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Abstract

Here we establish several important right complex Caputo type frac-
tional inequalities of the following kinds: Ostrowski�s, Poincare�s, Sobolev�s,
Opial�s and Hilbert-Pachpatte�s.
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1 Introduction

Here we follow [3].
Suppose  is a smooth path parametrized by z (t), t 2 [a; b] and f is a

complex function which is continuous on . Put z (a) = u and z (b) = w with
u;w 2 C. We de�ne the integral of f on u;w =  asZ



f (z) dz =

Z
u;w

f (z) dz :=

Z b

a

f (z (t)) z0 (t) dt:

We observe that the actual choice of parametrization of  does not matter.
This de�nition immediately extends to paths that are piecewise smooth.

Suppose  is parametrized by z (t), t 2 [a; b], which is di¤erentiable on the
intervals [a; c] and [c; b], then assuming that f is continuous on  we de�neZ

u;w

f (z) dz :=

Z
u;v

f (z) dz +

Z
v;w

f (z) dz;

where v := z (c). This can be extended for a �nite number of intervals.
We also de�ne the integral with respect to arc-lengthZ

u;w

f (z) jdzj :=
Z b

a

f (z (t)) jz0 (t)j dt
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and the length of the curve  is then

l () =

Z
u;w

jdzj :=
Z b

a

jz0 (t)j dt;

where j�j is the complex absolute value.
Let f and g be holomorphic in G, and open domain and suppose  � G

is a piecewise smooth path from z (a) = u to z (b) = w. Then we have the
integration by parts formulaZ

u;w

f (z) g0 (z) dz = f (w) g (w)� f (u) g (u)�
Z
u;w

f 0 (z) g (z) dz: (1)

We recall also the triangle inequality for the complex integral, namely����Z


f (z) dz

���� � Z


jf (z)j jdzj � kfk;1 l () ; (2)

where kfk;1 := sup
z2

jf (z)j.

We also de�ne the p-norm with p � 1 by

kfk;p :=
�Z



jf (z)jp jdzj
� 1

p

:

For p = 1 we have

kfk;1 :=
Z


jf (z)j jdzj :

If p; q > 1 with 1
p +

1
q = 1, then by Hölder�s inequality we have

kfk;1 � [l ()]
1
q kfk;p : (3)

We are inspired by the following extensions of Steklo¤ and Almansi inequal-
ities to the complex integral:

Theorem 1 ([3]) Let f be analytic in G, a domain of complex numbers and
suppose  � G is a smooth path parametrized by z (t), t 2 [a; b] from z (a) = u
to z (b) = w and z0 (t) 6= 0 for t 2 (a; b) :
(i) If

R

f (z) jdzj = 0, thenZ



jf (z)j2 jdzj � 1

�2
l2 ()

Z


jf 0 (z)j2 jdzj : (4)

(ii) In addition, if f (u) = f (w) = 0, thenZ


jf (z)j2 jdzj � 1

4�2
l2 ()

Z


jf 0 (z)j2 jdzj : (5)
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We are also inspired by complex Ostrowski type results:

Theorem 2 ([4]) Let f : D � C ! C be an analytic function on the convex
domain D with z; x; y 2 D and � 2 C. Suppose  � D is a smooth path
parametrized by z (t), t 2 [a; b] with z (a) = u and z (b) = w where u;w 2 D.
Then Z



f (z) dz = [(1� �) f (x) + �f (y)] (w � u)+ (6)

(1� �)
nX
k=1

1

(k + 1)!
f (k) (x)

h
(w � x)k+1 + (�1)k (x� u)k+1

i
+

�
nX
k=1

1

(k + 1)!
f (k) (y)

h
(w � y)k+1 + (�1)k (y � u)k+1

i
+ Tn;� (; x; y) ;

where the remainder Tn;� (; x; y) is given by

Tn;� (; x; y) :=

1

n!

�
(1� �)

Z


(z � x)n+1
�Z 1

0

f (n+1) [(1� s)x+ sz] (1� s)n ds
�
dz

+(�1)n+1 �
Z


(y � z)n+1
�Z 1

0

f (n+1) [(1� s) z + sy] snds
�
dz

�
= (7)

1

n!

�
(1� �)

Z 1

0

(1� s)n
�Z



(z � x)n+1 f (n+1) [(1� s)x+ sz] dz
�
ds+

(�1)n+1 �
Z 1

0

sn
�Z



(y � z)n+1 f (n+1) [(1� s) z + sy] dz
�
ds

�
:

Estimations of the above remainder follow:

Theorem 3 ([4]) Let f : D � C! C be an analytic function on the convex do-
main D with x; y 2 D and � 2 C. Suppose  � D is a smooth path parametrized
by z (t), t 2 [a; b] with z (a) = u and z (b) = w where u;w 2 D. Then we have
the representation (6) and the remainder Tn;� (; x; y) satis�es the inequalities

jTn;� (; x; y)j �

1

n!

�
j1� �j

����Z


jz � xjn+1
�Z 1

0

���f (n+1) [(1� s)x+ sz]��� (1� s)n ds� jdzj����
+ j�j

����Z


jy � zjn+1
�Z 1

0

���f (n+1) [(1� s) z + sy]��� snds� jdzj����� (8)
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� 1

n!
j1� �j

8>>>>>>>>><>>>>>>>>>:

1
n+1

R

jz � xjn+1

�
maxs2[0;1]

��f (n+1) [(1� s)x+ sz]��� jdzj
1

(qn+1)
1
p

R

jz � xjn+1

�R 1
0

��f (n+1) [(1� s)x+ sz]��p ds� 1
p jdzj

where p; q > 1 and 1
p +

1
q = 1R


jz � xjn+1

�R 1
0

��f (n+1) [(1� s)x+ sz]�� ds� jdzj

+
1

n!
j�j

8>>>>>>>>><>>>>>>>>>:

1
n+1

R

jy � zjn+1

�
maxs2[0;1]

��f (n+1) [(1� s) z + sy]��� jdzj
1

(qn+1)
1
p

R

jy � zjn+1

�R 1
0

��f (n+1) [(1� s) z + sy]��p ds� 1
p jdzj

where p; q > 1 and 1
p +

1
q = 1R


jy � zjn+1

�R 1
0

��f (n+1) [(1� s) z + sy]�� ds� jdzj ;
and

jTn;� (; x; y)j �
1

n!

�
j1� �j

Z 1

0

(1� s)n
�Z



jz � xjn+1
���f (n+1) [(1� s)x+ sz]��� jdzj� ds+

j�j
Z 1

0

sn
�Z



jy � zjn+1
���f (n+1) [(1� s) z + sy]��� jdzj� ds� �

1

n!
j1� �j

8>>>>>>>>><>>>>>>>>>:

R

jz � xjn+1 jdzj

R 1
0
(1� s)n

�
maxz2

��f (n+1) [(1� s)x+ sz]��� ds
�R


jz � xj(n+1)q jdzj

� 1
q R 1

0
(1� s)n

�R


��f (n+1) [(1� s)x+ sz]��p jdzj� 1
p

ds

where p; q > 1 and 1
p +

1
q = 1

maxz2

�
jz � xjn+1

� R 1
0
(1� s)n

�R


��f (n+1) [(1� s)x+ sz]�� ds� jdzj
(9)

+
1

n!
j�j

8>>>>>>>>><>>>>>>>>>:

R

jz � yjn+1 jdzj

R 1
0
sn
�
maxz2

��f (n+1) [(1� s) z + sy]��� ds
�R


jz � yj(n+1)q jdzj

� 1
q R 1

0
sn
�R



��f (n+1) [(1� s) z + sy]��p jdzj� 1
p

ds

where p; q > 1 and 1
p +

1
q = 1

maxz2

�
jz � yjn+1

� R 1
0
sn
�R



��f (n+1) [(1� s) z + sy]�� jdzj� ds:
In this article we utilize on C the results of [2] which are for general Banach

space valued functions.
Mainly we give di¤erent cases of the right fractional C-Ostrowski type in-

equality and we continue with the right fractional: C-Poincaré like and Sobolev
like inequalities.
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We present an Opial type right C-fractional inequality, and we �nish with
the Hilbert-Pachpatte right C-fractional inequalities.

2 Background

In this section all integrals are of Bochner type.
We need

De�nition 4 (see [5]) A de�nition of the Hausdor¤ measure h� goes as follows:
if (T; d) is a metric space, A � T and � > 0, let � (A; �) be the set of all
arbitrary collections (C)i of subsets of T , such that A � [iCi and diam (Ci) � �
(diam =diameter) for every i. Now, for every � > 0 de�ne

h�� (A) := inf
nX

(diamCi)
� j (Ci)i 2 � (A; �)

o
: (10)

Then there exists lim
�!0

h�� (A) = sup
�>0
h�� (A), and h� (A) := lim

�!0
h�� (A) gives an

outer measure on the power set P (T ), which is countably additive on the �-�eld
of all Borel subsets of T . If T = Rn, then the Hausdor¤ measure hn, restricted
to the �-�eld of the Borel subsets of Rn, equals the Lebesgue measure on Rn up
to a constant multiple. In particular, h1 (C) = � (C) for every Borel set C � R,
where � is the Lebesgue measure.

De�nition 5 ([2]) Let [a; b] � R, (X; k�k) be a Banach space, � > 0, m := d�e,
(d�e the ceiling of the number). We assume that f (m) 2 L1 ([a; b] ; X) ; where
f : [a; b] ! X. We call the Caputo-Bochner right fractional derivative of order
�:

�
D�
b�f

�
(x) :=

(�1)m

� (m� �)

Z b

x

(J � x)m���1 f (m) (J) dJ; 8 x 2 [a; b] ; (11)

where f (m) is the ordinary X-valued derivative, de�ned similarly to the numer-
ical one.
We observe that Dm

b�f (x) = (�1)m f (m) (x) ; for m 2 N, and D0
b�f (x) =

f (x) :

By [2]
�
D�
b�f

�
(x) exists almost everywhere on [a; b] and

�
D�
b�f

�
2 L1 ([a; b] ; X).

If
f (m)

L1([a;b];X)
< 1, and � =2 N; then by [2], D�

b�f 2 C ([a; b] ; X) ;
hence

D�
b�f

 2 C ([a; b]) :
We need the right-fractional Taylor�s formula:

Theorem 6 ([2]) Let [a; b] � R, X be a Banach space, � > 0, m = d�e,
f 2 Cm�1 ([a; b] ; X). Set

Fx (t) :=

m�1X
i=0

(x� t)i

i!
f (i) (t) , 8 t 2 [x; b] , (12)
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where x 2 [a; b] :
Assume that f (m) exists outside a �-null Borel set Bx � [x; b], such that

h1 (Fx (Bx)) = 0, 8 x 2 [a; b] : (13)

We also assume that f (m) 2 L1 ([a; b] ; X). Then

f (x) =
m�1X
i=0

(x� b)i

i!
f (i) (b) +

1

� (�)

Z b

x

(z � x)��1
�
D�
b�f

�
(z) dz; (14)

8 x 2 [a; b] :

Next we mention Ostrowski type inequalities at right fractional level for
Banach valued functions. See also [1].

Theorem 7 ([2]) Let � > 0, m = d�e. Here all as in Theorem 6. Assume
f (k) (b) = 0, k = 1; :::;m� 1, and D�

b�f 2 L1 ([a; b] ; X). Then 1

b� a

Z b

a

f (x) dx� f (b)
 �

D�
b�f


L1([a;b];X)

� (�+ 2)
(b� a)� : (15)

We also give

Theorem 8 ([2]) Let � � 1, m = d�e. Here all as in Theorem 6. Assume that
f (k) (b) = 0, k = 1; :::;m� 1, and D�

b�f 2 L1 ([a; b] ; X). Then 1

b� a

Z b

a

f (x) dx� f (b)
 �

D�
b�f


L1([a;b];X)

� (�+ 1)
(b� a)��1 : (16)

We mention also an Lp abstract Ostrowski type inequality:

Theorem 9 ([2]) Let p; q > 1 : 1
p +

1
q = 1, � > 1

q , m = d�e. Here all

as in Theorem 6. Assume that f (k) (b) = 0, k = 1; :::;m � 1, and D�
b�f 2

Lq ([a; b] ; X). Then 1

b� a

Z b

a

f (x) dx� f (b)
 �

D�
b�f


Lq([a;b];X)

� (�) (p (�� 1) + 1)
1
p

�
�+ 1

p

� (b� a)�� 1
q :

(17)

It follows

Corollary 10 ([2]) Let � > 1
2 , m = d�e. All as in Theorem 6. Assume

f (k) (b) = 0, k = 1; :::;m� 1, D�
b�f 2 L2 ([a; b] ; X). Then 1

b� a

Z b

a

f (x) dx� f (b)
 �

D�
b�f


L2([a;b];X)

� (�)
�p
2�� 1

� �
�+ 1

2

� (b� a)�� 1
2 : (18)
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We continue with a Poincaré like right fractional inequality:

Theorem 11 ([2]) Let p; q > 1 : 1p +
1
q = 1, and � > 1

q , m = d�e. Here all
as in Theorem 6. Assume that f (k) (b) = 0, k = 0; 1; :::;m � 1, and D�

b�f 2
Lq ([a; b] ; X), where X is a Banach space. Then

kfkLq([a;b];X) �
(b� a)�

D�
b�f


Lq([a;b];X)

� (�) (p (�� 1) + 1)
1
p (q�)

1
q

: (19)

Next follows a right Sobolev like fractional inequality:

Theorem 12 ([2]) All as in the last Theorem 11. Let r > 0. Then

kfkLr([a;b];X) �
(b� a)��

1
q+

1
r
D�

b�f

Lq([a;b];X)

� (�) (p (�� 1) + 1)
1
p

�
r
�
�� 1

q

�
+ 1
� 1
r

: (20)

We also mention the following Opial type right fractional inequality:

Theorem 13 ([2]) Let p; q > 1 : 1
p +

1
q = 1, and � > 1

q , m := d�e. Let
[a; b] � R, X a Banach space, and f 2 Cm�1 ([a; b] ; X). Set

Fx (t) :=

m�1X
i=0

(x� t)i

i!
f (i) (t) , 8 t 2 [x; b] ; where x 2 [a; b] : (21)

Assume that f (m) exists outside a �-null Borel set Bx � [x; b], such that

h1 (Fx (Bx)) = 0, 8 x 2 [a; b] : (22)

We assume that f (m) 2 L1 ([a; b] ; X). Assume also that f (k) (b) = 0, k =
0; 1; :::;m� 1. Then Z b

x

kf (w)k
�D�

b�f
�
(w)
 dw �

(b� x)��1+
2
p

2
1
q � (�) ((p (�� 1) + 1) (p (�� 1) + 2))

1
p

 Z b

x

�D�
b�f

�
(z)
q dz! 2

q

; (23)

8 x 2 [a; b] :

Next we describe an abstract Hilbert-Pachpatte right fractional inequality:

Theorem 14 ([2]) Let p; q > 1 : 1
p +

1
q = 1, and �1 > 1

q , �2 >
1
p , mi :=

d�ie, i = 1; 2. Here [ai; bi] � R, i = 1; 2; X is a Banach space. Let fi 2
Cmi�1 ([ai; bi] ; X), i = 1; 2. Set

Fxi (ti) :=

mi�1X
ji=0

(xi � ti)ji

ji!
f
(ji)
i (ti) , (24)
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8 ti 2 [xi; bi], where xi 2 [ai; bi]; i = 1; 2. Assume that f (mi)
i exists outside a

�-null Borel set Bxi � [xi; bi], such that

h1 (Fxi (Bxi)) = 0, 8 xi 2 [ai; bi] ; i = 1; 2: (25)

We also assume that f (mi)
i 2 L1 ([ai; bi] ; X), and

f
(ki)
i (bi) = 0, ki = 0; 1; :::; ;mi � 1; i = 1; 2; (26)

and �
D�1
b1�f1

�
2 Lq ([a1; b1] ; X) ;

�
D�2
b2�f2

�
2 Lp ([a2; b2] ; X) : (27)

Then Z b1

a1

Z b2

a2

kf1 (x1)k kf2 (x2)k dx1dx2�
(b1�x1)p(�1�1)+1
p(p(�1�1)+1) + (b2�x2)q(�2�1)+1

q(q(�2�1)+1)

� �
(b1 � a1) (b2 � a2)
� (�1) � (�2)

D�1
b1�f1


Lq([a1;b1];X)

D�2
b2�f2


Lp([a2;b2];X)

: (28)

3 Main Results

We need a special case of De�nition 5 over C:

De�nition 15 Let [a; b] � R, � > 0; n := d�e 2 N, d�e is the ceiling of
the number and f 2 Cn ([a; b] ;C). We call Caputo-Complex right fractional
derivative of order �:

�
D�
b�f

�
(x) :=

(�1)n

� (n� �)

Z b

x

(�� x)n���1 f (n) (�) d�; 8 x 2 [a; b] ; (29)

where the derivatives f 0; :::f (n) are de�ned as the numerical derivative.
If � 2 N, we set D�

b�f := (�1)� f (�) the ordinary C-valued derivative and
also D0

b�f := f:

Notice here (by [2]) that D�
b�f 2 C ([a; b] ;C) :

We give the following right-fractional C-Taylor�s formula:

Theorem 16 Let h 2 Cn ([a; b] ;C), n = d�e, � � 0. Then

h (t) =

n�1X
i=0

(t� b)i

i!
h(i) (b) +

1

� (�)

Z b

t

(�� t)��1
�
D�
b�h

�
(�) d�; (30)

8 t 2 [a; b] ;
in particular when h (t) := f (z (t)) z0 (t) 2 Cn ([a; b] ;C), where f (z) ; z (t) ;

t 2 [a; b] are as in 1. Introduction, it holds,

f (z (t)) z0 (t) =
n�1X
i=0

(t� b)i

i!
(f (z (b)) z0 (b))

(i)
+
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1

� (�)

Z b

t

(�� t)��1
�
D�
b�f (z (�)) z0 (�)

�
(�) d�; (31)

8 t 2 [a; b] :

Proof. By Theorem 6.
It follows a right fractional C-Ostroswski type inequality

Theorem 17 Let n 2 N and h 2 Cn ([a; b] ;C), where [a; b] � R, and let � >
0 : n = d�e. Assume that h(i) (b) = 0, i = 1; :::; n� 1. Then����� 1

b� a

Z b

a

h (t) dt� h (b)
����� �

D�
b�h


1;[a;b]

� (� + 2)
(b� a)� ; (32)

in particular when h (t) := f (z (t)) z0 (t) 2 Cn ([a; b] ;C), where f (z) ; z (t) ;
t 2 [a; b] are as in 1. Introduction, and (f (z (t)) z0 (t))(i) jt=b = 0, i = 1; :::n�1,
we get����� 1

b� a

Z
u;w

f (z) dz � f (w) z0 (b)
����� =

����� 1

b� a

Z b

a

f (z (t)) z0 (t) dt� f (z (b)) z0 (b)
�����

�

D�
b�f (z (t)) z

0 (t)

1;[a;b]

� (� + 2)
(b� a)� : (33)

Proof. By Theorem 7.
The corresponding C-Ostrowski type Lp inequality follows:

Theorem 18 Let p; q > 1 : 1
p +

1
q = 1, and � > 1

q , n = d�e. Here h 2
Cn ([a; b] ;C). Assume that h(i) (b) = 0, i = 1; :::; n� 1: Then����� 1

b� a

Z b

a

h (t) dt� h (b)
����� �

D�
b�h


Lq([a;b];C)

� (�) (p (� � 1) + 1)
1
p

�
� + 1

p

� (b� a)�� 1
q ; (34)

in particular when h (t) := f (z (t)) z0 (t) 2 Cn ([a; b] ;C), where f (z) ; z (t) ;
t 2 [a; b] are as in 1. Introduction, and (f (z (t)) z0 (t))(i) jt=b = 0, i = 1; :::n�1,
we get:����� 1

b� a

Z
u;w

f (z) dz � f (w) z0 (b)
����� =

����� 1

b� a

Z b

a

f (z (t)) z0 (t) dt� f (z (b)) z0 (b)
�����

�

D�
b� (f (z (t)) z

0 (t))

Lq([a;b];C)

� (�) (p (� � 1) + 1)
1
p

�
� + 1

p

� (b� a)�� 1
q : (35)

Proof. By Theorem 9.
It follows
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Corollary 19 (to Theorem 18, case of p = q = 2). We have that����� 1

b� a

Z
u;w

f (z) dz � f (w) z0 (b)
����� �

D�
b� (f (z (t)) z

0 (t))

L2([a;b];C)

� (�)
p
2� � 1

�
� + 1

2

� (b� a)��
1
2 :

(36)

We continue with an L1 fractional C-Ostrowski type inequality:

Theorem 20 Let � � 1, n = d�e. Assume that h (t) := f (z (t)) z0 (t) 2
Cn ([a; b] ;C), where f (z) ; z (t) ; t 2 [a; b] are as in 1. Introduction, and such
that h(i) (b) = 0, i = 1; :::; n� 1. Then����� 1

b� a

Z
u;w

f (z) dz � f (w) z0 (b)
����� �

D�
b� (f (z (t)) z

0 (t))

L1([a;b];C)

� (� + 1)
(b� a)��1 :

(37)

Proof. By Theorem 8.
It follows a Poincaré like C-fractional inequality:

Theorem 21 Let p; q > 1 : 1
p +

1
q = 1, and � > 1

q , n = d�e. Let h 2
Cn ([a; b] ;C). Assume that h(i) (b) = 0, i = 1; :::; n� 1. Then

khkLq([a;b];C) �
(b� a)�

D�
b�h


Lq([a;b];C)

� (�) (p (� � 1) + 1)
1
p (q�)

1
q

; (38)

in particular when h (t) := f (z (t)) z0 (t) 2 Cn ([a; b] ;C), where f (z) ; z (t) ;
t 2 [a; b] are as in 1. Introduction, and (f (z (t)) z0 (t))(i) jt=b = 0, i = 1; :::n�1,
we get:

kf (z (t)) z0 (t)kLq([a;b];C) �

(b� a)�

� (�) (p (� � 1) + 1)
1
p (q�)

1
q

D�
b� (f (z (t)) z

0 (t))

Lq([a;b];C)

: (39)

Proof. By Theorem 11.
The corresponding Sobolev like inequality follows:

Theorem 22 All as in Theorem 21. Let r > 0. Then

kf (z (t)) z0 (t)kLr([a;b];C) �

(b� a)��
1
q+

1
r

� (�) (p (� � 1) + 1)
1
p

�
r
�
� � 1

q

�
+ 1
� 1
r

D�
b� (f (z (t)) z

0 (t))

Lq([a;b];C)

: (40)

Proof. By Theorem 12.
We continue with an Opial type C-fractional inequality
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Theorem 23 Let p; q > 1 : 1p +
1
q = 1, and � >

1
q , n := d�e, h 2 C

n ([a; b] ;C).
Assume h(k) (b) = 0, k = 0; 1; :::; n� 1. ThenZ b

x

jh (t)j
���D�

b�h
�
(t)
�� dt �

(b� x)��1+
2
p

2
1
q � (�) ((p (� � 1) + 1) (p (� � 1) + 2))

1
p

 Z b

x

���D�
b�h

�
(t)
��q dt! 2

q

; (41)

8 x 2 [a; b] ;
in particular when h (t) := f (z (t)) z0 (t) 2 Cn ([a; b] ;C), where f (z) ; z (t) ;

t 2 [a; b] are as in 1. Introduction, and (f (z (t)) z0 (t))(i) jt=b = 0, i = 1; :::n�1,
we get: Z b

x

jf (z (t))j
���D�

b� (f (z (t)) z
0 (t))

��� jz0 (t)j dt �
(b� x)��1+

2
p

2
1
q � (�) ((p (� � 1) + 1) (p (� � 1) + 2))

1
p

 Z b

x

��D�
b� (f (z (t)) z

0 (t))
��q dt! 2

q

;

(42)
8 x 2 [a; b] :

Proof. By Theorem 13.
We �nish with Hilbert-Pachpatte left C-fractional inequalities:

Theorem 24 Let p; q > 1 : 1p+
1
q = 1, and �1 >

1
q , �2 >

1
p , ni := d�ie, i = 1; 2.

Let hi 2 Cni ([ai; bi] ;C), i = 1; 2. Assume h(ki)i (bi) = 0, ki = 0; 1; :::; ni � 1;
i = 1; 2: Then Z b1

a1

Z b2

a2

jh1 (t1)j jh2 (t2)j dt1dt2�
(b1�t1)p(�1�1)+1
p(p(�1�1)+1) + (b2�t2)q(�2�1)+1

q(q(�2�1)+1)

� �
(b1 � a1) (b2 � a2)
� (�1) � (�2)

D�1
b1�h1


Lq([a1;b1];C)

D�2
b2�h2


Lp([a2;b2];C)

; (43)

in particular when h1 (t1) := f1 (z1 (t1)) z01 (t1) and h2 (t2) := f2 (z2 (t2)) z
0
2 (t2)

as in 1. Introduction, with h(ki)i (bi) = 0, ki = 0; 1; :::ni � 1; i = 1; 2; we get:Z b1

a1

Z b2

a2

jf1 (z1 (t1)) z01 (t1)j jf2 (z2 (t2)) z02 (t2)j dt1dt2�
(b1�t1)p(�1�1)+1
p(p(�1�1)+1) + (b2�t2)q(�2�1)+1

q(q(�2�1)+1)

� � (b1 � a1) (b2 � a2)
� (�1) � (�2)

�

D�1
b1� (f1 (z1 (t1)) z

0
1 (t1))


Lq([a1;b1];C)

D�2
b2� (f2 (z2 (t2)) z

0
2 (t2))


Lp([a2;b2];C)

:

(44)

Proof. By Theorem 14.
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