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1. Introduction

Let C*: k=1,2, be a Faber curve in the z,- plane and suppose that the
corresponding Faber transformation is

o0
o= Qrtn) =ti + Y akt)” (1.1)
n=1
where the function ¢y (tx)is regular and one-to-one for |tx| > Ty. Thus the
curve C* is the map in the zg-plane of the crcle |t| > 44 by the transformation
(1.1) where 4 > Tj. For r > Tythe map of the circle [tx| = r is the curve C*
so that C* is actually C’ffk. Following Breadze [2] the product set

Brlﬂ"z = D(C;jxD(C?/“IQ)’ T > Tk <12)

and its closure Brlm are called Faber regions in the space C? of the two
complex variables z; and z9. For studies on Faber transformation and regions
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(see Newns [4],Ullman [5]).An open polycylinder in C? is the open connected
set

Lrpre = {(21,22)  |2| <7r i >0, (1.3)

and its closure is denoted Ty, ,. By reasoning as in [1], [2] and [4], we take as
a Banach space the class of functions regular in Faber regions B, ,, or By, r,,
and let a norm defined on this space be given by

S(F) = sups, , |F(z1,22)| = M'(F; 1, po) (1.4)

for all functions F regular in B, ., pr < 7% angi M’ is the maximum modulus
in Faber regions. Since F'(z1, 22) is regular in Bp, g, then it admits the Faber

series
o0

F(z1,22) = Y amnfi(21)f7(22) (1.5)
m;n=0

where

—1 —m—1,—n—
P / / Fo1(h), ba(t2) 7™ 45" Ldtadts (1.6
Am [t1|=r1 J|t2]|=r2

m,n > 0,1, <rp < Rg,
and

{fm(21)} and {f7(22)} (1.7)

are the sets of Faber polynomials corresponding to the respective transforma-
tions z1 = ¢1(t1) and zo = ¢a(t2).

In view of the representation (1.5), the base for this space is the set { f},(21).f2(z2)}.
Thus, if {P;(21,22)} is a sequence of basic set of polynomials of the two com-
plex variables z; and zo, we can write the unique representation

Fn(21). 2 (22) = ) TPy (21, 22),myn 2 0. (1.8)
j=0

If F(z1, 22) is a function regular in B, ,, then the basic series associated with
F' is given by

F(z1,2) Y TL(F)Pj(z1,22), (1.9)
j=0
where
(F) = Y amall}"" (1.10)
m,n=0

In order to formulate conditions for effectiveness of basic sets in Faber regions
we shall consider only Cannon sets of polynomials, for which, with analogy
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to the single variable case, the number N, ,, of non-zero coefficients in (1.8)
satisfy the condition that

1

lim Npya" =1
m-+noo

The Cannon sum of the bassic set {P;(21, 22)} for the Faber region B, 5, . <rs
is given by
Qnn(p1, p2) = pips' Y T [M(Py, p1, pa).- (1.11)
j=0
We can easily deduce from (1.8), (1.1) and the formula of Newns [4, p.749] that

(1.12)

T/ n
> (p1p2)" {1 — i (3 "Hi- aix; (52) )
where [, is the length of the curve C’T,,T > Ty, and Ag(> 0) is the distance

between the curves C’,’fk and C’éﬁ,. If the Cannon function of the same set for
k
the same Faber region is defined as

_1
Qp1,p2) = m&ﬂ_lm SUp{Qmn(p1, p2) }me (1.13)

then (1.12) yields
Qp1, p2) = p1p2. (1.14)

We observe that if the series

Z |@m, ”HZ |Hmn‘M/ (Pj, p1,p2)}

m,n=0

converges, then the arrangements of the terms of the series

o0
> amal) P21, 2)}
m,n=0 7=0

associated with the function (1.5) which leads to the basic series (1.8) is jus-
tifiable and hence the basic series associated with function (1.5) will represnt
it in Bp1 P2

Analogous notation is used for polycylinder (cf. [1]).

2. The required condition for effectiveness of the basic set {Pj(z1,22)} in
Faber regions is the following.
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Theorem 2.1. Let {Pj(z1, 22)} be a basic set for which the Cannon function
is
Q(Rl,RQ) =g? > R1Rs, R, > Ty,. (2.1)

Then {P;(21, 22)} will be effective in Bg, g, for the class of functions regular
in B,, ,,, where

2 2
r = %2 > Riy,ro = %1 > Rs. (22)
We observe from (2.2) that
I
r2 Ry

and hence Theorem 2.1 is the analogue for Faber regions of the sufficiency as-
sertion of [1, Theorem 3.2], for polycylinders and may be derived in a manner,
replacing the monomials

{23 by { fn (21) fi(22)}

and, in view of (1.4) replacing the polycylinders Iy, ,, by the Faber regions
By iy

We, however, give another proof:

Proof of Theorem 2.1. Let F'(z1, 22) be any function regular in B,, ,, where it
admits the expansion

o0

F(z1,22) = Z Ao frn (21) f3 (22).

m,n=0
Then there are numbers py > ri such that the function F'(z1, 2z2) is regular in

By, rho,- Hence, we can deduce that

1
I n < —— 2.3
o m allpy™, o)} < o (2.3)

Now supposing that £- < £ we obtain from (1.10) that

mn n —m p2 m—+n
|M/( 75 P1, P2)} < |amn|p1 (Rg) + Qm,n(R17R2)-

7=0

Therefore, applying (2.1), (2.2) and (2.3), we easily derive the inequality

lim  supllam,[{>_ [TI""|M (P}, Ry, Re) Y7 < %02 <1

m+n—o00 2
7=0
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Similarly if £2 < £- we can obtain the inequality

: m,n / 1 RQ
i supuam,nl{zo [T [0 (P, Ry, B) e < 22 < 1.
]:

Hence the series

Z\amnr{ZIH’"” '(Pj, Ry, Rs)}

m,n=0

converges and thus the basic series associated with F(z1, z2) represents it in
BR,r,, and the theorem is proved.

The analogue for Faber regions of the results of [1, Theorem 3.4] for poly-
cylinders and proved along the same lines is the following.

Theorem 2.2. A necessary condition for the effectiveness of the Cannon
set {Pj(z1, 22)} of polynomials in Bg, g, for the class of functions regular in
Brl,rg Rk <rg

Q(Rl, RQ) S maX(erg, Rgrl). (2.4)
Letting r; tend to Ry in Theorems 2.1 and 2.2 and appealing to the relation
(2.1) we obtain the familiar Cannon’s theorem for Faber regions in the form.

Theorem 2.3. The Cannon set {P;j(21, 22)} of polynomials wil be effective in
BR, .r, if and only if
Q(R1, R2) = R1R».

3. We now consider effectiveness of composite sets of polynomials of two
complex variables z; and 22 in Faber regions.

Let {P;(z1)} and {P}(z)} be basic sets of polynomials. If for any mode
of arrangement we write

P (21).P2(22) = Py(z1, ), (3.1)

then {Pj(z1, 22)} is called the composite set of polynomials whose constituents
are the sets {P;(21)} and {P}(22)}, (c.f. [3]).

Following [3], suppose that the Faber polynomials {f! (z1)} and {f2(z2)} ad-
mit the unique representations

fm Zl ZHm,u, w fm Zl Zﬂmﬂ w (32)
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then the product fl (z1)f2(22) will admit the unique representation

Fo(21) f(22) ZH "Pj(z1, 22) (3.3)
where, besides (3.1) we have
m,n __ 17l 2
et =, 12 (3.4)
so that {Pj(z1,22)} is infact a basic set of polynomials of the two complex
variables z1 and zs.
We shall suppose each of the basic sets {P}(z1)} and {PZ(z2)} is Cannon set

in the sense that if N}, and N2 are the numbers of nonzero coefficients in the
representations (3.2), then

lim Nlm: : lim NQ”: .
m—00 m—>oo

Therefore if N, , is the number of nonzero coefficients in the representation
1

(3.3), we should have N, , < N}, N2 and hence lim, {n—00 Nirs* = 1. Hence,
it follows that the composite set {P;(z1, 22)} is also a Cannon set.

It has been shown in [3, Theorem 5] that the composite set {Pj(z1, 22)} whose
constituents are Cannon sets {Pj(z1), PZ(z2)} will be effective in the ball
Sr = {(21,22) : |21)*>+]22]* < R?}, R > 0 if and only if, each of the constituent
sets is effective in the disk |z;| < r for 0 < r < R. To generalize this result
to Faber regions, we write for the Cannon sum of the Cannon set {P}(z1)} in

D(C,),

wn(Cr) = 3 I | M (P ), (3.5)
©n=0
and in view of (3.2) the Cannon function is given by
1 . 1
A(Cr) = nh_{réo sup{wn(Cy, )} 7. (3.6)

Similar notation is adopted for the Cannon set {Pﬁ (22)}. With this notation
our result concerning composite set is the following.

Theorem 3.1. Let {P}(z1)} and {P}(z2)} be Cannon sets of polynomials and
suppose that {P;(z1,22)} is their composite set. Then the Cannon function of
{Pj(21, 22)} for their Faber region Bp, g,; R > T} is given by

Q(R1, Ry) = max{R1\*(C},), RoA' (CF,)). (3.7)
Proof. Write
Smun(R1, Rg) =Y [T M (P}, Ry, Ry) (3.8)

Jj=0
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then (3.4) yields

while (3.1) with our notation ylelds

M(Pj, Ry, Ra) = M(P,; Cg,).(M'(P}; Cf,). (3.10)
Introducing (3.9) into (3.8) it follows from (3.5) that
Smn(R1, R2) = ZIH WM (B Cp )L | M (PY; CR,) = wi(Chy )wn (C,)

Hence in view of (1.11) we obtain
Qpn (R1, o) = RYRYwl, (Chy ) (Chy). (3.11)

Suppose that
)\(k)(czlfzk) = pr > Ry

and that
RiAP(CR,) = Ripy < Rapy = RoM'(C,),
then
By (3.12)
P1 P2

Let o1 be any finite number greater than p; and choose the number oy > p2

such that
g1 o @

=22 (3.13)
Pl P2
Then (3.12) and (3.13) together yield
oo (3.14)
01 02

From the definition (3.16) of A(k)(C%, ) it follows that
w,’i(C}%k) < Kop';(m>0),K
a constant, and hence (3.11) and (3.14) imply that
Qun(R1, Re) < K(Ryo1)™ ™ m,n > 0.
Hence, in the limit as m 4+ n — oo we have
QR Rp) = lim _sup{Qual(Ba, Ro)}itn < Rooy
and since o7 can be taken arbitrarily close to )\1(6’1’31) we deduce that

Q(Ry1, Ro) = RaAY(Ch,).
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Similarly, if

RoM (CR,) < RiN*(Ch,)
we can arrive at the inequality

Q(R1, Ry) < RiA?(C,

and we conclude that

Q(Ry, Ro) < max{Ri\*(Ch,), RoA (CR,)}- (3.15)
On the other hand, we have from the inequalities,
/ ’ 1
Q(Rla RQ) = limyinseo SUP[R?RTW#L(?'RI )w}n(CRl)] mn
> im0 sup[Rgnw}n(C;h)]ﬁ = Rl)\Q(C}%Z)
and
Q(R1, R) > lim sup{ Rjw?(Ci,)}» = RiN*(Ch,)
that

Q(Ry, Re) > max{RiN*(Ch,), RaA'(CR,) 1. (3.16).

A combination of (3.15) and (3.16) gives the desired equality (3.7) and the
theorem is established. -
We observe that if the set {P;(z1)} is effective in D(C’;l) and the set {P?(22)}

is effective in D(C’;ZQ) , then \¥(C*)p, = Ry and hence (3.7) implies that
Q(R1, R2) = R1Rs.

Moreover, if the composite set {P;(21, 22)} is effective in Bg, g, then the same
equation (3.7) yields

R1)\2(C;32) < Q(R1, R2) = R1 Ry,
so that
AY(Ch,) = Ro.

In a similar manner we can deduce that A'(C,) = Ry.
We have, therefore proved the following result which is a generalization of the
result of Nassif [3, Theorem 5] for balls:

Theorem 3.2. The composite set {P;(z1,22)} of the Cannon sets {Pj(zl)}
and {P2(z2)} is effective in the Faber region Bg, g,, Ry > T if and only if the
sets {P}(z1)} and {P2(z2)} are effective in D(C%,) and D(C;Q) respectively.
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We note that if the sets { P¥ (2;)} are not effective in D(C’Ek) so that Ak(C’]]‘ék) >
Ry, then we would have

Q(R1, Ry) < M (CR)N(CH).
We claim that the method used in establishing Theorem 3.1 for Faber regions is
also valid for polycylinders I';, ., with obvious modifications (c.f. [1]). Indeed,
the Cannon function A\¥(Ry) of the constituent Cannon set {P% (z;)} for the
disk |zx| < Ry is given by

Ne(Ry) = Tim sup{on(Ri)}»

where
wn(Re) = Y _ | 5| M(PF; Ry,), By > 0
§=0
and M denotes maximum modulus in polycylinders.
The Cannon function of the composite set {P;(21,22)} for the closed poly-
cylinder I'g, R, is given by

1
w(R1, Ry) = n+lgqn_1)oo sup{wmn(R1, Ra)}mtm

where

wn(Ry, Ry) = RY, Ry >[I |M(Py; Ry, Ry).
j=0
With this notation the analogue of Theorem 3.1 for polycylinders is

Theorem 3.3. Let {P;(z1)} and {P}(z2)} be Cannon sets of polynomials
and suppose that {P;(z1, 22)} is their composite set. Then the Cannon func-
tion of the set {P;(z1,22)} for the polycylinders I'g, r,; Ry > 0 is given by

w(Ry, Ry) = max{R;)\*(Ry), RoA'(R1)}. (3.17)
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