SEVERAL APPLICATIONS FOR A LOCAL YOUNG-TYPE
INEQUALITY

LOREDANA CIURDARIU

ABSTRACT. In this paper we will obtain a local Young-type inequality for three
positive variables and then several applications for isotonic linear functional
and, for selfadjoint operators in Hilbert spaces will be given.

1. Introduction

The classical inequality of Young is
a’b ™" < va+ (1 —v)b,

where @ and b are distinct positive real numbers and 0 < v < 1, see [16].

In the paper [1] are proven new inequalities which extend many generalizations
of Young ’s inequality given in recent years. Many generalizations and refinements
of Young’s inequality are stated also in [6], [5], [7], [10] and references therein.

Theorem 1. ([1]) Let A, v and 7 be real numbers with A>1 and 0 <v <7 < 1.
Then
A Ay(a,b) — G (a,b)? 1—-v\*
(%) < < ,

T A;(a,b)* — Gr(a,b)* 1-7
for all positive and distinct real numbers a and b. Moreover, both bounds are sharp.

We suppose that a, b, c > O are three distinct numbers and p1, p2, p3s > 0,
Py, Das Py > 0 with 1 -+ 5 + —=1and -~ r+ - + = 1. We take into account
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the three variables functlon
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fla,b,c) = —aP* +—bP? +—cP* —abc— p1 (,ap1 + b2 + P8 —aribr2c? )
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which have the stationary points A(c%,c%,c) with ¢ > 0, ¢ # 1.
Theorem 2. ([4]) The local extreme points of the above function are A(cpf crr ,C).
If the following conditions are satzsﬁed
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then these points are local minimum points for the function f.

We also need to recall, for the first section, the definition of isotonic linear
functional. This definition can be also find in papers as [2], [3], [8], [12] and the
references therein.

Definition 1. Let E be a nonempty set and L be a linear class of real-valued
functions f,g: E — R having the following properties:

(L1) f,g € L imply (af + Bg) € L for all o, f € R.

(L2) 1€ L, i.e., if fo(t) =1, Vt € E, then fy € L.

An isotonic linear functional is a functional A : L — R having the following
properties:

(A1) A(af + Bg) = aA(f) + BA(g) for all a, B € R;

(A2) If f € L and f(t) > 0 then A(f) > 0.

The mapping A is said to be normalised if

(A3) A(1) = 1.

For several classical examples of isotonic linear functionals, see [3], Example 3.3.

Moreover, for the second section it is necessary to recall some basic things about
the functional calculus with continuous functions on spectrum. As in [11], we
recall that for selfadjoint operators A, B € B(H) we write A < B (or B > A) if
< Az,x ><< Bzx,x > for every vector x € H. We will consider for beginning
A as being a selfadjoint linear operator on a complex Hilbert space (H;< .,. >).
The Gelfand map establishes a *- isometrically isomorphism ® between the set
C(Sp(A)) of all continuous functions defined on the spectrum of A, denoted Sp(A),
and the C*- algebra C*(A) generated by A and the identity operator 13, on H as
follows: For any f, f € C(Sp(A)) and for any «, f € C we have

(i) ®(af + Bg) = a®(f) + fL(g);

(i) ®(fg) = B()D(g) and B(f) = D(f*);

(i) 21| = L] := supyesycay LFO:

(iv) ®(fo) =1y and @(f1) = A, where fo(t) =1 and f1(t) =t for t € Sp(A.)

Using this notation, as in [11] for example, we define

f(A) :=(f) for all feC(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A. It is
known that if A is a selfadjoint operator and f is a real valued continuous function
on Sp(A), then f(t) > 0 for any ¢ € Sp(A) implies that f(A4) > 0, i.e. f(A) is
a positive operator on H. In addition, if and f and g are real valued functions on
Sp(A) then the following property holds:

(1) f(t) > g(t) for any ¢e€ Sp(A) implies that f(A4) > g(A)

in the operator order of B(H).



2. A local Young-type inequality and some applications for isotonic
linear functionals

The following result is an immediate consequence of previous Theorem 2, by
using the definition of the local minimum points.

Proposition 1. For any p1, p2, ps > 0, pl, p2, p3 >0 wzth —|— —|— - =1 and

L+ L 4 12 — 1 which satisfy the conditions
Py P2 P3

1 1. p 2, 1. p1 3
Solzmax{ | - 2|~ B B
Py pP2'py P2 P3 P11 Ps
pL_ P pL_ _P5 (& L)Q
1>ip/1 (p5)? +iz7'1 2 1 Py Ps
Topy B P2 ps &b — B2 Py p2p3 (pr _p2) (B
AT malTid e (o) (5 -n)

and for any d > 0, there is rq > 0 so that for any ¢ € (d — 'rd,d +7r4), b €
p p. p p.
(di —rg,de + rq) and a € (dﬁ —rg,det rq) it is true the inequality:

P P2 Py
ia”1 + ib}72 ic”3 — abc > p1 (1,ap1 + i,bp2 + i,cp3 —ar b”lchi%) .
P D2 D3 P1 \Py D b3

Now we will use this inequality in order to establish several Young-type inequal-
ities for normalised isotonic linear functionals.

Theorem 3 Let p1, p2, ps > 0, py, pe, pg > 0 with p% + p% + p%’ =1 and

o + + = 1 which satisfy the conditions
1
DLt max( |2 - 22| L RL By,
by Py Py P3P1 P3
R S - (2 - )’
1> i Py (py)? 1 Py (p3)? & 1 j 2 3

7 3
P1 Pa Py P3

and let A: L — R be a normalised isotonic linear functional.
m pz p3

If f.g,h: E—R, f,g,h >0, fPr gr2 h¥* fgh, fr1gr2h?s € L and
A(fPr), A (gpQ),A(hPS) > 0 then for any d > 0 there is rq > 0 so that

(a) If, in addition, d —rq < h < d+rg, drs —rg<g< dvs +7rq, and dm —rg <
p
f< dri + rq it is true the following inequality:

AP+ A + - A~ A(fgh) >
P ps3
> B (L) + 2+ S A0 - A g,
p1 p1 p b3

(b) If, in addition, (d —rq)P3A(h) < h < A(h)(d + rq)P3, (d% —rq)P2A(g) <
g < A(g)(d% +rq)P2, and (d% —rg)PrA(f) < f < A(f)(d% + 7q)Pt it is true the
following inequality:
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L AUTgTEhE) py [ A(frigrahs)
Avr(f)AP (g)APs (h) Pt APL (f) A7 (9)A7s ()

Proof. (a) We put in inequality from Proposition 1, a = f, b = g and ¢ = h
because the hypothesis of this proposition are satisfied (d — rq < h < d + rg,
P P P ps
dva -y Sggdi +rq, drt —rqg < f Sdﬁ +rq). We will have,
1 P 1 1 ook ok
7fp1 pz_i_ihps f h> 71 ( fzn ,gp2—|—,hp3—fplgp2h”3>.
p2 p1 Py p3
Now taking into account that A is a normalised isotonic linear functional, pre-
vious inequality can be written:

LAY + AP + — A — A(fgh) >

p1 P2 b3
A Lo a2 a2
A(F) + = A(g™) + = A(RP) — A(f g7 h5) ).
p1 p pz Ps
1 1
(b) This time we choose a = fpl , b= 922 and ¢ = -2 in inequality
A () APz (g) APs (h)
from Proposition 1 and we get:
11
rf g 1 h frigrahps
prA(f) P2 Alg)  ps A(h)  Awi(f)A7z (g)Ams (h)

i
RXE
3
N \"“

>p;1if_|_ig+ih_ fghg
AR AD AW AD T g4k g ari )

Using again the normalised isotonic linear functional A, we have,

1AW, LA | LA Alf7gmh)
prA(S) T p2 Alg) T ps A(R)  Awr(f)AT () AT ()

_p [ LAWY 1 Alg)

o\l A T Al T A

and by hypothesis that p% + p% + pis =1 and i + i + ié =1 we get
S| / 5 & &
f? P2 hp3 D Afplgl’thS
VoAU i () AU )
AT (f) A7 (g)APs () — 1 APL(£) A7 (g)A%5 ()

and here is the desired inequality from (b).
|



3. Some inequalities for positive operators on Hilbert spaces

Let B(H) be the C*—algebra of all bounded linear operators on a complex Hilbert
space (H,< .,>) and A, B,C € B(H) be three positive operators.

Next result will extend the inequality from Proposition 1 for the norm of the
positive operators A, B and C.

Theorem 4. Let pi, p2, ps > 0, py, Py, D3 > 0 with p% + p% +L =1 and

b3
L+ L 4 1 =1 which satisfy the conditions
Py Do P3

1 1 :

Pl max{— |2 - 22 — 2L Py

Py P2 Py P2 P3Py D3

2 2 2
o, B _ _Ed (z-2)
(s LA e L T p ] v, o,
TP - py R PiPzps(@_p%)(Pf}_Pf;»)’
L 2 1 3 Py P2 Py Ps

and let A, B, C be three positive operators in the complex Hilbert space H. For
any d > 0 if
p3 P3 p3
(d—ra)I <C < (d+ra)l, (dr2 —rg)] < B < (de2 4+ rg)l, and (drr —rg)I <
A< (dﬁ + rq)l then the following inequality holds:

— (1A= | Pyl Pl|2]1* + =B ylP[l=]P||=]* + = IC= 2| ][] (|| |* -
Y41 b2 Pp3

—||A%a| | BEy| P[|C3 2] >
pl 1 P1 1 P2 1 P3
> =L ||AZ 2Pyl Pl + 1B = ylP|2lP]]2]* + — 107 2| |2 *[]y]]*~
pP1 pq V2 ps
2 22 25
—[| A% z|*[| B#2 y| P[] C 275 2]?),
for any x,y,z € H.
Proof. The method used in our proof will be as in [7]. We will use the inequality
from Proposition 1,
! p1 P2 P3
iapl + ibpz + icps» — abe > & <1/apl + i/bpz + i/cps _ apll bp'ch/3> ,
D1 D2 D3 P1 \Py Dy D3
P3 P3 p3 p3
where ¢ € (d—rq,d+7q), b € (dP2 —rgq,dr2 +r4) and a € (dP1 —rg,dP1 +74). Using
the functional calculus with continuous functions for the operator A, we obtain

1 1 1
— <Az x> 4+—bP <z, >+—c <z,x>—-bc< Azx,x >>

P P2 ps3
Py, 1 1 1 oo
> (S < AP > b2 <zx > P <ax > —braers < Ahix,x>),
P1 Py P2 Ps3

foranyx € H, b € (d% —rd,d% +7q), c € (d—rq,d+7r4) and p1, p2, D3, pll, pIQ, p;’
as in hypothesis of the theorem.

Now, we use in last inequality the functional calculus with continous functions
for the operator B and we get:

1 1 1
o < AT > IIyHQer*HfCII2 < BPy,y > +p*cp3||fc||2||yll2*c < Aw,x >< By,y >>
1 2 3
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>

1 1 1
(7 < APz, 2> ||yl]? + ||zl < BP2y,y > +—c||z|*||y||*—
P1 Py Po p3

P3 P1 P2

—c" < Anvg,x >< Bray,y >),

for any x, y € H, c € (d —rq,d+ry) and py, ps2, ps, pll, p;, p;, as in hypothesis of
the theorem.

By functional calculus with continuous functions for the operator C, we will have
from last inequality that,

1 1 1 ,
— < APz x> |yl PP+ =]zl < BP2y,y > +— < CPz,z > |||yl
p1 P2 p3

—<(Czz>< Ax,x >< By,y >>

Py, 1 1 1
> (o < APa,a > \Iy\|2||»2*||2+17||96||2|IZH2 < BP2y,y > tor < CPz, 2 > [l ?llyl -
2

Py 3
2 2 22
—<Craz,z>< Az, x >< Br2y,y >),
for any z, y, z € H and p1, pa, ps, pll, pIQ, p/3 as in hypothesis of the theorem.
From here we get the desired inequality.

Consequence 1. Under previous conditions, for each x,y,z € H with ||z|| =
llyll = ||Iz]| = 1 we have the following inequality:

1 1 1
—||AZ 2|+ —||BFy|]? + —||CF 2|2 - || A% x| ]?||BEy|||CE |2 >
b1 D2 P3

pl 1 Py 1 P2 1 3 21 P2 23
> P L ja% e ¢ By 1 el - AP 2 B g PO 1)),
P1 Py Do D3
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