n) (b)∣∣∣q , ∣∣∣∣f (n)(a+ b2
)∣∣∣∣q)

and ∫ 1

1/2

∣∣∣f (n) (ta+ (1− t) b)∣∣∣q dt ≤ 1
2
Lr

(∣∣∣f (n) (a)∣∣∣q , ∣∣∣∣f (n)(a+ b2
)∣∣∣∣q)

via (1.5). The proof is completed. �
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