
AN INTEGRAL REPRESENTATION OF THE REMAINDER IN
TAYLOR�S EXPANSION FORMULA FOR ANALYTIC

FUNCTION ON GENERAL DOMAINS

SILVESTRU SEVER DRAGOMIR1;2

Abstract. In this paper we establish an integral representation of the re-
mainder in Taylor�s expansion formula for analytic function de�ned on non-
necessarily convex domains. Error bounds are provided and some examples
for the complex logarithm and complex exponential are also given.

1. Introduction

Suppose 
 is a smooth path parametrized by z (t) ; t 2 [a; b] and f is a complex
function which is continuous on 
: Put z (a) = u and z (b) = w with u; w 2 C. We
de�ne the integral of f on 
u;w = 
 asZ




f (z) dz =

Z

u;w

f (z) dz :=

Z b

a

f (z (t)) z0 (t) dt:

We observe that that the actual choice of parametrization of 
 does not matter.
This de�nition immediately extends to paths that are piecewise smooth. Suppose


 is parametrized by z (t), t 2 [a; b], which is di¤erentiable on the intervals [a; c]
and [c; b]; then assuming that f is continuous on 
 we de�neZ


u;w

f (z) dz :=

Z

u;v

f (z) dz +

Z

v;w

f (z) dz

where v := z (c) : This can be extended for a �nite number of intervals.
We also de�ne the integral with respect to arc-lengthZ


u;w

f (z) jdzj :=
Z b

a

f (z (t)) jz0 (t)j dt

and the length of the curve 
 is then

` (
) =

Z

u;w

jdzj =
Z b

a

jz0 (t)j dt:

Let f and g be holomorphic in G, an open domain and suppose 
 � G is a
piecewise smooth path from z (a) = u to z (b) = w. Then we have the integration
by parts formula

(1.1)
Z

u;w

f (z) g0 (z) dz = f (w) g (w)� f (u) g (u)�
Z

u;w

f 0 (z) g (z) dz:

1991 Mathematics Subject Classi�cation. 30A10, 26D15, 26D10.
Key words and phrases. Taylor�s formula, Power series, Logarithmic and exponential functions,

Inequalities for complex functions.

1

e5011831
Typewritten Text
RGMIA Res. Rep. Coll. 22 (2019), Art. 2, 14 pp.     Received 13/01/19
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We recall also the triangle inequality for the complex integral, namely

(1.2)

����Z



f (z) dz

���� � Z



jf (z)j jdzj � kfk
;1 ` (
)

where kfk
;1 := supz2
 jf (z)j :
We also de�ne the p-norm with p � 1 by

kfk
;p :=
�Z




jf (z)jp jdzj
�1=p

:

For p = 1 we have

kfk
;1 :=
Z



jf (z)j jdzj :

If p; q > 1 with 1
p +

1
q = 1; then by Hölder�s inequality we have

kfk
;1 � [` (
)]
1=q kfk
;p :

Let f : D � C! C be an analytic function on the convex domain D and y;
x 2 D; then we have the following Taylor�s expansion with integral remainder

(1.3) f (y) =
nX
k=0

1

k!
f (k) (x) (y � x)k

+
1

n!
(y � x)n+1

Z 1

0

f (n+1) [(1� s)x+ sy] (1� s)n ds

for n � 0; see for instance [13].
Consider the function f (z) = Log (z) where Log (z) = ln jzj + iArg (z) and

Arg (z) is such that �� < Arg (z) � �: Log is called the "principal branch" of
the complex logarithmic function. The function f is analytic on all of C` :=
Cn fx+ iy : x � 0; y = 0g and

f (k) (z) =
(�1)k�1 (k � 1)!

zk
; k � 1; z 2 C`:

Using the representation (1.3) we then have

(1.4) Log (z) = Log (x) +
nX
k=1

(�1)k�1

k

�
z � x
x

�k
+ (�1)n (z � x)n+1

Z 1

0

(1� s)n ds
[(1� s)x+ sz]n+1

for all z; x 2 C` with (1� s)x+ sz 2 C` for s 2 [0; 1] :
Consider the complex exponential function f (z) = exp (z), then by (1.3) we get

(1.5) exp (z) =
nX
k=0

1

k!
(z � x)k exp (x)

+
1

n!
(z � x)n+1

Z 1

0

(1� s)n exp [(1� s)x+ sz] ds

for all z; x 2 C.
For various inequalities related to Taylor�s expansions for real functions see [1]-

[12].
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In this paper we establish a representation of the remainder in Taylor�s expansion
formula for analytic function de�ned on non-necessarily convex domains. Error
bounds are provided and some examples for the complex logarithm and complex
exponential are also given.

2. Integral Remainder Representation

We can extend the Taylor�s representation formula (1.3) for non-necessarily con-
vex domains D as follows:

Theorem 1. Let f : D � C! C be an analytic function on the domain D and y;
x 2 D: Suppose 
 is a smooth path parametrized by z (t) ; t 2 [a; b] with z (a) = x
and z (b) = y then

(2.1) f (y) =
nX
k=0

(y � x)k

k!
f (k) (x) +

1

n!

Z

x;y

(y � z)n f (n+1) (z) dz

for n � 0:

Proof. We prove the identity (2.1) by induction over n � 0.
For n = 0 we have

f (y) = f (x) +

Z

x;y

f 0 (z) dz;

which is obviously true.
Let assume that (2.1) holds for a natural number m � 1; namely

(2.2) f (y) =
mX
k=0

(y � x)k

k!
f (k) (x) +

1

m!

Z

x;y

(y � z)m f (m+1) (z) dz

and let us prove it that it also holds for m+ 1; namely

(2.3) f (y) =
m+1X
k=0

(y � x)k

k!
f (k) (x) +

1

(m+ 1)!

Z

x;y

(y � z)m+1 f (m+2) (z) dz:

Using integration by parts we have

(2.4)
1

(m+ 1)!

Z

x;y

(y � z)m+1 f (m+2) (z) dz

=
1

(m+ 1)!

Z

x;y

(y � z)m+1
�
f (m+1) (z)

�0
dz

=
1

(m+ 1)!

"
(y � z)m+1 f (m+1) (z)

���y
x
+ (m+ 1)

Z

x;y

(y � z)m f (m+1) (z) dz
#

=
1

(m+ 1)!

"
(m+ 1)

Z

x;y

(y � z)m f (m+1) (z) dz � (y � x)m+1 f (m+1) (x)
#

=
1

m!

Z

x;y

(y � z)m f (m+1) (z) dz � 1

(m+ 1)!
(y � x)m+1 f (m+1) (x) :

Using the induction hypothesis (2.2) we have

1

m!

Z

x;y

(y � z)m f (m+1) (z) dz = f (y)�
mX
k=0

(y � x)k

k!
f (k) (x)
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and by (2.4) we then get

1

(m+ 1)!

Z

x;y

(y � z)m+1 f (m+2) (z) dz

= f (y)�
mX
k=0

(y � x)k

k!
f (k) (x)� 1

(m+ 1)!
(y � x)m+1 f (m+1) (x)

= f (y)�
m+1X
k=0

(y � x)k

k!
f (k) (x) ;

which proves the desired equality (2.3). �

Using the representation (2.1) we then have

(2.5) Log (y) = Log (x) +

nX
k=1

(�1)k�1

k

�
y � x
x

�k
+ (�1)n

Z

x;y

(y � z)n

zn+1
dz

for all y; x 2 C` and 
 = 
x;y � C`:
Consider the complex exponential function f (z) = exp (z), then by (1.3) we get

(2.6) exp (y) =
nX
k=0

1

k!
(y � x)k exp (x) + 1

n!

Z

x;y

(y � z)n exp (z) dz

for all y; x 2 C and a smooth path 
 = 
x;y joining the complex numbers y; x:

Corollary 1. With the assumptions of Theorem 1, then for any � 2 C we have the
perturbed identity

(2.7) f (y) =

nX
k=0

(y � x)k

k!
f (k) (x) +

(y � x)n+1

(n+ 1)!
�

+
1

n!

Z

x;y

(y � z)n
h
f (n+1) (z)� �

i
dz

for n � 0:

3. Error Bounds

We have the following error bounds for the general perturbed Taylor�s expansion
(2.7).

Theorem 2. Let f : D � C! C be an analytic function on the domain D and y;
x 2 D: Suppose 
 is a smooth path parametrized by z (t) ; t 2 [a; b] with z (a) = x
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and z (b) = y and � 2 C, then

(3.1)

�����f (y)�
nX
k=0

(y � x)k

k!
f (k) (x)� (y � x)

n+1

(n+ 1)!
�

�����
� 1

n!

Z

x;y

jy � zjn
���f (n+1) (z)� ���� jdzj

� 1

n!

8>>>>>>>>><>>>>>>>>>:

maxz2
x;y jy � zj
n 

f (n+1) � �




x;y;1
;

�R

x;y

jy � zjnp jdzj
�1=p 

f (n+1) � �




x;y;q

p; q > 1 with 1
p +

1
q = 1;R


x;y
jy � zjn jdzj



f (n+1) � �



x;y;1

:

In particular, for � = 0;

(3.2)

�����f (y)�
nX
k=0

(y � x)k

k!
f (k) (x)

����� � 1

n!

Z

x;y

jy � zjn
���f (n+1) (z)��� jdzj

� 1

n!

8>>>>>>>>><>>>>>>>>>:

maxz2
x;y jy � zj
n 

f (n+1)




x;y;1
;

�R

x;y

jy � zjnp jdzj
�1=p 

f (n+1)




x;y;q

p; q > 1 with 1
p +

1
q = 1;R


x;y
jy � zjn jdzj



f (n+1)



x;y;1

:

Proof. Using the representation (2.7) and Hölder�s inequality, we have�����f (y)�
nX
k=0

(y � x)k

k!
f (k) (x)� (y � x)

n+1

(n+ 1)!
�

�����
=
1

n!

�����
Z

x;y

(y � z)n
h
f (n+1) (z)� �

i
dz

�����
� 1

n!

Z

x;y

���(y � z)n hf (n+1) (z)� �i��� jdzj
=
1

n!

Z

x;y

jy � zjn
���f (n+1) (z)� ���� jdzj

� 1

n!

8>>>>>>>><>>>>>>>>:

maxz2
x;y jy � zj
n R


x;y

��f (n+1) (z)� ��� jdzj ;
�R


x;y
jy � zjnp jdzj

�1=p �R

x;y

��f (n+1) (z)� ���q jdzj�1=q
p; q > 1 with 1

p +
1
q = 1;R


x;y
jy � zjn jdzjmaxz2
x;y

��f (n+1) (z)� ��� ;
which proves the desired result (3.1). �
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By using the �rst inequality in (3.2) we have

(3.3)

�����Log (y)� Log (x)�
nX
k=1

(�1)k�1

k

�
y � x
x

�k����� �
Z

x;y

jy � zjn

jzjn+1
jdzj

for all y; x 2 C` and 
 = 
x;y � C`:
Now, if we assume that dx;y = infz2
x;y jzj 2 (0;1) ; then by (3.3) we get

(3.4)

�����Log (y)� Log (x)�
nX
k=1

(�1)k�1

k

�
y � x
x

�k����� � 1

dn+1x;y

Z

x;y

jy � zjn jdzj :

By using the �rst inequality in (3.2) we also have

(3.5)

�����exp (y)�
nX
k=0

1

k!
(y � x)k exp (x)

����� �
Z

x;y

jy � zjn expRe (z) jdzj ;

for all y; x 2 C and a smooth path 
 = 
x;y joining the complex numbers y; x:
If Re (z) �M for z 2 
x;y; then by (3.5) we get

(3.6)

�����exp (y)�
nX
k=0

1

k!
(y � x)k exp (x)

����� � 1

n!
expM

Z

x;y

jy � zjn expRe (z) jdzj :

Suppose 
 � C is a piecewise smooth path parametrized by z (t) ; t 2 
 from
z (a) = u to z (b) = w: Now, for �; � 2 C and 
 an interval of real numbers, de�ne
the sets of complex-valued functions

�U
 (�;�) :=
n
f : 
 ! CjRe

h
(�� f (z))

�
f (z)� �

�i
� 0 for each z 2 


o
and

��
 (�;�) :=

�
f : 
 ! Cj

����f (z)� �+�2
���� � 1

2
j�� �j for each z 2 


�
:

The following representation result may be stated.

Proposition 1. For any �; � 2 C, � 6= �; we have that �U
 (�;�) and ��
 (�;�)
are nonempty, convex and closed sets and

(3.7) �U
 (�;�) = ��
 (�;�) :

Proof. We observe that for any w 2 C we have the equivalence����w � �+�2
���� � 1

2
j�� �j i¤ Re

�
(�� w)

�
w � �

��
� 0:

This follows by the equality

1

4
j�� �j2 �

����w � �+�2
����2 = Re �(�� w) �w � ���

that holds for any w 2 C.
The equality (3.7) is thus a simple consequence of this fact. �

On making use of the complex numbers �eld properties we can also state that:
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Corollary 2. For any �; � 2 C, � 6= �;we have that

�U
 (�;�) = ff : 
 ! C j (Re�� Re f (z)) (Re f (z)� Re�)(3.8)

+(Im�� Im f (z)) (Im f (z)� Im�) � 0 for each z 2 
g :

Now, if we assume that Re (�) � Re (�) and Im (�) � Im (�) ; then we can de�ne
the following set of functions as well:

(3.9) �S
 (�;�) := ff : 
 ! C j Re (�) � Re f (z) � Re (�)
and Im (�) � Im f (z) � Im (�) for each z 2 
g :

One can easily observe that �S
 (�;�) is closed, convex and

(3.10) ; 6= �S
 (�;�) � �U
 (�;�) :

Corollary 3. Let f : D � C! C be an analytic function on the domain D and y;
x 2 D: Suppose 
 is a smooth path parametrized by z (t) ; t 2 [a; b] with z (a) = x
and z (b) = y: If �; � 2 C, � 6= � and f (n+1) 2 ��
 (�;�) for some n � 0, then

(3.11)

�����f (y)�
nX
k=0

(y � x)k

k!
f (k) (x)� (y � x)

n+1

(n+ 1)!

�+�

2

�����
� 1

2n!
j�� �j

Z

x;y

jy � zjn jdzj :

Proof. Since f (n+1) 2 ��
 (�;�) ; hence by (3.1) for � = �+�
2 we get

�����f (y)�
nX
k=0

(y � x)k

k!
f (k) (x)� (y � x)

n+1

(n+ 1)!

�+�

2

�����
� 1

n!

Z

x;y

jy � zjn jdzj




f (n+1) � �+�2







x;y;1

� 1

2n!
j�� �j

Z

x;y

jy � zjn jdzj ;

which proves the desired result (3.11). �

Corollary 4. Let f : D � C! C be an analytic function on the domain D and y;
x 2 D: Suppose 
 is a smooth path parametrized by z (t) ; t 2 [a; b] with z (a) = x
and z (b) = y: If f (n+1); for some n � 0, satis�es the Hölder type condition on 


���f (n+1) (z)� f (n+1) (y)��� � H jz � yjr
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for z; y 2 
; where H > 0 and r 2 (0; 1] are given, then

(3.12)

�����f (y)�
n+1X
k=0

(y � x)k

k!
f (k) (x)

����� � 1

n!
H

Z

x;y

jy � zjn jz � xjr jdzj

� 1

n!
H

8>>>>>>>><>>>>>>>>:

maxz2
x;y jy � zj
n R


x;y
jz � xjr jdzj ;

�R

x;y

jy � zjnp jdzj
�1=p �R


x;y
jz � xjqr jdzj

�1=q
p; q > 1 with 1

p +
1
q = 1;

maxz2
x;y jz � xj
r R


x;y
jy � zjn jdzj

and

(3.13)

�����f (y)�
nX
k=0

(y � x)k

k!
f (k) (x)� (y � x)

n+1

(n+ 1)!
f (n+1) (y)

�����
� 1

n!
H

Z

x;y

jy � zjn+r jdzj :

In particular, if f (n+1) is Lipschitzian with the constant L > 0; then

(3.14)

�����f (y)�
n+1X
k=0

(y � x)k

k!
f (k) (x)

����� � 1

n!
L

Z

x;y

jy � zjn jz � xj jdzj

� 1

n!
L

8>>>>>>>><>>>>>>>>:

maxz2
x;y jy � zj
n R


x;y
jz � xj jdzj ;

�R

x;y

jy � zjnp jdzj
�1=p �R


x;y
jz � xjq jdzj

�1=q
;

p; q > 1 with 1
p +

1
q = 1

maxz2
x;y jz � xj
R

x;y

jy � zjn jdzj

and

(3.15)

�����f (y)�
nX
k=0

(y � x)k

k!
f (k) (x)� (y � x)

n+1

(n+ 1)!
f (n+1) (y)

�����
� 1

n!
L

Z

x;y

jy � zjn+1 jdzj :
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Proof. From Theorem 2 we have�����f (y)�
nX
k=0

(y � x)k

k!
f (k) (x)� (y � x)

n+1

(n+ 1)!
f (n+1) (x)

�����
� 1

n!

Z

x;y

jy � zjn
���f (n+1) (z)� f (n+1) (x)��� jdzj

� 1

n!
H

Z

x;y

jy � zjn jz � xjr jdzj

� 1

n!
H

8>>>>>>>><>>>>>>>>:

maxz2
x;y jy � zj
n R


x;y
jz � xjr jdzj ;

�R

x;y

jy � zjnp jdzj
�1=p �R


x;y
jz � xjqr jdzj

�1=q
p; q > 1 with 1

p +
1
q = 1;

maxz2
x;y jz � xj
r R


x;y
jy � zjn jdzj ;

which proves the desired inequality (3.12).
From Theorem 2 we also have�����f (y)�

nX
k=0

(y � x)k

k!
f (k) (x)� (y � x)

n+1

(n+ 1)!
f (n+1) (y)

�����
� 1

n!

Z

x;y

jy � zjn
���f (n+1) (z)� f (n+1) (y)��� jdzj

� 1

n!
H

Z

x;y

jy � zjn jz � yjr jdzj = 1

n!
H

Z

x;y

jy � zjn+r jdzj ;

which proves (3.13). �

We also have:

Corollary 5. Let f : D � C! C be an analytic function on the domain D and y;
x 2 D: Suppose 
 is a smooth path parametrized by z (t) ; t 2 [a; b] with z (a) = x
and z (b) = y and x 6= y, then

(3.16)

�����f (y)�
nX
k=0

(y � x)k

k!
f (k) (x)� (y � x)

n

(n+ 1)!

h
f (n) (y)� f (n) (x)

i�����
� 1

n!

Z

x;y

jy � zjn
����f (n+1) (z)� f (n) (y)� f (n) (x)y � x

���� jdzj

� 1

n!

8>>>>>>>>>>><>>>>>>>>>>>:

maxz2
x;y jy � zj
n



f (n+1) � f(n)(y)�f(n)(x)

y�x






x;y;1

;

�R

x;y

jy � zjnp jdzj
�1=p 


f (n+1) � f(n)(y)�f(n)(x)

y�x






x;y;q

p; q > 1 with 1
p +

1
q = 1;R


x;y
jy � zjn jdzj




f (n+1) � f(n)(y)�f(n)(x)
y�x






x;y;1

:
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We observe that

Z

x;y

jy � zjn
����f (n+1) (z)� f (n) (y)� f (n) (x)y � x

���� jdzj
=

Z

x;y

jy � zjn
�����f (n+1) (z) (y � x)�

Z

x;y

f (n+1) (w) dw

����� jdzj
=

Z

x;y

jy � zjn
�����f (n+1) (z)

Z

x;y

dw �
Z

x;y

f (n+1) (w) dw

����� jdzj
=

Z

x;y

jy � zjn
�����
Z

x;y

�
f (n+1) (z)� f (n+1) (w)

�
dw

����� jdzj
=

Z

x;y

jy � zjn

�
�����
Z

x;z

�
f (n+1) (z)� f (n+1) (w)

�
dw +

Z

z;y

�
f (n+1) (z)� f (n+1) (w)

�
dw

����� jdzj
�
Z

x;y

jy � zjn

�
"�����
Z

x;z

�
f (n+1) (z)� f (n+1) (w)

�
dw

�����+
�����
Z

z;y

�
f (n+1) (z)� f (n+1) (w)

�
dw

�����
#
jdzj

�
Z

x;y

jy � zjn

�
"Z


x;z

���f (n+1) (z)� f (n+1) (w)��� jdwj+ Z

z;y

���f (n+1) (z)� f (n+1) (w)��� jdwj# jdzj
=: Bn

Since

Z

x;z

���f (n+1) (z)� f (n+1) (w)��� jdwj � 


f (n+2)




x;z;1

Z

x;z

jz � wj jdwj

�



f (n+2)





x;y;1

Z

x;z

jz � wj jdwj

and

Z

z;y

���f (n+1) (z)� f (n+1) (w)��� jdwj � 


f (n+2)




z;y;1

Z

z;y

jz � wj jdwj

�



f (n+2)





x;y;1

Z

z;y

jz � wj jdwj :
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Therefore

Bn �
Z

x;y

jy � zjn

�
"


f (n+2)





x;z;1

Z

x;z

jz � wj jdwj+



f (n+2)





z;y;1

Z

z;y

jz � wj jdwj
#
jdzj

�



f (n+2)





x;y;1

Z

x;y

jy � zjn
"Z


x;z

jz � wj jdwj+
Z

z;y

jz � wj jdwj
#
jdzj

=



f (n+2)





x;y;1

Z

x;y

jy � zjn
 Z


x;y

jz � wj jdwj
!
jdzj

and by (3.16) we get

(3.17)

�����f (y)�
nX
k=0

(y � x)k

k!
f (k) (x)� (y � x)

n

(n+ 1)!

h
f (n) (y)� f (n) (x)

i�����
� 1

n!

Z

x;y

jy � zjn
����f (n+1) (z)� f (n) (y)� f (n) (x)y � x

���� jdzj
� 1

n!




f (n+2)




x;y;1

Z

x;y

jy � zjn
 Z


x;y

jz � wj jdwj
!
jdzj :

We also have:

Corollary 6. Let f : D � C! C be an analytic function on the domain D and y;
x 2 D: Suppose 
 is a smooth path parametrized by z (t) ; t 2 [a; b] with z (a) = x
and z (b) = y, then

(3.18)

�����f (y)�
nX
k=0

(y � x)k

k!
f (k) (x)� (y � x)

n+1

(n+ 1)!

f (n+1) (x) + f (n+1) (y)

2

�����
� 1

n!

Z

x;y

jy � zjn
����f (n+1) (z)� f (n+1) (x) + f (n+1) (y)2

���� jdzj

� 1

n!

8>>>>>>>>>>><>>>>>>>>>>>:

maxz2
x;y jy � zj
n



f (n+1) � f(n+1)(x)+f(n+1)(y)

2






x;y;1

;

�R

x;y

jy � zjnp jdzj
�1=p 


f (n+1) � f(n+1)(x)+f(n+1)(y)

2






x;y;q

p; q > 1 with 1
p +

1
q = 1;R


x;y
jy � zjn jdzj




f (n+1) � f(n+1)(x)+f(n+1)(y)
2






x;y;1

:
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Observe thatZ

x;y

jy � zjn
����f (n+1) (z)� f (n+1) (x) + f (n+1) (y)2

���� jdzj
=

Z

x;y

jy � zjn
����f (n+1) (z)� f (n+1) (x) + f (n+1) (z)� f (n+1) (y)2

���� jdzj
� 1

2

Z

x;y

jy � zjn
h���f (n+1) (z)� f (n+1) (x)���+ ���f (n+1) (z)� f (n+1) (y)���i jdzj

� 1

2

Z

x;y

jy � zjn
�


f (n+2)





x;z;1
jz � xj+




f (n+2)




z;y;1

jy � zj
�
jdzj

� 1

2




f (n+2)




x;y;1

Z

x;y

jy � zjn [jz � xj+ jy � zj] jdzj ;

then by (3.18) we get

(3.19)

�����f (y)�
nX
k=0

(y � x)k

k!
f (k) (x)� (y � x)

n+1

(n+ 1)!

f (n+1) (x) + f (n+1) (y)

2

�����
� 1

n!

Z

x;y

jy � zjn
����f (n+1) (z)� f (n+1) (x) + f (n+1) (y)2

���� jdzj
� 1

2n!




f (n+2)




x;y;1

Z

x;y

jy � zjn [jz � xj+ jy � zj] jdzj :

4. Examples for Circular Paths

Let [a; b] � [0; 2�] and the circular path 
[a;b];R centered in 0 and with radius
R > 0

z (t) = R exp (it) = R (cos t+ i sin t) ; t 2 [a; b] :

If [a; b] = [0; �] then we get a half circle while for [a; b] = [0; 2�] we get the full
circle.
If u = R exp (it) and w = R exp (is) then

w � u = R [exp (is)� exp (it)] = R [cos s+ i sin s� cos t� i sin t]
= R [cos s� cos t+ i (sin s� sin t)] :

Since

cos s� cos t = �2 sin
�
t+ s

2

�
sin

�
s� t
2

�
and

sin s� sin t = 2 sin
�
s� t
2

�
cos

�
t+ s

2

�
;
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hence

w � u = R
�
�2 sin

�
t+ s

2

�
sin

�
s� t
2

�
+ 2i sin

�
s� t
2

�
cos

�
t+ s

2

��
= 2R sin

�
s� t
2

��
� sin

�
t+ s

2

�
+ i cos

�
t+ s

2

��
= 2Ri sin

�
s� t
2

��
cos

�
t+ s

2

�
+ i sin

�
t+ s

2

��
= 2Ri sin

�
s� t
2

�
exp

��
t+ s

2

�
i

�
:

Let f : D � C! C be an analytic function on the domain D and y; x 2 D:
Suppose 
[a;b];R � D and such that x = Reia, y = Reib and z = Reit then
dz = Rieitdt

(y � x)k = 2kRkik sink
�
b� a
2

�
exp

�
n

�
b+ a

2

�
i

�
;

(y � z)n = 2nRnin sinn
�
b� t
2

�
exp

�
n

�
t+ b

2

�
i

�
and by (2.1) we get for n � 0 that

(4.1) f
�
Reib

�
=

nX
k=0

2kRkik sink
�
b�a
2

�
exp

�
n
�
b+a
2

�
i
�

k!
f (k)

�
Reia

�
+
1

n!

Z b

a

2nRnin sinn
�
b� t
2

�
exp

�
n

�
t+ b

2

�
i

�
f (n+1)

�
Reit

�
Rieitdt

=

nX
k=0

2kRkik sink
�
b�a
2

�
exp

�
n
�
b+a
2

�
i
�

k!
f (k)

�
Reia

�
+
2n

n!
Rn+1in+1

Z b

a

sinn
�
b� t
2

�
exp

���
n

�
t+ b

2

�
+ t

��
i

�
f (n+1)

�
Reit

�
dt

If a = 0; R 2 D and Reib 2 D; then from (4.1) we get

(4.2) f
�
Reib

�
=

nX
k=0

2kRkik sink
�
b
2

�
exp

�
n
�
b
2

�
i
�

k!
f (k) (R)

+
2n

n!
Rn+1in+1

Z b

0

sinn
�
b� t
2

�
exp

���
n

�
t+ b

2

�
+ t

��
i

�
f (n+1)

�
Reit

�
dt:

We have from (4.2) that

(4.3)

�����f �Reib��
nX
k=0

2kRkik sink
�
b�a
2

�
exp

�
n
�
b+a
2

�
i
�

k!
f (k)

�
Reia

������
� 2n

n!
Rn+1




f (n+1)




[a;b];R

Z b

a

sinn
�
b� t
2

�
dt

for n � 0:
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SinceZ b

a

sinn
�
b� t
2

�
dt =

Z b

a

"
sin
�
b�t
2

�
b�t
2

#n�
b� t
2

�n
dt � 1

2n
(b� a)n+1

n+ 1

hence by (4.3) we get for n � 0 that

(4.4)

�����f �Reib��
nX
k=0

2kRkik sink
�
b�a
2

�
exp

�
n
�
b+a
2

�
i
�

k!
f (k)

�
Reia

������
� 1

(n+ 1)!




f (n+1)




[a;b];R

Rn+1 (b� a)n+1 :

If a = 0; R 2 D and Reib 2 D; then by (4.4) we get

(4.5)

�����f �Reib��
nX
k=0

2kRkik sink
�
b
2

�
exp

�
n
�
b
2

�
i
�

k!
f (k) (R)

�����
� 1

(n+ 1)!




f (n+1)




[0;b];R

bn+1Rn+1:
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