WEIGHTED MIDPOINT INEQUALITIES FOR
DIFFERENTIABLE FUNCTIONS OF SELFADJOINT
OPERATORS IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish weighted midpoint norm inequalities for
Gateaux and Fréchet differentiable functions of selfadjoint operators in Hilbert
spaces. Some examples for the class of functions

DM (0, 00) := {F I IDFAI = || f (A)| for all positive operators A},

where D f(A) is the Fréchet derivative in A and f’ (A) is the operator function
generated by f’ and positive operator A, are also given. The case when f’ is
nonnegative and operator convex and the weight is symmetric is also analyzed.

1. INTRODUCTION

A real valued continuous function f on an interval [ is said to be operator convex
(operator concave) on I if

(1.1) FA=NA+AB) < (Z)(1-A) f(A) +Af(B)

in the operator order, for all A € [0,1] and for every selfadjoint operator A and B
on a Hilbert space H whose spectra are contained in I. Notice that a function f is
operator concave if — f is operator convex.

A real valued continuous function f on an interval I is said to be operator
monotone if it is monotone with respect to the operator order, i.e., A < B with
Sp(A),Sp(B) C I imply f(A4) < f(B).

For some fundamental results on operator convex (operator concave) and oper-
ator monotone functions, see [8] and the references therein.

As examples of such functions, we note that f (¢) =¢" is operator monotone on
[0,00) if and only if 0 < r < 1. The function f (¢t) = ¢" is operator convex on (0, c0)
if either 1 <r <2 or —1 < r < 0 and is operator concave on (0,00) if 0 < r < 1.
The logarithmic function f (¢) = Int is operator monotone and operator concave
on (0,00). The entropy function f (¢t) = —tInt is operator concave on (0,00). The
exponential function f (t) = e’ is neither operator convex nor operator monotone.

In [4] we obtained among others the following Hermite-Hadamard type inequal-
ities for operator convex functions f: I — R

(1.2) f(A;B)g/O f((l—s)A—i—sB)dsgw’

where A, B are selfadjoint operators with spectra included in 1.
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2 S.S. DRAGOMIR

From the operator convexity of the function f we have

(13) f<A;B><;[f((l—s)A+sB)+f(sA+(1—s)B)]
L) +1B)

for all s € [0,1] and A, B selfadjoint operators with spectra included in I.

If p: [0,1] — [0,00) is Lebesgue integrable and symmetric in the sense that
p(l—s)=p(s) for all s € [0,1], then by multiplying (1.3) with p(s), integrating
on [0,1] and taking into account that

/p(s)f((l—s)A—i—sB)ds:/p(s)f(SA—i-(l—s)B)ds7
0 0

we get the weighted version of (1.2) for A, B selfadjoint operators with spectra
included in I

(1.4) (/Olp<s>ds)f(A;B)g/olp<s>f<sA+(1—s>B>ds
_ (/Olp@)ds) 1))

which are the operator version of the well known Féjer’s inequalities for scalar
convex functions.

For recent inequalities for operator convex functions see [1]-[6] and [9]-[18].

Let SA; (H) be the class of all selfadjoint operators with spectra in I. If A,
B e SA;(H) and t € [0,1] the convex combination (1 —¢) A + tB is a selfadjoint
operator with the spectrum in I showing that SA; (H) is convex in the Banach
algebra B (H) of all bounded linear operators on H. If f is continuous function on
1. By the continuous functional calculus of selfadjoint operator we conclude that
f((1—1t)A+tB) is a selfadjoint operator with spectrum in I.

A continuous function f : SA; (H) — B (H) is said to be Géteauz differentiable
in A € SA; (H) along the direction B € B (H) if the following limit exists in the
strong topology of B (H)

(1.5) Via(B):= lii%f(AHi) TA) .
If the limit (1.5) exists for all B € B (H), then we say that f is Géateaur differentiable
in A and we can write f € G(A). If this is true for any A in an open set S from
SA; (H) we write that f € G(S).

If f is a continuous function on I, by utilising the continuous functional calculus
the corresponding function of operators will be denoted in the same way.

For two distinct operators A, B € SA; (H) we consider the segment of selfadjoint
operators

[A,B]:={(1—-t)A+tB |te][0,1]}.

We observe that A, B € [A, B] and [A, B] C SA; (H).

In the recent paper [7] we obtained the following reverse of operator Féjer’s first
inequality:

Theorem 1. Let f be an operator convex function on I and A, B € SA;(H),
with A # B. If f € G([A,B]) and p : [0,1] — [0,00) is Lebesgue integrable and
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symmetric, namely p(1 —t) = p(t) for all t € [0,1], then we have the weighted
midpoint operator inequality

(1.6) Og/olp(t)f((lt)A+tB)dt(/Olp(t)dt>f<

()

By taking the norm in these inequalities, we get

(1.7) ’/Olp(t)f(a_t)AthB)dt— (/Olp(t)dt>f<A;B>H

1/ 1
<5 ([ |r-3p0@) 19500 - v - )
0
for A, B € SA;(H) and f is an operator convex function on I.
Motivated by the above results, in this paper we establish weighted midpoint

norm inequalities for Gateaux and Fréchet differentiable functions of selfadjoint
operators in Hilbert spaces. Some examples for the class of functions

A+ B
2

- ;‘pu)dt) (Vi (B~ A) = Vfa(B - A).

DM (0,00) :={f | IDF(A)|| = |If (A)|| for all positive operators A},

where Df(A) is the Fréchet derivative in A and f’(A) is the operator function
generated by f’ and positive operator A, are also given. The case when f’ is
nonnegative and operator convex and the weight is symmetric is also analyzed.

2. WEIGHTED MIDPOINT INEQUALITIES

We need the following preliminary fact:

Lemma 1. Let f be a continuous function on I and A, B € SA; (H), with A # B.
If f € G([A, B]), then the auxiliary function 4 gy is differentiable on (0,1) and

(2.1) Yiap) () =Via-nars (B—A).
Also we have for the lateral derivative that

(2.2) QD/(A’B) (04+)=Vfa(B—-A)
and

(2.3) Pap) (1-) =V fp(B—A).

Proof. Let t € (0,1) and h # 0 small enough such that ¢t + h € (0,1). Then

Yap) (t+h)—puap ()
h
FUU—t—h) A+ (t+h) B)— f((1—t)A+1B)
h
f(l=t)A+tB+h(B—A)—f((1-t)A+1tB)
- .

(2.4)
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Since f € G ([A, B]), hence by taking the limit over ~ — 0 in (2.4) we get

L LB (t+h) —pun @)

Pap ) = }Ll_m 3
_ f(A=-t)A+tB+h(B—A))— f((1-t)A+tB)
=l h

= v.g(lft)AthB (B—A4),

which proves (2.1).
Also, we have

¢a,p) (h) — v p)(0)

Pam (01) = hl—i>r(r)1+ h
_ o, S0 =R A+RB) - f(4)
h—0+ h
A+h(B—-A)-f(A
g SATRE A T oy

since f is assumed to be Gateaux differentiable in A. This proves (2.2).
The equality (2.3) follows in a similar way. O

We have the following midpoint norm inequality:

Theorem 2. Let f be a continuous function on I and A, B € SA;(H), with
A#B. If f € G([A,B]) and p: [0,1] — [0,00) is Lebesgue integrable, then

/Olp(t>f<<1—t>A+tB>dt— (/01p<t>dt)f(A;B)H

1 1
< /1/2 </t p(s) ds) IV fa—tyates (B — A)|| dt

1/2 t
+/0 <A p(S) d8> ||vf(1—t)A+tB (B 7A)|| dt
=M (p, [;A,DB).

s |

In particular, for p =1 we get

/Olf((l—t)A+tB)dt—f(A;B)H

1
< // (1 =) [|[Vfa—yares (B—A)| dt
1/2

(2.6)

1/2
+/ tIVfa—tyases (B —A)| dt
0
=M (f;A,B).
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Proof. Let A, B € SA; (H), with A # B. Using the integration by parts formula
for Bochner’s integral, we have

/1;2 (/tlp(s) ds) ‘pl(A,B) (t)dt
— (/tlp(s) d5> ©(A,B) (t)} 1/2 + /1;])(,5)%0(&3) o) de

- </1/2p(8) ds) P, (1/2) + /1/2])(75) Pap) (t)dt

- (/;Qp(s)dS) f (A;B> +/1j2p<t)(p(A7B) (t) dt

and

[ ([ p61as) el
= (/Otp(s) dS) P(A,B) (t)} (1)/2 - /01/2p(t) ¥Y(A,B) (t) dt
= (/01/213(5)613) ¢, (1/2) - /01/2p(t) pap) (8)dl

- (/01/2p<s>ds> (52 [rwenn o

By subtracting the second identity from the first, we get

/1;2 (/tlp(S) ds) Pla,p) (1) dt — /01/2 (/Otp(s) ds> Plap (t)dt

1 1/2
_ / PO e O+ / D (t) poap () dt

(o) r(452) - ([ o) (457)

and then we obtain the following identity of interest in itself

1

(2.7) /0 p(t)f((l—t)A+tB)dt—/ .

0 p(s)dsf(

1 1
= / (/ p(s) ds) Via-tyayes (B —A)dt
1/2 \Jt

1/2 t
0 0

A+B>
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By taking the norm in (2.7) we get

(>f<<1—t>A+tB>dt—/01p<8>dsf(A§B>H

1
/p )Vf1 tA+tB(B A)dt
t

t
(/0 p(s dS) Via-vavs (B—A)dt

/ (/lp >va1 —pates (B—A)| dt
/1/2 (/Otp ) |V fa-nass (B—A)|dt

and the inequality (2.5) is proved. (]

Remark 1. It is well known that, if f is a C'-function defined on an open in-
terval, then the operator function f(X) is Fréchet differentiable and the derivative
Df(A)(B) equals the Géteaux derivative Vfs (B). So for functions f that are of
class C1 on I we have the inequalities

PO (-t A+tB)dt- (/Olp(t)dt>f(A;B)H

<|B- A||/ (/ i) DS~ 0) A +15)]

+[1B - Al /01/2 (/Otp(s) ds) IDf((1—t) A+ tB)]| dt.

In particular, for p =1 we get

1

(2.8)

(2.9)

1
f((1t)A+tB)dtf(A;B)H
0
1
<IB-Al [ a-01DA DA+ B)
1
1/2
+||B—A||/ t|Df((L—t)A+1tB)| dt.
0
Corollary 1. With the assumptions of Theorem 2 and if

sup ||V fa_pares (B—A)| <
te0,1]
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[rora-navma- (/Olp@)dt)f(“‘;B)H

then

(2.10) ’

< swp [Vhuoiann (B - Au/ - glp
te€[0,1/2]

1/2 1
+ sup va(kt)AHB(B—A)H/ t—2’p(t)dt
te[1/2,1]

t—‘ dt.
te[o

In particular, for p =1 we get

1
(2.11) /f((l—t)A—FtB)dt—f(A;B)H
0
1
SS[ Sup va(l t)A+tB (B A) H+ sup va(l t)A+tB (B A) H
te[0,1/2] te[1/2,1

1
< 1.5up HVf(l HatB (B — A)H
te[0,1]

Proof. We have

1 1
(212) M (p, f;A,B) < sup ||Vfa—tyaten (B—A) </ p(s )

te[0,1/2] 1/2

1/2
+ s [VhuoanB-2) [ ( [ v ds) .
te[1/2,1] 0

(e}

Integrating by parts in the Lebesgue integral, we have

/1;2 (/tlp(b‘)ds) dt = (/tlp(s)ds> tI/2+/1j2tp(t)dt
/l;tp(t)dt—;/l;p(s)ds

IMCHIESTH

1/2

/01/2</0tp()ds>dt (/Otp(s)d8>t}O —/Ol/zp(t)tdt
:;/01/2p(s)ds—/01/2p(t)tdt

_/01/2 <;t>p(t)dt_/01/2

and by (2.12) we get the first inequality in (2.10).
The second part is obvious.

1
t—2‘p(t)dt

and

1
t— =|p(t)dt
2‘17()
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Corollary 2. With the assumptions of Corollary 1 and if p is symmetric, namely
p(l—1t)=p(t) for allt € [0,1], then

Aﬂwwfal—wA+wau—(AZwOﬁ)f(A;B)H

1
§< sup ||V fa—tyaten (B —A) ||+ sup ||vf(1t)A+tB(B_A)||>
te

[0$1/2 [1/ )1
1
X /
0

1
te[o 1]

(2.13) ’

t— —

S|P (t)dt

t— ‘ dt.
Proof. Since ¢ (t) := |t - %|p (t), t € [0,1] is symmetric, then

1 1/2 1
1 1 1

/ t‘p(t)dt/ t‘p(t)dt/

1/2 2 0 2 2 /o

and by (2.10) we get (2.13). O

1
t— =|p(t)dt
2‘1}()

Remark 2. For functions f that are of class C' on I we have the inequalities

1 1 A+B
(2.14) ‘/p(t)f((l—t)A—&—tB)dt—(/ p(t)dt)f( : )H
0 0
! 1
<lB-al sw [Df@-0a+m)] [ - lpa
t€[0,1/2] 1/2
+[[B—=A| sup [[Df((1—-t)A+iB) t—2‘p(t)dt
tefl/2, 0
! 1
< 1B = Al sup [DF((1—1) 05| a
t€(0,1]
provided
sup [[Df((1—t) A+tB)| < oo,
t€[0,1]
for A, B € SA; (H). In particular, for p =1 we get
! A+B
(2.15) / f((l—t)A+tB)dt—f< i )H
0

1
<gIB=Al suwp [Df((1-1)A+B)|
te[0,1/2]

1
+glB— Al suwp |Df((1-1)A+tB)|
te(1/2,1]

1
< 7B —All sup IDf((1 1) A+tB)|
te(0,1]

for A, Be SA;(H).
‘We have:
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Corollary 3. With the assumptions of Theorem 2,

/Olp(t)f((l—t)A+tB)dt— (/Olp(t)dt> f(A;LB)H
< (/1;21)(8) ds) /1;2 IV fa—nasis (B = A)| dt
. </01/2p(8)d5> /01/2

1

1
<[ p(s) ds/ IVfa-nars (B —A)||dt.
0 0

(2.16) ’

|Via—tyases (B—A)| dt

If p is symmetric, then

(2.17) ‘/Olp(t)f((lt)AthB)dt (/Olp(t)dt> f(A—;—B>H
<3 ([reras) [ 1950 sas 8- ]

and forp=1

(2.18) H/Olf(at)A+tB)dtf(A;LB)H

1t
< 5/ ||Vf(1—t)A+tB (B - A)H dt.
0
Proof. We have
M (p, f; A, B)

1
= sup (/ p ) / HVf(l t)A+tB (B A H dt
t€[1/2 1]
1/2
sup (/ p(s ) / |V fa—tyates (B — A)|| dt
te[o 1/2] 0 0

( ) |V fa—tyatens (B — A)|| dt
1/2
1/2 1/2
+ ( ) |V f—yases (B — A)|| dt
1/2
< max{/ p(s )ds,/ p(s)ds}
1/2 0
1 1/2
X [//2 IV fa—tyates (B — A)|| dt +/o IV fa—tyaten (B — A)|| dt
1

1 1
= / p(s) ds/ HVf(kt)AHB (B - A)H dt,
0 0

which proves (2.16).
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Remark 3. For functions f that are of class C' on I we have the inequalities

o0 (1 —0) A+ B)di— (/Olp@)dt)f(A;B)H

<|B- 4| (/ p(s ) [ Ipra oAt m)a

1/2 1/2
LB - A (/ ) / IDF((1~t) A+ 1B)| dt

1
<|B- A||/ ds/ IDf((1—1t) A+tB)| dt.

(2.19)

If p is symmetric, then

(2.20) H/ (1—t A+tB)dt</01p(t)dt>f<A—;B)H
<2 IB-A| (/01p<3>d3) / IDF((1L—t) A+ 1B)| de

and for p =1 we get

(2.21) 1f((1—t)A+tB)dt—f<
0

A+ B
2

1 1
<5 IB-al [ 1D -0 a+em)a
0
for A, Be SA(H).
We also have:

Corollary 4. With the assumptions of Theorem 2, we have for v, g > 1 with
1,1 _
T + 7 1 that

(2.22) ‘/Olp(t)f((lt)AthB)dt </01p(t)dt>f(A;B)H
<[, ro) s [7([roe)]
1 1/q
X [/O IVfa—varen (B—A)qut} ;
provided

1
/ HVf(lft)A+tB (B - A)Hq dt < 00.
0

In particular, if p =1, then we have

(2.23)

((1t)A+tB)dtf<

1 1 1/r 1 1/q
§2<7’+1> [/0 "vf(lt)A+tB(B—A)|’th:| ,

A+ B
2
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Proof. Using Holder’s integral inequality we have for p, ¢ > 1 with % + % =1 that

1 1
/ </ p(s) d5> |V fa—nays (B—A)|dt
12 \Jt
1 1 N 1 e
< (/1/2 </t p(s) ds) dt> </1/2 IVfa-tasen (B~ A)qut)

/01/2 (/Otp(s) ds) |V fa-vares (B—A)|| dt
< </01/2 </Otp(s)ds>r>1/r </01/2 IV fa—iasen (B—A)qut>

If we add these inequalities and use the elementary Hoélder’s inequality
ac+bd < (a" + b)) (¢ + 9",
where a, b, ¢, d > 0 and r, ¢ > 1 with } + é =1, then we get
M (p, f; A, B)

< (/1;2 (/tlp(s) ds)rdt> " </1j2 |Vfa-tyaris (B - A)qut)
+ (/01/2 (/Otp(s)ds) T) " (/01/2 va(1—t)A+tB (B - A)qut> "

} [[ (o) o) T (0 resy) )

1/q7 19
IV fa—tyares (B — Aqut) ]

and

1/q

1/4q

X

/2 1/q79Y Y4
|V fa—tyatis (B — A) ||th> ] }

7
Lo o (o)

1/r

X

1/2 1/’1
||Vf(1 _tyates (B—A)|* dt+/ |V fa—tasen (B—A)qut}

I
([ s o ([ 0]
1)

1/q
IV fa—tyaris (B — Aqut] ;

1/r
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which proves (2.22).
If p =1, then we have

[ s} o [ o)

1 1/2 (l r+1 (l)’I’Jrl 1
= 1—trdt+/ trdt = 2 + 22 = ,
/1/2( ) 0 r+1 r+1 2r (r+1)
which proves (2.23). O

Remark 4. For functions f that are of class C' on I we have for r, ¢ > 1 with
1,1 _
T + i 1 that

/Olp(t>f<<1—t>A+tB>dt— (/Olpu)dt)f("‘;B)H

1 1P(S)ds Tdt—i— v tp(s)ds "
1/2 \J¢ 0 0

X [/01 IDf((1—t)A+ tB)||th} Uq.

(2.24)

<[B-A]

In particular, if p = 1, then we have

w )

/Olf((l—t)A+tB)dt—f< :

1 1 1/r 1 1/q
<ple-al(4) | [ 1ora-asmia)

3. EXAMPLES FOR SOME GENERAL CLASSES OF FUNCTIONS

Let f be a real function that is n-time differentiable on (0,00), and let f(™) be
its n-th derivative. Let f also denote the map induced by f on positive operators.
Let D™ f(A) be the n-th order Fréchet derivative of this map at the point A. For
each A, the derivative D™ f(A) is a n-linear operator on the space of all Hermitian
operators. The norm of this operator is defined as

1D f(A)] == sup {D" f(A) (B, ..; Bn) | |Bill = ... = [|Bnll = 1} .

We consider the following class of functions defined on (0, co) for a natural n > 1,
D™ (0, 00) := {f | |ID"f(A)| = Hf(”) (A)H for all positive operators A} .

It is known (see for instance [9]) that every operator monotone function is in
D (0,00) for all n = 1, 2,.... Also the functions f(t) = t", n = 2, 3, ..., and
f(t) = expt are in DM (0,00). None of these are operator monotone. Moreover,
the power function f(t) = t? is in D™ (0, 00) if p is in (—o0, 1] or in [2, 00), but not
if p is in (1,V/2). Also that the functions f(t) = expt and f(t) =7, —co <p <1,
are in the class D™ (0,00) for all n = 1, 2,..., and that for p > 1 the function
f(t) = t? is in the class D™ (0, 00) for all n > [p + 1], where [] is the integer part
(see for instance [9] and the references therein).
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Proposition 1. If f € DM (0,00), A, B > 0 and p : [0,1] — [0,00) is Lebesgue
integrable, then we have midpoint inequality

/Olp(t)f((l—t)A—i—tB)dt— </01p(t)dt>f(A;B)H

< B—An/l; ([ peras)ir@-nasmya

(3.1) ’

1B - Al // (/Otms) ) 171~ ) A + 1) .

In particular, for p =1 we get

()lf((l—t)A+tB)dt—f<A+B)H

o) | :

1
< ||B—A|/1/2 (1= ) | f(1— 1) A+ tB)| dt

1/2
B 7A||/0 FIF((1— 1) A+ tB)| dr.

The proof follows by (2.19).
If f € DM (0,00) and A, B > 0, then we observe that all the inequalities from
Remarks 2-4 hold for f’ instead of Df. For instance, we have from (2.20) that

/Olpu)f((lt)AHB)dt (/Olp<t>dt>f(A§B)H

<B4 (/01p<s>ds) / 1F((1 =) A+ tB)] b

provided f € DM (0,00), A, B > 0 and p : [0,1] — [0,00) is Lebesgue integrable
and symmetric.
If f = exp, then

(3.3) ‘

1 1
/ ||exp((1—t)A+tB)Hdt§/ exp || ((1—t) A+ tB)|| dt
0 0

< / exp[(1— 1) [ A]l + ¢ Bl dt

xp|| B[ —exp||A
{ %fm |BIl # 1Al

exp [|A] for [|B]| = [|A]
and by (3.3) we get

/olp(t) exp (1 —t) A+1tB)di — (Alp(t) dt) o (A JQF B> H
exp| Bll—expllA|l ¢ 1Bl # 1Al ,

<513 -4 (/Olp(s) ds) { e

exp[[Al| for [|B]| = [[A]l,

CO.

where p : [0, 1] — [0, 00) is Lebesgue integrable and symmetric.



14 S.S. DRAGOMIR

However, if more assumptions are made, the inequalities (3.1) and (3.2) provide
some other inequalities as well.

Corollary 5. If f € DW (0,00) and f' is operator convexr and nonnegative on

(0,00) and p : [0,1] — [0,00) is Lebesgue integrable, then for A, B > 0, we have the
midpoint inequality

AUA@f«lﬂA+thﬁ(Aﬂmwﬁ)f(A;B)

1
<3 IIB*AH

@u

and, in particular, for p =1 we get

Olf((l—t)A+tB)dt—f(A;B)H

(3.5) ‘

2~ 4 |p0arira

(1—1t)° ip(t)dt}

(3.6)

< é 1B = Al (LS (AN + 1L (B -

Proof. Since f' is operator convex and nonnegative on (0, 00) then for A, B > 0 we
have

0< f(1—t)A+tB) < (1—t) f'(A)+tf (B)

for t € [0,1]. By taking the norm, we get

IF(A=t) A+ tB)|| < [I(1 —1) f'(A) + " (B)]
SA=0) A+ (B

for t € [0,1].
Therefore,

[;(lZwmQ.ﬂu—wA+wmw
g[;([}@wﬁur%wfmm+wawMt
(4 n/ ([ peras)a-na
4—f@)1m< w%ﬁ
LI ( (as) d (11~ 1)
F o178 n/“(/ ) d ()



and

WEIGHTED MIDPOINT INEQUALITIES

1

1 1 ! 2 ! 2
= 5 I ((/ pls)ds) (1-1) R e p(t)dt>
1 ! ! s)ds 21 ! 2
F i <B>||<([ plo)ds) ¢ 1/2+/1/2tp<t>dt>
1 1
= Il (// -0 [ p6) ds>

+5 1 @)l </1/2t2p(t)dt— i), ds>

AW (Atp(s) ds) £/ ((1—t) A+tB)]| dt

S//U (s)d )[(1 O 1F/ (A -+t (Bl dt
— 7/ (A / ( i) -

+ 1 (B ||/l/2< t ds) it

=5 /1/2</ S)d> )

i [ [ rera)aw

)
t 1/2 1/2
! s)ds | t* 2

+3lf (B)|< /Op( )d)t i /0 tp(t)dt>
1/2 1/2

= 2 I (fl has- | <1-t>2p<t>dt>
1/2 1/2

e (i/ peds— [ t2p<t>dt>

15
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These imply that

// (/ 2 ‘“) IF(@ =ty A+ Bl dt
+ /01/2 (/Otp(s) dS) |£((1—t)A+tB)| dt

||f

which by (3.1) gives (35)
The inequality (3.6) follows by (3.5) observing that

‘ D+ L7

(1—-1) —‘ (t) dt,

Remark 5. If p is symmetric on [0,1], then

/01 (1—t)2—i p(zf)chsz/o1 (1—t)2—i’p(1—t)dt
[~ Hptoa

and from (8.5) we obtain the following inequality of interest

/Olp(t>f<<1—t>A+tB>dt— (/Olp(wdt)f(“‘;B)H

< SIB=ALUF @B+ 15N [ |2 -7 per

(3.7)

4

provided f € DM (0,00), f' is operator convex and nonnegative on (0, 00) while A,

B> 0.
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In particular, if we take p (t) = }t — f| ,t €[0,1], then by (3.7) we get

A )l

<2 1B — Al (I B+ £ ().

provided f € DM (0,00), ' is operator convex and nonnegative on (0, 00) while A,
B>0.

Consider the function f(z) = z"on (0,00), where 0 <r <1 or 2 <r < 3. Then
from Corollary 5 we get the midpoint inequality

(3.9) ‘/Olp(t)((l—t)A—l—tB)"dt— (/Olp(t)dt> (A;B)r
gan—Au

Sl

for A, B > 0, where p : [0, 1] — [0, 00) is Lebesgue mtegrable.
Moreover, if p is symmetric, then

(3.8)

t—‘f 1—t)A+tB)dt—f(

(1—1)? ip(t)dt}

’ t)dt + ||

(3.10) ‘/()1p(t)((1—t)A+tB)Tdt— (/Olp(t)dt> (A;B)T
< g al(la ]+ s [ - ]
for 4, B > 0.
For p =1 we get
(3.11) ‘/01 (1—t)A+tB) dt - (A+B>T

< SIB=Al(la [+ [B]).

for A, B>0,where0<r<lor2<r<3.
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