OSTROWSKI TYPE INTEGRAL INEQUALITIES FOR MULTIPLE
INTEGRAL ON GENERAL CONVEX BODIES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some Ostrowski type inequalities for
functions of n-variables defined on closed and bounded convex bodies of the
Euclidean space R™. Some examples for n-hyper bozes Ry := [a1,b1] X ... X
[an,bn] CR™, n > 2 and 3-dimensional balls are also provided.

1. INTRODUCTION

In paper [1], the authors obtained among others the following results concerning
the difference between the double integral on the disk and the values in the center
or the path integral on the circle:

Theorem 1. If f : D(C,R) — R has continuous partial derivatives on D (C, R),
the disk centered in the point C = (a,b) with the radius R > 0, and

0
H r= sup f((;my)’ < 00,
D(C,R),00 (z.y)€D(C,R) z
0
H — s f(x7y)’<oo;
dy (zy)eD(C,R) |  OY
then
) 1@ [[  fay)ded
: - — z,y) dz dy
R J)pc,r)
o[ I
3 D(C,R),00 Ay D(C,R),00
The constant —W is sharp.
We also have
1
(1.2) // f(z,y)dedy — 5— f(y)dl(v)
TR2? D(C,R) 2rR o(C,R)
2 I
Ox D(C,R),00 Ay D(C,R),00 ’
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where o (C, R) is the circle centered in C = (a,b) with the radius R > 0 and

1

— dl
7R |om f(v)dl(v)

(1.3) 'f(C) -

Iz
Ox D(C,R),c0 -

In the same paper [1] the authors also established the following Ostrowski type
inequality:

D(C,R),00 H Ay

Theorem 2. If f has bounded partial derivatives on D(0,1), the unity disk, then

(1.4 ’f(u,v)—jr J[, . f oy
|15

1
(u arcsinu + -1 —u? (2 + u2)>
D(0,1),00 3

of
+Hay

For other Ostrowski type integral inequalities for multiple integrals see [2]-[13].
In the following, consider G,, a closed and bounded convex subset of R™. Define

Va, = / / dxi...dx,

the n-volume of G,, and (TiG,, ..., Tna,,) the n-centre of gravity for G,,, where

TiqG, ‘= V—// x;dxy...dz,, forie{l,..,n}.
Gn Gn

Consider the function of n variables f = f(x1,...,x,) and denote by - the
partial derivative with respect to the variable z; for i € {1,...,n}.

As examples, we can consider the n-hyper box R, := [a, bl] X oo X [ap, bp] C R™,
for which

1
<v arcsinv + 3 1—v2(2+ v%)]

D(0,1),00

for any (u,v) € D(0,1).

n

Vg, = H (bi —a;) and 77 g,
i=1

. b; +a;

forie{1,..,n}.

Also, if we consider the n-hyper ball centered in C' = (cy, ..., c,) and with radius
R > 0 defined by

B, (C,R) :—{ Z1yeeny T | Z i —Ci) §R2} C R™,

then the n-volume of By, (C,R) is

n

Ve = — "2 R op>9
BT rEy) e

where I' is Euler’s gamma function.
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Using explicit formulas for particular values of the gamma function at the integers
and half integers gives formulas for the n-volume of the Euclidean ball as
ak

2 (k1) (4m)"
o RQ]C and VB2k+1 — MRQk-‘rl) k Z 1.

V =
B (2k +1)!

We also have T; g, = ¢; for alli € {1,...,n}.

2. THE MAIN RESULTS
We have:

Lemma 1. If f : G,, — C is differentiable on G,, then for all (z1,...,2zy),
(U1, ...,up) € Gy, and A; € C, i € {1,...,n} we have the equality

n

(2.1) (@1, @n) = f (U1, un) + Y (25— wi) Ay

=1

+ Zzi; (i — u;) /01 <363{z [t(x1, ey ) + (1 — 1) (U1, .oy un)] — )\i> dt.

Proof. By Taylor’s multivariate theorem with integral remainder, we have

(22) f(xl, ,.’L'n) = f(u17.“7un)
+;(:cz fuz)/o oz, [t(x1, .y xn) + (1 —t) (U1, ..., up)] dt

for all (21, ...,2n), (U1,...,Uy) € Gp.
If \; €C,ie{l,..,n}, then

(z; — uy) /01 (gi [t (21, zn) + (1 — 1) (U1, ooy un)] — )\1) dt

1
0
= (ZL‘Z — ul) f [t (271, ,Q?n) -+ (]. — t) (Ul, ,Un)] dt — (331 — ui) )\1
o Ox;
and by (2.2) we get the desired result (2.1). O

Suppose that G,, C R" is a convex subset in R™. Now, for ¢, & € C, define the
sets of complex-valued functions

UGn ((7253 (I))

= {f : Gy — C|Re [(® — f(z1,..., 7)) (m-a)} >0
for each (z1,...,2,) € Gy}

and
Ag, (¢,9)
6+ D

1
= {f : G, — C| ‘f(xl,...,xn) — 2‘ < 3 |® — ¢| for each (z1,...,2,) € Gn}.

The following representation result may be stated.
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Proposition 1. For any ¢, ® € C, ¢ # ®, we have that Ug, (¢, ®) and Ag, (¢, ®)
are nonempty, convexr and closed sets and

(2.3) Uc, (6.®) = Ag, (6,9).
Proof. We observe that for any w € C we have the equivalence
d 1
’w - % < 5 |® — ¢
if and only if
Re [(® —w) (w-3)] 2 0
This follows by the equality
2

1 o+ S
4<I>¢2'w 5| =Re[(@—w)(@-9)]
that holds for any w € C.
The equality (2.3) is thus a simple consequence of this fact. (I

On making use of the complex numbers field properties we can also state that:
Corollary 1. For any ¢, ® € C, ¢ # ®, we have that
(24) Ug, (¢.9)
—{f:Gn—C| (Re® —Re f (21, ..,20)) (Re f (21, ., 2,) — Reg)
+(Im®—Imf (z1,....,2,)) (Im f (z1,...,zy) —Im¢p) >0
for each (z1,...,x,) € Gp}.

Now, if we assume that Re (®) > Re (¢) and Im (®) > Im (¢) , then we can define
the following set of functions as well:

(2.5) Sg, (¢,®):={f:G, — C| Re(®) > Ref(z1,...,7,) > Re (¢)

and Im (®) > Im f (x4, ...,z,) > Im(¢) for each (z1,...,2,) € G, }.

One can easily observe that S, (¢, ®) is closed, convex and

(26) @ 7é SG" (d), q)) g UGW, ((rba CI)) .
‘We have:

Theorem 3. Assume that f : G,, — C is differentiable on G,, and (uy,...,u,) € Gy,
Let (¢;,®;) € C, i € {1,...,n} and assume that a% € Ag, (¢;,®:), i€ {1,...n},

then
1/ /f( )day...d
_ T1yeeey T ) AT ...QT
VGn . 1, ’ 1
n 1"'(1)1
f ULy eeey W Z TG, Gn — (b
:1

1
52@ 6il 57— // |2 — ;| day...dx,,.

(2.7)
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In particular,

(28) |f @G Tagn) = - / / [y, zn) dey..da,
G’!L
< 2;|¢i¢i|X@/.'.Ln 2 — TG, | day...dz,.

Proof. From Lemma 1 we have

(2.9) f (@1, mn) = f (g, un) + Y (@i — ;) b er P,
i=1
+ ; (w; — m)/o <(§J‘i [t(z1, .y @) + (L —1t) (U1, ..., upn)] — P -;- Cbi) &t
)€ Gp.
T,) we get

for all (z1,....,xn), (U1, ..osUn
ﬁnffg over (zy, ...,

By taking the integral mean

(2.10) VG / / f(x1, .y zpy)dey...da,
o; + P;

f ulv"'? +Z(VG / / xzdxl dmn z) 9

/ / Z ui)
’n Z 1
L i) dt) dry...dx,,

7un)] - 2

)+ (]. —t) (uh...

X (/0 (383{@[ (T1y ey Ty

for all (uy,...,u,) € Gy.
By using the equality (2.10) we get

/ / f(x1, ., xn)dey..dey, — f(ur, ..., up)

(2.11)
1 i+ P
_Z 7// xidxy...dTy, — u; Bt %
= \Va, Gn 2
<ol Y
o VGn G" =1 ' ,L

4+ D,
M) dt} dzy...dz,
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x Uol (gi [t (21, s ) + (1= &) (ur, ooy )] — M) dt] dzy...dz,

of

1
. {/o Oz; 2

By the fact that % € Ag, (¢;,®;), 4 € {1,....,n}, it follows that

0+ Pi

[t (21, ey @) + (1= 1) (U1, .oy tn)] —

dt} dxq...dx, =: 1.

of ¢; +@; 1
)+ (L= 1) (U, ooy un)] — 2| dt < = | B — ¢
L1 ) 4 0 0 ]~ 2% 1%
Therefore
11 "
I§§V— qﬁ\/ / i — il dxy..dx,
and by (2.11) we obtain the deblred result (2.7). O

We also have:

Theorem 4. Assume that f : G,, — C is differentiable on G,, and (uy,...,u,) € Gy,
Then

(2.12) ‘f(ul,...,un)— %// F (21, s y) Ay

<ZVG / / i~ il

oz, [t(z1, ey zn) + (L —1t) (U1, .eey up)]

— ui|dxq...dx,,
g G,00 VG / / | !

dt> dzy...dx,

6%
provided
of of
= sup (T1, ey )| < 00.
’ axl Gp,00 (14,20 ) EGy, axz

In particular,

(2.13) ‘f(xl,an-wann / / f Llyeeey T d.i?l dl‘n
Ve,

SEE

[t(z1,....,zn) + (1 —1t) (T1.G,, ...,xmgn)]‘ dt> dxy...dz,

Ti — T q, | dry...dx,.
. ooVG / / G| dry

of
8:@

(L

<

835

=1
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Proof. We have from (2.1) that
(2.14)  f(x1,.yxn) = f (U1, ., up)
+ (z; — w;) L of [E(x1, .y xn) + (1 —t) (U1, ..., up)] dt
: Ox;
for all (x1,...,2n), (U1, ..., uy) € Gp.

By taking the integral mean i [--- [, over (z1,...,2,) in (2.14) we get the
following identity of interest

(2.15) / / flz,.nzn)der.de, = f(u1, ..., uy)
Ve,

&S e

"7.1

X < ; g;: [t (@1, e, @) + (1 — 1) (U1, Un)] dt) dzy...dz,

for all (uy,...,u,) € Gp.
From (2.15) we get

/ /fa:l,..., Yz dan — f (1 i)

_uz

(2.16)

"’Ll

X ( | gi [t (@1, ey @) + (1= 1) (U1, .oy tp)] dt) dzy...dz,

i/ [

X < 0 g;i [t (xla axn) + (1 - t) (Ul, aun)} dt)

_VG / / Zm—uz

X (/01 gi [t (21, n) 4+ (1= 1) (U1, ey )]

which proves the first part of (2.12).
We also have that

_Uz)

dry...dz,,

dt) dzy...dx, =: J,

0 0 .
83‘1 [E(x1yeeyzn) + (1 —1) (w1, un)]| < ‘ 895,» Gm, 1e€{l,...,n}
for all (z1,...,zy), (u1,...,u,) € Gy, and for all ¢t € [0,1].
Therefore
17 Z|:E'L T Gn| ’ Y
V / /" i=1 ,O0

which proves the last part of (2.12). O
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Remark 1. If we denote

1
B; (uy, ..., un) :K// |25 —
n Gn
of

</

fori e {1,....,n}, then by Holder’s integral inequalities for the multiple integral we
have

£ [t(x1, oy ) + (1 —8) (w1, ...y un)]‘ dt) dz;...dx,

Bi (’Lbl, ,un)

:ci—ui|

% [t (21, .y zpn) + (1 — 1) (v, 7un)]’ dt) dxy...dx,,

Sup(wlvawn)eGn

<[ S (fo

(ffGn |z; — ui|pd$1~..dxn)l/p
n : [f fG" (f(Jl % [t (331, o xn) + (1 - t) (U1, ey uﬂ)]‘ dt)q dxy...dx,

for p, q>1with%+%:l,

IN

}1/11

1
SUD (e, onyec (fy | 2L TG, ) + (1= ) (o) d)
x [ fGn |z; — w;| dxy...dxy

: Mi (’U,l, 7’U,n)

for all (u1,...,up) € Gy.
Therefore, by the first inequality in (2.12) we obtain

(2.17) | f (ugy ey up) — %//G f(x1y .y zpn)dey .. da,

for all (uy,...,u,) € Gp.
In particular, we have

1
(2.18) |f (F1.Ggus-r TnG) — V—// [z, .yzy) dey...day,
Gn Gn
< 3" M, e ).
i=1

When the partial derivatives are convex in absolute value, we have:
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Corollary 2. With the assumptions of Theorem 4 and if ‘%‘ are convex on G,
for all fori € {1,...,n}, then we have

(2.19) ‘f(ul,...7un)— %//G f(z1,...,zpn) dzy...dzy,

Do SUD (G eG 1T — Uil

X [ fG 8@‘ (T1y .0y Tn) (ul,...,un)} dzq...dz,,

of
a(Ei

die1 ( fG lz; — u;lP dxl-ndxn) 1/p

<1 1 af q 1/q
=2Va, | % [ So (|2 @) + [ 2| )] d |
1
forp, q >1wzthp+5f1,
D i1 SUD(yy 2 )eG ([ gg (1, oy Tn) + g—i (uh...,un)])

X f...fGn |£L‘i —’U,l|d$1d Tn

for all (uy,...,un) € Gp.
In particular,

1
(2.20) ‘f(xlgn,...,xmgn) — V—// f(x1y ey zpn) dey...dxy,
Gn Gn

P 15UP(g, .. ,zn)GG |z — TiG,|

[ fGnHz (€1, 00y ) + | 2L

o (Tt.a» ...,xn,Gn)] dxy...dx,,

1/p
i — T " dey.. dxn>

S (e gl

< EL of q 1/q
=T, [f fG [ 5 (X1, ey pn) + 5o (T1a, Gn,...,l‘n,cn)} dml...dxn}
for p, q>1 wzthp—l—az
n 0 -_ -
Zi:l Sup(xl,...,mn)EGn (|: 3;{1 (‘Th"'azn) + dx; (xlan"'wxn,Gn)})
X .

o v = TG, | do.day,.

Remark 2. From (2.20) we have

1
(2.21) ‘f(xLGn,...,xn’Gn) - T// f(z1,...,zpn) dzy...dzy,
G Gn

1 n
< 3 Z: sup |z; — i, |
of

:El,-..,ﬂin)eGn
{VGH / /

8:; (xl,Gna B xn,Gn):|

(1, .oy Tpn) dzy...dxy + ‘
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and

(2.22) ‘f(:cLGn,, G / / f(z1,...,zpn) dey...dzy,
1 ] af
< QZ ( sup

(z1,...,2n)EGR Ox;

D (Ma-~-a%)>
K2

v Ty — Li,Gy
Va, G

0
(l‘l, ...,Z‘n) + '

d.’L’ld.’L‘n

3. EXAMPLES FOR n-DIMENSIONAL BOXES

We can consider the n-hyper box R, := [a1,b1] X ... X [apn,by] C R™ n > 2 and
assume that f: R, — R is a differentiable convex function on R,,. We have

n

Vg, = H (bi —a;) and T; g,

i=1

b, .
_ it forie {1,..,n}.

Also for i € {1,...,n} we have

1
VRn/ / |x; — w;| dzy...dxy,
by
= / / / — ;| dzy...dx;.. . dx,

. 1 (uz alz) (b7 - ui)2
_bi_ai/ai |x; — w;| dx; = > (b — ay)

2
1 w; — a;+b;
= |3 (z)f) (bi — i)

Assume that f : R, — C is differentiable on R, and (uq,...,u,) € R,. Let
(¢;,®;) € C, i € {1,...,n} and assume that gTi € Ag, (¢;,9;), 4 € {1,...,n}, then
by Theorem 3 we have

1 b pba
(3.1) 'W/al /an f(x1, .y zy)dey...day,

" (b; + a; i + O
_f(ul,...,un)_z< —’2_0’ _u2> (b—;
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In particular,

32 'f<a1+b1 7CLn;»bn)

bl n
/ f (z1,..., xpn) dz1...dT)

S SUERAICESE

Assume that f : R, — C is differentiable on R,, and (uy,...,u,) € R,. Then by
Theorem 4 we obtain the Ostrowski type inequality

by
(3.3) 'f(ul,...,un) T ( b o) / / f(x1y ey zpn) dey...da,

2
< Z 8f 1 + Ui — ai-QH)i (b o a_)
T4 o0x; G 4 b; — a; ! v
=1 ,O0
provided
of of
= sup (X1 ey Tp)| < 00.
‘5%‘ Ruoo  (x1,wn)ER, | OT;
In particular,
(3.4) 'f (“1““ ...7“”“’”)
2
1 by br,
—_——— Ty ey Tpy) dxy...dTy
H?—l(bi_ai)/al /an f(l ) 1
1|l of
=~ 7 (bz - ai) .
4 P 81'1 Ry, 00

Also, if

have

%‘ are convex on R, for all for ¢ € {1,...,n}, then by Corollary 2 we

by b
(3.5) 'f(ul,...,un) — M/ / f(x1, .y zy)dey...day,

2
1 w; — a;+b;
(ula '~-aun)> Z + (b — a2 ) (bl — ai)

of
(“)xi

"

R, 00

for all (uy,...,upn) € Ry.
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In particular, we obtain

(3.6) 'f(a1+b1 7(J.n—QI—bn)

b1 by,
_H"_(Z—a)/ / f(xl,...,xn)dxl...da?n
;i(' of <a1;b17...7an;bn>>(bi—ai).

(9371‘
4. EXAMPLES FOR 3-DIMENSIONAL BALLS

39:ZROO

In this section we will point out some inequalities of Hermite-Hadamard’s type
for convex functions defined on a ball B (C, R) where C' = (a,b,c) € R3, R > 0 and

B(C,R) := {(x,y,z) ERY(z—a) +(y—b)’+(z—0c) < R2}.
Let us consider the transformation 75 : R?® — R? given by:

To (r,,¢) := (rcosypcosp + a,rcosysinp + b, rsiny + ¢).

It is well known that the Jacobian of Ty is J (T3) = r 2 cost) and T; is a one-to-one

mapping defined on the interval of R?, [0, R] x [—%, 2] x [0, 27], with values in the

ball B (C, R) from R?. Thus we have the change of variable:

/// (z,y, z) dedydz
B(C,R)

27
= / / / f (rcosycosp+ a,rcosysing + b, rsiny + ¢) 12 cos Ydrdipdep.
o J-z.Jo

We have
TB(C,R) = & YB(C,R) = b and Zp(c.r) = ¢
and
/// |x — ZB(C,R) | dxdydz
B(C,R)
R 5 2m
= / / / |rcosypcosp+a— a|7"2 cos Ypdrdypdy
o J-zJo
R 5 2 R4
= / / / |cos | r? cos? Ydrdipdp = —.
0 —= Jo 2
2
Similarly

_ - R4
/// |y = UBiem| dedyd: = /// |2 = ZB(c.m) | dudydz = 5
BG.R) B(C.R)

Let f : B(C,R) — C be a differentiable function on B (C, R). If the partial
derivatives gf, % and af satisfy the conditions g—f € AB(C R) (¢1,®1), d—i €

AB(C R) ((;52, @2) and E AB(C’ R) ((;53, @3) then by (2 8) we have

1 3
41 byc) — —— Ly, 2) dadydz| < SRS @ — o]
@) 'f(a O s [ oot < ;| a
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Assume that f : B (C, R) — C is differentiable on B (C, R). Then by (2.13) we

get

(4.

1
2 byc) — Ly, 2) dzdyd
) @b - g ///Bw,mf(m“”“

z (07 )7 y (Ca )1 (07 )7
. 1 ]
H [e'e] H [e'e] H [ee] =
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