HERMITE-HADAMARD TYPE INEQUALITIES FOR DOUBLE
AND PATH INTEGRALS ON GENERAL DOMAINS VIA
GREEN’S IDENTITY

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some Hermite-Hadamard type inequal-
ities for convex functions of two independent variables defined on closed and
bounded convex subsets of the plane R2. The upper bounds are in terms of
path integrals and the main tool to obtain these results is the well known
Green’s identity. Some examples for disks and rectangles are also provided.

1. INTRODUCTION

Let us consider a point C' = (a,b) € R? and the disk D (C, R) centered at the
point C' and having the radius B > 0. In [4] we establish between others the
following Hermite-Hadamard type inequality for a convex function f : D (C, R) —
R

)

1
. )L —
L) 10 = Ap(c,r) //D(C,R) ) dedy
2 1

1
< STEET oy | O+ 55O

1
< m /C(C,R) fy)dl(v),

where C (C, R) is the circle centered at C' and having the radius R and fc(c R) 18

the path integral with respect to arc length, Apc r) = mR? is the area of the disk
and £ (C (C, R)) = 2nR is the length of the circle C (C, R).
In the following, consider D a closed and bounded convex subset of R2. Define

Ap ::// dxdy

the area of D and (Tp,yp) the centre of mass for D, where

Tp = AD// xdzxdy, Yp : _A // ydzdy.

Consider the function of two variables f = f (z,y) and denote by % the partial
derivative with respect to the variable x and g—g the partial derivative with respect
to the variable y.

In the recent paper [7] we obtained among others the following result:
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Theorem 1. Let f : D — R be a differentiable convex function on D. Then for
all (u,v) € D we have

12 @ Ep-w+E woE-o

,AD//fwymw f (u,)

// af (z,y) (z —u d:cdy+ // B (z,y) (y — v) dedy.
Y

(1.3) 0<f//fwydwdy (D, 9D)

_AD// 8f (z,y) (x —TDp) dmdy—|— // (y —yp) dzdy.

We also have the reverse of Hermite-Hadamard inequality:

In particular,

Corollary 1. Let f: D — R be a differentiable convex function on D. Put
[ p5s (@ y)dedy _ o y5h (.y) dady
S :
ffpa :Cyda:dy ffDa xydxdy
If (zs,ys) € D, then

s =

(14) 01 (os35) - 7 / /D f (2, y) dedy

< 5 (@s.us) (o5 = 75) + 5 (w5,8) (vs ~ D).

For other multivariate Hermite-Hadamard type inequalities, see [1]-[3] and [8]-
[14].

Motivated by the above results, in this paper we establish some Hermite-Hadamard
type inequalities for convex functions of two independent variables defined on closed
and bounded convex subsets of the plane R%. The upper bounds are in terms of
path integrals. Some examples for disks and rectangles are also provided.

2. THE MAIN RESULTS

Let 0D be a simple, closed counterclockwise curve in the zy-plane, bounding
a region D. Let L and M be scalar functions defined at least on an open set
containing D. Assume L and M have continuous first partial derivatives. Then the
following equality is well known as the Green theorem, see for instance

https : [ /en.wikipedia.org/wiki/Green%2Ts _theorem,

By applying this equality for real and imaginary parts, we can also state it for
complex valued functions L and M.
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Moreover, if the curve 9D is described by the function r (t) = (z (¢),y (¢t)),
€ [a,b], with z, y differentiable on (a,b) then we can calculate the path integral
as

b
f (L (z,y) da + M (2, ) dy) = / (L (e (1) () 2 (6) + M (x(£),y (£) ¥’ (1)) dt.

oD
‘We have:

Theorem 2. Let f: D — R be a differentiable convex function on D, a convex
subset of R2. Then for all (u,v) € D we have

of

o w0 @5 )+

S (w,0) (75— v) + f (0,0)

_AD//fxydwdy

f () + f[w—y)f(x y)da + (@ — u) f (z,y) dy].

oD

(2.1)

34p

In particular,

(2.2) f(@p,¥p) < // f (z,y) dedy

<

W =

f(wo,yD)erf (@5~ 0) F (#,9) do + (2~ T5) £ (2,3) dy].

Proof. Observe that

(=) £ ) = 1 () + (- ) LY

and

0 0

S (=) @) = 1 )+ (=) LY
for all (x,y) € D and is we add these equalities we get

0 0
(2.3) oz (- f@y)+ 5 (y =) f(z.y))

0
=2/ (@9) + (@~ 20D 4y ) O

Further, if we integrate on D the identity (2.3), then we obtain
0
(24) // oz (@ w) f@9) + 5 (v =) f (2.9))| dedy

—2//fwydxdy
—&—//D{(a:—u)afax’ Y 4y —) 8féz’y)}dxdy.
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Now, if we apply Green’s identity (G) for the functions M (z,y) = (x — u) f (z,y)
and L (z,y) = (v—y) f (z,y), then we get

// [83: (@ =) x?/))Jraay((y )f(%y))}d:cdy
j{[(ﬁ v) f(z,y)dz + (x —u) f (z,y) dy]

oD
and by (2.4) we obtain

]4[(v—y)f(x,y>dx+<x—u>f<x,y>dy1=2//f(a:,y)dxdy

oD
3f:vy @yl
//[ Tl dy ]ddy

namely

(2.5) AD// [m— M + (y —U)W]dmdy

o f =) f @) ot = f @i =2 [ [ @) dady,
oD

Using the second inequality in (2.1) and (2.5) we get

AD//fmyda?dy f (u,v)
<P lo-ni@adet@=w @yl ~2 [ [ @) dey

oD
namely
1
SAi f(z7y)d$dy_f(uav)
D D
1
< flo-pi@des @0 f o),
oD
which is equivalent to the second inequality in (2.1). O

Corollary 2. With the assumptions of Theorem 2 we have
(2.6) f(ZD,7D) // I (z,y) dzdy

<5 P @D =) F @) de+ o~ 75) f (0.0 dy).
oD

Proof. Since
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SAD [(x —ZD) f (z,y)dx + (D — y) [ (=, y) dy]

73AD//fxydacdy+3Aj§

(2,y)dx + (z —7p) f (z,y) dy],
which implies that

i [ [ f@dsty< o § @5 -0 @do+ @ -75) F @) )
oD

namely

i//Df(m,y)dxdy

]f U5 - 9) f (@,y) de + (¢ — T5) f (z,4) dy].
oD

(]
If the curve 9D is described by the function r (¢) = (z (t),y (¢)), t € [a,b], with
x, y differentiable on (a, b) then

74[(v—y)f(x,y>dx+(m—u)f(my)dy]

oD

= / [(v—y @) 2" (t) + (x () —w)y O f (x (1), y (1)) dt

and by (2.1) we get

@0 g [ [ 5@y dedy < 35 @)

1
4+ —

b
i | 0=y @)a 0+ @0 =0y O 0. 0) dr
by (2.2) we get

28 5 [ [ Hewdedy < 37 @)

1 b
3Ap
while from (2.6) we get

(2.
9) AD//fa:ydxdy

<5 | (5 -

(D —y )" (t) + (x(t) —7D)y ()] f (= (1), y (1)) dt,



6 S.S. DRAGOMIR
We define the quantities

fxf (z,y)dy fb

._ 0D _
Lf,0D = =

b
frama  RIEO Y

and

quyf (z,y)dz \

22 _Jay @ f @)y @)’ () at
]{f (z,y)dz J2f (@ (8),y ()2’ (t) dt
D

Yf,0D =

provided the denominators are not zero.
Corollary 3. With the assumptions of Theorem 2 and if (x5 op,Yyrop) € D, then
we have
0 . 0 _
(2.10) 8% (zr,00,Yt00) (TD — Tf0D) + 87ch (zr.00,y1,00) (UD — Y£,6D)

+ f(x50D,Yf0D)
1 1
< 7// [z, y)drdy < - f(x50D,Y1.0D) -
AD D 3

The proof follows by (2.1) observing that

74 (Ws00 —9) f (@ 9) dz + (z — 27.0p) f (@,y) dy] = 0.
oD

Theorem 3. Let f: D — R be a differentiable convex function on D, a convex
subset of R2. If OD is described by the function r (t) = (z (t),y (t)), t € [a,b], with
x, y differentiable on (a,b) . Define

b
75 = 15 ., 710 = 17 | 2OV ©F + 0 )

and
b
5 = 157 |, 90 = 7557 [ OV @ 07+ @ @)
Then
1) o [ G ) @5 —a)d () + (;D) [ S wnm-nio

<o [ ] ) deay - (3D) (w.9)d ()
_AD// f (z,y) (r — Tap dfcdy+ /gf (y — Yop) dxdy.
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Proof. From the inequality (1.2) we get

212) G @®.0) @D - @)+ 5 @00 0) 65—y )

_AD//fxydxdy £y ()

1
< — - — )) dxd —_— ) dad,
_AD//Dax%Z/xﬂ? a?y—i— //ayxi‘/yy ray

for all ¢ € [a,b].

If we multiply (2.12) by \/(ac’ )+ (¢ ()%, t € (a,b) and integrate on [a, b]
we get

b
e [ Lew.vw) @ -co/eo? o’

+ W L. <yD—y<t>>¢<xf<t>>2+<y/<t>>2dt

a

-AD//fwmy/w

_/ Fx(t),y (@) x’ () + (v (t)%dt
—AD (// 9g @Y (@ —a( )\/( ())2+(y'(t))2dxdy>dt
+E/@ (//Day(%y) (y—y(t) \/(g:/ ) + (v (t))2dxdy> dt.

Since

b
/ V@ ) + (v (9)%dt = 0@D),

and by Fubini’s theorem

/ <// (.9) (z —x( )\/(93’ )2 + (v () dady
-/,

dt

b
/ (= 0) (@ (1) + (v (1)) dt | dady

~
N—— ~—
N
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then
am [ ([ ] Z @ -zapiw o+ v wian) a
[ [ L ( o5 a0 ¢<x'<t>>2+<y'<t>>2dt> drdy
://D%(x,y)(x—%)dxdy.
Similarly,

b (// ?(w,w (y—y(t))\/<w’ ) + (v (t))%@) dt
// 3y (v — Yap) dzdy.

By dividing with ¢ (0D) in the inequality (2.13) we get the desired result (2.11). O

Corollary 4. With the assumptions of Theorem 8 we have the inequality

ey o [ /D f(w,y)dwdyﬁﬁ [ tewdo

+ o § 95 —0)  (5) do -+ (o~ 75) f (0,0) do].
oD

Proof. As in the proof of Theorem 2, we obtain, by employing Green’s identity (G),
that

ﬁ //D [?‘9:]; (,y) (v — Top) dedy + % (z,y) (y — yap)} dady
1

1
= 7% [(Wor —y) f (z,y) dx + (x — Tap) f (2, y) dy]—Qf// f(z,y) dady.
ADaD Ap J Jp
By the second inequality in (2.11) we derive

+ | [1ewda- s | e

<L 4 1@ap - v) f (@y)de + (@ — Top) f (2,y) dy]

Ap
72—//f x,y) dzdy,
namely

oD
[ [ @< s [ pamao

+TD
oD

which is equivalent to (2.14). O
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If the curve 9D is described by the function r (t) = (z (t),y (¢)), t € [a,b], with
x, y differentiable on (a, b) then by (2.11) and(2.14) we get the following inequality

useful for applications

@15) o [ oL 0.0 - O OF + o 0P
707/ Z; (& (6),5/(0) @5 — w () (@ () + (o (1))
ool ORT) % (@ () + (v ()
</ / Py < g 1600 @07 + @ 0P

[(yaD —y(y)a' () + (z(t) —Tap) ¥’ ()] f (2 (t),y (¢)) dt.

T34, 3AD

3. EXAMPLES FOR DISKS

We consider the closed disk D (C, R) centered in C (a,b) and of radius R > 0.
This is parametrized by
x=rcosf+a
€[0,R], 6 €]0,2n]
y=rsind +b

and the circle C (C, R) is parametrized by

z=Rcosl+a
, 0€10,27].
y=Rsinf+1b

Here Ip(Cc,R) = @, YD(C,R) — b and AD(C,R) = 7TR2.
Then

1 b
= [ 1@y 0) @)+ @) - TB)y (01 (0.5 0)de

1 27

:?/ [sin® 0 + cos® 0] R*f (Rcosf + a, Rsin6 + b) df
™ 0
1 2m

== f(RcosO + a, Rsinf + b) df

™ Jo

and by (2.2) we get

1
a1 fan<— [ [ (C’R)f(a:,y)dwdy
27

1
f(a b) + — f(RcosO+a,Rsinfd + b) db,

=3 3 Jo

provided that f is convex on an open set containing the disk D (C, R) and has
continuous partial derivatives on D (C, R).
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Since
! 27Tf(Rcos€+a Rsin® +b)dt 2 ! / f(y)de(y)
o ) 1 = S D )
3 Jo 3L(C(C,R)) Jeo,r)

hence we get the inequality (1.1) with a different proof than the original one in [4].
We also have

1 27
Te(O.R) = R ; (RcosO+a)RdI = a

and

1 b
Te(c,R) = ﬁ/ (rsinf 4 b) Rdf = b

and by (2.15) we get

1 [Pof .
— —R | —=(Rcosf+a,Rsind + b) cosfdl
2r ), Ox

1 [hof . :
— —R | == (Rcosf+ a,Rsinf + b) sin 6db
2r  J, Oy

b
+ QL/ f(Rcos@ + a,Rsinf + b) do
™ a

1 2m

1
< 2 // f(z,y)dedy < — f(Rcosf + a, Rsin 6 + b) df
TR D(C,R) 67 Jo

I I
—|—3—/ f(RCOSH—&—a,RSinH—I—b)dQ:Q—/ f(RcosO + a, Rsind + b) df
T Ja T Ja

namely

IR 1
3.2 Og—/ f(RcosO+a,Rsinf +0b dH——// f(z,y) dedy

1 [Pof .
<—R [ ——=(Rcosf+ a,Rsinf + b)cosbdl
2r ), Ox

1 ["of : :
+—R | == (Rcosf+ a,Rsinf + b)sinbdb,
2 J, Oy
provided that f is convex on an open set containing the disk D (C, R) and has

continuous partial derivatives on D (C, R).
This result provides a reverse inequality for the last part of (1.1).

4. EXAMPLES FOR RECTANGLES

Let a < b and ¢ < d. Put A = (a,¢), B = (b,c), C = (b,d), D = (a,d) € R?
the vertices of the rectangle ABCD = [a,b] X [¢,d]. Consider the counterclockwise
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segments
x=(1—-t)a+tb
AB: , t€][0,1]
y=c
x=>b
BC': , t€][0,1]
y=1—-t)c+td
x=(1—-t)b+ta
CD: , t€10,1]
y=d
and
T=a
DA : , t€][0,1].
y=(1-t)d+tc

Therefore 0 (ABCD) = ABUBC UCDU DA.
If o, B € R, then

FlE-0) 1@yt @ a)f (@) dy

AB

=(b—a)(B —c/f (I1—-t)a+tbc)dt= —c/fmc

FUE-0) 1 @pdo+ @) f (@) dy

BC

1 d
:(d—c)(b—a)/o f(b,(l—t)c+td)dt=(b—a)/ £ (b,y) dy

F16-0 7 @wde+@-a)f (@) dy

CD

1 a
~@=0@E-a [ f-gprtadit=E-a) [ f@dd

b
=(d—ﬂ)/ f (z,d) de

f[(B*y)f(x,y)dfw(:r*a)f(:r,y)dy]

DA

z/ (a—a)f(a,(1—t)d+tc)(c—d)dt = a—a/fay dy

afa/fay

and
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Therefore

(6 =y) [ (z,y)de + (z — a) [ (2,y) dy]
ABCD

b b
:w—c)/ f(m,c)dx+(dfﬁ)/ f (z d) de

d d
+<b—a>/ f(b,y)dy+(a—a)/ f (ay) dy

for all o, 5 € R.

We also have Tp = “T“’ and yp = %, which imply that

(@D —y) f(z,y)dz + (z —Zp) f (z,y) dy]
8(ABCD)

(dc)/ab(f(x’c);f(x’d)>dx+(ba)/j(f(b’y)—gf(a’y))dy.

If we write the inequalities (2.1) and (2.2) for the rectangle ABCD = [a, b] X [¢, d]
and the convex function f defined on [a,b] X [¢, d] we get the inequalities

(4.1) %(u,v) (“;b —u> +%(uw) (C;d —v) + f (u,v)

1 b pd 1
Sm/{l/cf(ﬂc,y)dxdyégf(u,u)
1 b b
+3(b_a)(d_c)l(v—c)/a f(x,c)dx+(d—v)/a f(m,d)dx]

1 d d
T3b-a)d—c [(b—u)/c f(b,y>dy+(u—a)/c f(a,y)dy]

for all (u,v) € [a,b] x [e,d].
In particular,

a+b c+d
(4.2) f<272>b— —c//f y) dzdy

Slf a—}—b’c—}—d
3 2 2

bla/ub (f(;c,c);f(x,d)>dx+dlc/cd (f(b,y);f(a,y)>dy] _

From the inequality (2.6) we also get

(4.3) f<a—2|—bvc—|2—d> b—a)( _C//fa:yda:dy

Sélbia/ab(f( RS Lz d>>d pe L / <f(b y)2f(a,y)>dy].

1
3
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