OSTROWSKI TYPE INEQUALITIES FOR DOUBLE INTEGRAL
ON GENERAL DOMAINS VIA GREEN’S IDENTITY

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper, by the use of the celebrated Green’s identity for
double integral, we establish some Ostrowski type inequalities for functions of
two independent variables defined on closed and bounded convex subsets of
the plane R2. Some examples for rectangles and disks are also provided.

1. INTRODUCTION

In paper [1], the authors obtained among others the following results concerning
the difference between the double integral on the disk and the values in the center
or the path integral on the circle:

Theorem 1. If f : D(C,R) — R has continuous partial derivatives on D (C, R),
the disk centered in the point C = (a,b) with the radius R > 0, and

0
H L= sup fém,y)’ < 00,
D(C,R),00 (z,y)€D(C,R) x
0
H — s f(%y)’ <
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(1.1) 5 // z,y) dx dy
mR* JJp(c,R)
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~ 3 97| picryoe 10 1Dc,Ry00]
The constant % is sharp.
We also have
1
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2 S.S. DRAGOMIR
where o (C, R) is the circle centered in C = (a,b) with the radius R > 0 and

1

— dl
R o f(y)dl(v)

(1.3) 'f(C) -

bz
Ox D(C,R),00

In the same paper [1] the authors also established the following Ostrowski type
inequality:

D(C,R),00 H dy

Theorem 2. If [ has bounded partial derivatives on D(0,1), then

(1.4 'f(u,v)—jr J[, . f oy
2

(uarcsmu+ 3 1—u? (24 u? ))

D(0,1),00

For other Ostrowski type integral inequalities for double integrals see [2]-[13].

Let 0D be a simple, closed counterclockwise curve in the zy-plane, bound-
ing a region D. Let L and M be scalar functions defined at least on an open
set containing D. Assume L and M have continuous first partial derivatives.
Then the following equality is well known as the Green theorem (see for instance
https://en.wikipedia.org/wiki/Green%27s_theorem)

//D <8M8(;c,y) _ aLéz,y)) dxdy =af (L (x,y) dz + M (x,y) dy) .

By applying this equality for real and imaginary parts, we can also state it for
complex valued functions P and Q.
Moreover, if the curve dD is described by the function r(¢) = (z (¢),y(?)),
€ [a,b], with z, y differentiable on (a,b) then we can calculate the path integral
as

1
(v arcsinv + 3 1—02(2+ v2)>]

D(0,1),00

for any (u,v) € D(0,1).

b
f (L (2, y) di + M (z,) dy) = / LG (8) () 2 (6) + M (x(£),y (£) ¥’ (1)) dt.

oD

In the following, consider D a closed and bounded convex subset of R2. Define

Ap ::// dxdy

the area of D and (:ED,yD ) the centre of mass for D, where

1
Tp = // zdxdy, yp = // ydxdy.
Ap Ap J Jp
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Consider the function of two variables f = f (z,y) and denote by the partial
derivative with respect to the variable x and {j the partial derlvatlve Wlth respect
to the variable y. '

Motivated by the above results, by the use of Green’s identity (G), in this paper
we establish some bounds for the absolute value of the difference

i/Df(m,y)dmdy—)\
e e -

for A, a and § complex numbers, and, in partlcular, the Ostrowski perturbed dif-
ference

ﬁ/Dfm,y)dxdy—f(u,v)

and the centre of mass perturbed dlfference

ﬁ/Df(x,y)dxdy—f(ﬁ,yTa)

QAD// [xD afém y)+(yD—y)afg;’y)] dxdy

in the general case of closed and bounded subset of R? and f is defined on an open
set containing D and having continuous partial derivatives on D. Some examples
for rectangles and disks are also provided.

2. SOME IDENTITIES OF INTEREST

We start with the following identity of interest:

Lemma 1. Let 0D be a simple, closed counterclockwise curve bounding a region D
and f defined on an open set containing D and having continuous partial derivatives
on D. Then for any a, B € C,

(2.1) //fxydxdy— //{ Zy)—i-(ﬂ—y)afg;y) dxdy

45 150 F @y do+ (- a) f (o) dy).
aD
In particular, we have

(2.2) //Df(x,y)da:dy

_;//D{(;@x)w+(w)y)wgz’w dxdy

45 $ @D -0 f @) do+ (o~ 7D) f (@) dy].

oD
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Proof. Observe that

d (& —a) f(x,) = f (@9) + (@ — ) of (z,y)

o ox
and

S W=8) ) = o) + - 5) LY
for all (z,y) € D and is we add these equalities we get
(2.3 5 (=) @)+ 3 (=8 @)

— 2 )+ (@ - ) LD (- ) 200D,

Further, if we integrate on D the identity (2.3), then we obtain

20 [ [ |- fwa) + o (=01 )] dody

—2//fmyda:dy
o

Now, if we apply Green’s identity (G) for the functions M (z,y) = (x — «) f (z,y)
and L (z,y) = (8 —y) f (z,y) then we get

//D [86; (@ —a) f(@y) + a% (y=0)f (x,y))} dzdy

— % (B —=y) f(z,y)de + (z —a) f(z,y)dy]

oD

and by (2.4) we obtain

2//Df<w,y)dxdy+//D[(x—a)aféﬁ’y)ﬂy—ﬁ) ‘9f§;’y)}dxdy

— pUB- 0 @) do+ (- a)f (w.9)dy)

oD

which is equivalent to the desired equality (2.1). |

Corollary 1. With the assumptions of Lemma 1 and if the curve 0D is described
by the function r(t) = (z (t),y(t)), t € [a,b], with z, y differentiable on (a,b),
then

@) [ [ syydedy =3 //{a—

;/[(B y(@)a' (t) + (x(t) —a)y' @] f (z (1), y (1)) dt.

#0922 daay
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In particular,

(2.6) //Df(x,y)dmdy
L[ ] im0 2
b

We also have:

Corollary 2. With the assumptions of Corollary 1 we have for all A € C that

é//fmydazdy—/\
2AD// [am

In particular, for all (u,v) € D we have

ALD//Df@,wdxdy—f(u,v)
o] ot

1

HEY / (B -y &)’ (t) + (= (t) —a)y (] [f (= (2) .y (1)) — f (u,v)] dt

and for a = u, B = v, that

é//fmyda:dy—fuv)
2AD//{

- i/a [(v—y @)’ (t) + (x () —w)y OIS (= ),y (1) = f (u,v)] dt

Remark 1. If we take in (2.7) a = Tp and 8 =Yp then we get

(2.10) //f x,y) dedy — A
ZQAD//D[QCD_QS
b

+2AD a
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for all X € C, while from (2.8) we obtain
(2.11) //fmydxdy f (u,v)
0 13}
:m//[,[(“_x)wH”_y) féz,y) dady
1

b
+ %/a (D —y @) 2" )+ (z(t) —zp)y O] [f (x @),y (t) — f (u,v)]dt

for all (u,v) € D.
Moreover, if we assume that (Tp,yp) € D (which happens if, for instance, D is
a convex subset in R?) then we get from (2.11) the centre of mass identity

(2.12) // [ (z,y)dzdy — f (Tp,yD)

=24, // [ 8f§; ) g5 - y) afg;y) dudy
b

b (1@ -5 O )+ (@O = 75) O (2 (0) 9 () — / (7. 75)] .
D Ja

Define

I O B Y e i
e

provided the integrals from the denominators are not zero.

:L'S,af =

Corollary 3. With the assumptions of Corollary 1 we have for all A € C that

(2.13) ALD //D f(z,y) dody — X
b
= i (ys.or —y (0) 2" (t) + (z(t) —zs07)y O] [f (x (), y(t)) — N dt.
D Ja

In particular, for all (u,v) € D we have

(2.14) ﬁ//Df(x,y) dxdy — f (u,v)

— o | wsor =y (®)3' @)+ @ (0~ 2500y O (@ (0).5(0) - F (w.0)] d

and if (.’L‘S’af,yg,af) € D, then
1
(2.15) E//Df(x,y) drdy — f(xs,0f,Ys,0f)

1 b
= %/ [(ys.or —y (1) 2’ () + (z (t) — 25,07) ¥ (2)]

x[f(z@),y@) = f(zsor ysor)ldt.
The proof follows by Corollary 2 by observing that

B
// [msafx fé,y)ﬂwaiy) féﬂ;y) dxdy — 0.
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We define the quantities

fas vy

Ty oD =92 _ f:m(t)f(x ),y @)y (t)dt
| j{f(x,y) dy [P F ),y )y (t)dt

and

?{yf (z,y)dx \

oD _ Ly f @ @),y (1) (1) dt
}{f (z,y)dx fff(z (t),y(t) ' (t)dt
oD

Yr.oD =

provided the denominators are not zero.

Corollary 4. With the assumptions of Corollary 1 we have that

(2.16) // f(z,y) dedy
9 d
-5/, {@f’fw —0) 2L ¢ (ypap = ) 2L diay

The proof follows by (2.1) observing that

75 (r00 —v) f (@.9) dz + (& — 27.0p) f (@,y) dy] = 0.
oD

3. SOME GENERAL INEQUALITIES
‘We have:

Theorem 3. Let 0D be a simple, closed counterclockwise curve bounding a region D
and f defined on an open set containing D and having continuous partial derivatives
on D. If the curve 0D is described by the function r(t) = (z(t),y (t)), t € [a,b],
with x, y differentiable on (a,b), then for any A, a, 8 € C,

//f:cy dady — A

where

B\ a,p)

= 2; [Iﬁ y ()12 @)+ |z () — ol |y @] |f (@), y (&) — A|dt.
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Moreover, we have the bounds

(3.2) B\ a,p)

S max {18 =y @), |z (£) — al} [l )] + |y’ (1))
X |f (2 (8),y (1) — Al dt

L SUB=y@F @) — o) [l 01+ 1y (1))
X |f(xz(t),y(t)) — Al dt forp, ¢ >1 with%—i—%:l

LB =y ()] + | (1) — al max{|2’ (1)], |y’ ()]}
X |f (2 (t),y (t) — Al dt.

Proof. Using the identity (2.7), we get

1
A—D//fxydxdyf)\

(3.3)

2AD// {0‘— +(8-y) fg;’ )}dxdy
:2f11D /a [(B—y®)2" )+ () — )y OIf (x(t),y(t) — A dt
=94, /'ﬁ vt + @) —a)y OIS (@@),y#) — Al dt
T 24, /'6 vt + (@ (t) =)y’ O 1f (x(t),y(t) — Aldt

< 2A H/@ y@z" @)+ [z (t) —al [y @[ 1f (@ ),y () — Aldt
:B(Aaaa/@)a

which proves the first inequality in (3.1).
By utilising Holder’s discrete inequality we have

(1B =y @2 @) + = (&) — af [y @]

max {|8 —y (t)], [z () — e} [ (1) + [ (£)]]
L -y @r 1@ - o) 2 @1 + 1y @)1
- forp,q>1with%+%:1,

(18 =y @) + [z () — alfmax {|z" ()], |y’ (£)[}

for ¢t € [a,b)].

By multiplying this inequality with |f (z (¢),y (t)) — A| and integrating over ¢ in
[a,b] we get the estimate (3.2). O
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Remark 2. If we take in Theorem 3 o = Tp and B = Yp, then we have the

inequalities
/ / f(z,y) dedy — X

o 8
< B(\, 7D, D)

where
B(\,Tp, YD)

— = [ W5y @1 O+ 120~ T 1S 0. 0) - N

Moreover, we have the bounds

(3.5) B(\TD,UD)
Sy max {[gp —y ()], o () 75} |2 O] + [ ©I]1f (2 #),y(¢) — Al dt

L | mE -y OF + 1z @) 7B [l 01 + v ()]

X |f(z(t),y () —Aldt forp, ¢ >1 with%—&—%:l,

b _
Jo 17D =y ()] + |2 () — 7o max {2’ ()], |y O} S (2 1),y (£) = Al dt.
Also, if we take in Theorem 8 o = xg95 and 5 = ys.a¢, then we have the inequalities
1
(3.6) s // [ (@,y)dedy — | < B (X, zs,0f,Ys.05)
D D
where
(>\ T5,0fYS,0f)
= i [ usos — v 11 @1+ 1) — sl I OU17 0,0 ) - N .

Moreover, we have the bounds

(3.7) B(Mzsaf. ys.or)

Sy max{lys.or —y O], () = zs.o51} [l (O] + v #)]]
< |f(z(8),y () = Aldt

L usar —y 0 + |2 (8) = 2s.00) P [l2 @) + 1y ()]

X|f (z(t),y (t) = Al dt forp, ¢ >1 with  + 2 =1,

Ji lys.ar =y @) + 2 () — 25,07l max {2 ()], |y’ (B)[}
X |f (2 (8),y (1) — Al di.
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By utilising Holder’s type integral inequalities one can separate the factors in
the bounds above. One of the most natural such inequality is incorporated in the
following corollary in which the bounds are in terms of the well known arc length
integrals.

Corollary 5. With the assumptions of Theorem 8 we have

%//f(w,y)dxdy—k
o o a2

<([ (le-ap+ \y—ﬁl2) d(é))m ([ wew-rao)”

where the latest two integrals are arc length integrals.
In particular,

%//f(x,y)dxdy—)\

2AD// {mp—x éﬂc y)+(yD—y)8féxy’y)}dxdy‘

<([ (e-mt+iw-mP)ao) ([ 1ren-atae)”

and

(3.10) //fmydmdy )\‘
< (/aD (Io = ws0s1” + 1y — ysosl) d(é)>1/2 </3D 1f (@) - )\|2d(€))1/2.

Proof. For p = q = 2 we have from (3.2) that

b
BOvas) < g [ (18-v@F +lew—a) " [l @F + 1 0]

x| f (x (), (1)) — Al dt.
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By making use of the weighted Cauchy-Bunyakovsky-Schwarz integral inequality
we have

[ (18=v0r +1o@-al)" [ OF + 1y OF] "1 @ 0.0 @) - Mat

(
2 1/2
W ~yOF + (1) - 042)1/2] [ F +1y @F] " dt)
)2 [l 0F +1y 0F] " dt)
)

<

1/2

< (
A VNCIORT0
, , 1/2 1/2
(18 =y ®F +z(t) = af) [l OF + Iy @] dt)
A WNCIORT0

12 1/2
()= AP [l OF + 1y ()] dt)

([
([
([
([
([ (ot rw-sr)ao) " ([ 1reo-atae)"

which proves the desired result (3.8). O

Remark 3. If we take A = f (u,v) with (u,v) € D, then we get

(3.11) ‘AID// f(z,y)dzdy — f (u,v)

i o2 -

<([ (o-ul sl )/(/ e Tora)

where the latest two integrals are arc length integrals.

Corollary 6. In particular,

ﬁ// f(z,y) dedy — f (u,v)
i/ o= 2 e

<([ (=758 +u-7o7) )/(/ e - roPa)

and

(3.12)

(3.13)

i | [ty f o)

S(/{aD(Iw—wsaﬂ +y — ys0f| >1/2(/ |f(z,y) — U?J)|2d(f)>1/2-
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4. INEQUALITIES FOR BOUNDED FUNCTIONS

Let 0D be a simple, closed counterclockwise curve bounding a region D. Now,
for ¢, ® € C, define the sets of complex-valued functions

Uap (¢, ®)
= {f : 0D — C|Re [((I’ — f(z,v)) (m—g)] >0 for each (z,y)€ 8D}

and

o+
2

App (¢, ®) = {f:@D—>(C| ‘f(cc,y)— ‘§;|<I>—¢| for each (m,y)e@D}.

The following representation result may be stated.

Proposition 1. For any ¢, ® € C, ¢ # ®, we have that Usp (¢, ®) and App (¢, ®)
are nonempty, convexr and closed sets and

(4.1) Uap (¢,®) = Dop (¢, D).
Proof. We observe that for any w € C we have the equivalence
o+ P 1
_ <P
-2 < S

if and only if
Re [(® —w) (w—¢)] > 0.
This follows by the equality

2

1 o+ @ S
4<I)¢2'w2 =Re [(® —w) (T - ¢)]
that holds for any w € C.
The equality (3.1) is thus a simple consequence of this fact. ([l

On making use of the complex numbers field properties we can also state that:

Corollary 7. For any ¢, ® € C, ¢ # ®,we have that

(4.2)
Uop (¢,®) ={f : 0D — C| (Re® —Re f (z,7)) (Re f (z,y) — Re 9)
+(Im® —Im f (x,y)) (Im f (z,y) — Im @) > 0 for each (z,y) € ID}.

Now, if we assume that Re (®) > Re (¢) and Im (®) > Im (¢), then we can define
the following set of functions as well:

(4.3) Sop (¢,®) :={f:9D — C| Re(®) = Re [ (2,y) > Re(9)
and Im (®) > Im f (z,y) > Im (@) for each (z,y) € OD}.
One can easily observe that Sp (¢, ®) is closed, convex and
(4.4) 0 # Sop (6, ®) C Usp (¢, P) -
We have
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Theorem 4. Let OD be a simple, closed counterclockwise curve bounding a region D
and f defined on an open set containing D and having continuous partial derivatives
on D. If the curve 8D is described by the function r (t) = (z (t),y (t)), t € [a,b],
with x, y differentiable on (a,b), f € Aap (¢, ®) for some distinct ¢, ® € C then
for any a, B € C, we have

b
=310 =0l [ 1B =s 1 O]+ ()= al W O]

Moreover, we have the bounds

o+ @
wo) 5 (25" as)
2 mas 18—y (1) o (0) — o} 1o’ ()] + Iy’ ()] s

J; (8 =y @F + | () — )" [l (0 + 1/ 0]/ at

< L -
Ap forp, ¢ > 1 with 1 s+, =1

@ — ¢

RNy

LB =y @)+ e () — allmax{j2’ ()], |y’ ()]} dt.

The proof follows by Theorem 3 for A = # and taking into account that, if
f € ASD (¢7 (b)a then

o+ P
2

£ .00) <S1e ol

for all (z (t),y(¢t)) € 0D and t € [a,b].
If we take in Theorem 4 @ = Tp and 8 = yp, then we have the inequalities

o -5t

—%//D{(am—x)wg;’y)ﬂw—y)wggy)}dwdy‘
B
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Sy max {75 —y ()] |2 (t) = 751} |2/ (0] + Iy (1)) dt

b _pl 1/
A mm -y @ + (1) — 7plP) T [ ()] + ()] de
Ap forp,q>1vvith%—§—%:17

L1175 =y (O] + |2 (1) = 75| max {|2’ (£)], |y’ ()]} dt.

Also, if we take in Theorem 4 o = 5,55 and 8 = ys,9¢, then we have the inequalities

1 + &
(4.9) E//Df(ﬂ%y)dl“dy— d)T < B\ zsaf,Ys,0f)

where

+
B (¢ 5 7fvs,af;ys,af>

b
= 110 =61 5= [ llusos =y (011 01+ ko ®) ~ 2ol ()] .

Moreover, we have the bounds

(4.10) B(T@s,apl/sw)
JPmax{Jysor —y ()] |2 (8) — zs.0¢]} [l ()] + |y ()] de
12 (ysor =y @F + |z () — zs,05") "7

1 1
<gle—el=q x [l &)1 + 1y &)Y dt
for p, q>1with%+$:1,

I lys.or —y (B + |z (8) — w50 max {|2/ (£)], |y’ (£)]} dt.
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For p = q =2 we get

(4.11) //fxydmdy—mTq)

o Ll 0

9 9 1/2
ﬂ@—qﬂ%/m) (16~ + 12— af*) a0
¢(oD)
A

(18— o +1z - o) "

ma;
(x, )eaD

for all «, 5 € C.
In particular, we have

(4.12) //facydmcly—M

i) -0

PSRN
—i‘q’*‘ﬁ‘E/g,D(‘““' o)

1 £(0D) 2 o\ 1/2
< | — _ _
— 4 | ¢| Ap (ac,rz?)aé)éD (|.’L‘ $D| + |yD y| )
and
(4.13) //fxydxdy—%
1 1/2
< Z|P— _ _
< 4\‘1) 9| AD/a (\ysaf yl + |z — zs,05] ) d(f)
1 £(0D) 1/2
< - |- - - )
< 12—l Ay hax (|ysaf y* + |z — zs.05] )

5. INEQUALITIES FOR LIPSCHITZIAN FUNCTIONS

Let 0D be a simple, closed counterclockwise curve in the xy-plane, bounding a
region D. Let (u,v) be fixed in D and assume that there exists L,, K, > 0 such
that

(5.1) |f (@) = [ (w,0)] < Loz = ul + Ky [y — 0|

for all (x,y) € 9D.
If f: D — C is Lipschitzian in the usual sense, namely there exists L, K > 0
such that

(5.2) [f (@, y) = f(u,0)] < Lz —u| + Ky —v|
for all (z,y), (u,v) € D, then for each fixed (u,v) in D we have the condition (5.1)
for L, =L and K, = K.

Also, if f has bounded partial derivatives on D then we can take in (5.2)

_||of
|9z

= sup
D,co (z,y)eD

0
L wa)| <



16 S.S. DRAGOMIR

and

of
k=[5 By o) <=

D,oo . (x, y)ED
‘We have

Theorem 5. Let 0D be a simple, closed counterclockwise curve bounding a re-
gion D and [ defined on an open set containing D and having continuous partial
derivatives on D. If the curve D is described by the function r (t) = (z (t),y (1)),
t € [a,b], with z, y differentiable on (a,b), (u,v) € D and the function f satisfies
the condition (5.1), then we have the following perturbed Ostrowsky type inequality

ﬁ// [ (z,y) dzdy — f (u,v)

s e e
< B(Lu, Ky, u,v),

(5.3)

where
(5.4) B (Ly, Ky,u,v)
1 b
— il [ e ® —ul (v =y O] O]+ ke ()~ ully' O] de
b
gk [ l® =l (o =y O O]+ 20 - ully O] ds
Proof. From the identity (2.9) we get

i// f(z,y) dzdy — f (u,v)

of (z,y)
2AD// [u—z +(U y)ay]d.’rdy'
:ﬁ / (v —y () ' (&) + (z () —u)y' O [f (@ (), y(2) — f (u,0)] dt

b
= i/ (0 =y )2’ (£) + (= () —w) g’ O)[f (@ ()5 (£) — f (u,v))]|dt

b
=ﬁ/ (v =y (1)’ (1) + (x () — )y @] |f (@ ()5 (#) — f (wv)|dt
=24, /'”_ + (2 () —w)y O [Lu |z () = ul + K, |y (¢) — o] dt

< gi / o =y O (©) + 2 () = ul Iy’ @] [Lu 2 (0) = ul + Koy (¢) - o] de
b
=ELU/ [l2.@) = ul o =y O B + |2 2) - ul Iy ()] dt
K/ o=y P | O] + | @) — ully @) — vl ly' @) dt,
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which proves the desired inequality (5.3). O
Remark 4. Observe that

o=y @O’ (©)]+ ]z (t) —ully @)

< (w-yOF +1e@ —u) " (1 @F 1 OF) "

for all t € [a,b], which implies that
b
[ 1o @)=l Qo =y @11 O]+ 12 ()~ ul ' D] d
b 1 1
< [e@—ul o=y OF +o0 - )" (12 OF 1y 0F) "

, e\ V2
< ( @) =l (I @F + 1y 0)F) dt)
x ( / (o -yOF + 1 - o) (15 OF + 1y ©F) " dt)
([ ewta@) ([ (w-sfsiewP)ao)”

b
/ [ly @) — vl (jv =y () 12" )] + |2 () — ul [y (#)])] dt
1/2

S(ADIy—uIQd(€)>1/2(/aD(U—y|2+|$—U|2)d(f)> ,

therefore

1/2

and

B (Lua Kmu,v)

<[ waa©) ([ (wsl e ) i)
soi ([ |y—u|2d<e>)1/2 ([ (|v—y|2+m—u|2)d<e>)l/2,

which implies the following inequality of interest

1/2

(5.5) B (Ly, Ky,u,v) < i </6D (|U oy |z u|2) d(e))l/z

L., (/w xu|2d(e))1/2+m (/M |yu|2d(1z)>1/2] .

If f has bounded partial derivatives on D then we can take in the above inequal-

ities (5.3)-(5.5)

X

of

L, =
’(‘h

and K, = ngyc

D,co
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If the function f satisfies the condition (5.1) for the point (Tp,yp) that is as-
sumed to belong to D, then

(5.6) AiD / /D f (x,y) dady — f (T5.75)

—%/L{(m—x)wéﬁﬂw—y)aféﬂﬂ}dwy‘

<B (Lﬁa KKyDyﬁayiD) )

where

(5.1) B (Lﬁ, Ki, .75, gTD)

1 b
e / [l (t) = 75| (75 — y ()] o’ (B)] + |« (t) — 751 Iy’ (1)])] dt
b
- 721411,3 Ky / lly (1) = 751 (175 — y ©)] e’ (©)] + |2 (1) = 2| Iy’ (1)) d.

We also have

(5.8) B(Ly, Ky, Tp,yp) < i </8D (|E_y‘2 e —EF) d(e)) 1/2
x le(/aD |3?—96D2d(€)>1/2+KyD</6D Iyn—y|2d(z))1/2],

6. EXAMPLES FOR RECTANGLES

Let a < b and ¢ < d. Put A = (a,¢), B = (b,¢), C = (b,d), D = (a,d) € R?
the vertices of the rectangle ABCD = [a,b] X [¢,d]. Consider the counterclockwise

segments
x=(1—-t)a+tdb
AB: , t€][0,1]
y=c
xr =
BC : , t€]0,1]
y=01—-t)c+td
x=(1—-t)b+ta
CD: , t€0,1]
y=d
and
T=a
DA : , t€[0,1].
y=(1—-t)d+tc

Therefore 0 (ABCD) = ABUBCUCDU DA.
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If o, B € R, then

FlE-0) 1 @pdo+ @ a)f (@) dy

AB

—(b—a) (8 —c/f (L=t)a+the)dt = —C/f“

FUE-0) 1 @pdo+ @) f (@) dy

BC

1 d
:(d—c)(b—a)/o f(b,(l—t)c—I—td)dt:(b—a)/ £ (b,y) dy

]{[(ﬁ—y)f(x,y)d:ﬂr(w—a)f(x,y)dy]

CD

1 a
~@-0E-a) [ f-prtadit=E-a) [ f@dd

b
—@-p) [ S

and
F16-0)7 @ o)+ (@ - a) 1 @v)d)
DA
z/ (a—a)f(a,(1—t)d+tc)(c—d)dt = a—a/fay dy
a—a/fay
Therefore

$ -0 I@dot@-a)f(@y)d

ABCD

b b
=(B—C)/ f(x,c>dx+<d—ﬁ>/ f ( d) de

d d
+<bfa>/ f(b,y)dy+(ozfa)/ f (a) dy

for all a, 8 € R.
We also have Tp = %22 and yp = <5<,

(WD —v) [ (z,y)dz + (z —Tp) f (z,y) dy]
9(ABCD)

:(d_c)/ab(f(x,@;f(x,@)dﬁ(b_a)/cd(f(b,y);f(a,w)dy
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From the equality (2.1) we have

(6.1) /b/df(m,y) dxdy
N 1/%

—y) afg;’ y)} dxdy

/f ¢)de + (d /f ]

d
+% b—a/cfb,y dy+(oz—a)/c f(a,y)dy]

for all a, B € R, while from (2.2) we get

(6.2) /b/df (z,y) dzdy
L5 e () o

! (d_c)/a <f(x )41l d))d o a)/cd<f(b’y);f(a’y)>dy1~

+

These imply the following perturbed identities

/b/df (z,y) dxdy —
s Lo s

b
= o a)(d= l(ﬁ—c)/a(f(xc) A)dx + (d - ﬂ)/a(f(x,d)—A)dx]

d

d
+2(b*a)(d—c) [(b_a)/ (f(b’y)—k)dy—k(a—a)/ (f(a,y)—)\)dy]
and
1 b prd
(6.4) b-ad—0 f(z,y)dedy — A

oz dy

- 1 abacdc[ a—i—b_m) 3f($’y)+<c"2'd_y> af(x’y)}dxdy
y bia/ab<f(x,c>;f<w,d>A)dﬁdic/cd((b,y);f(a,y)A)dy].
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From (6.4) we can get, for instance, the simpler inequality

= _c//f:rydacdy)\
‘2<b—a§<d—c>/a/c (557 -o) o (557 ) 2 st

(6.5)

Sl sup f(x,c)+f($7d)_)\ dl“" sup f(b7y)+f(a/7y)_A’
2 z€[a,b] 2 y€la,b] 2
for all A € C.
If we take A = f (u,v) in (6.5), then we get
66) |5 _C//fxydxdy f ()

s L6525 (55 65

<1 [sup f(2,0) + f(@,d) £(b,9)+ f(a,y) ]
2 z€[a,b]

8D ) :
and, in particular,

(ba)l(dc)/ab/cdf(m,y)dxdy_f(a;‘b’c—;—d)

grmaama ] [ (5 ) L (55 -0) L] e

- f (u7 7))

dx + sup
y€[a,b]

(6.7)

)
1 f(z,e)+ f(z,d) a+b c+d
< = — d
QLZI[I(EH 2 Nz )|*™
b d
v s f(b,y)+f(a,y)_f(a+ ks )
yelab] 2 2 2

Other inequalities may be also stated, however the details are not presented here.

7. EXAMPLES FOR DISKS

We consider the closed disk D (C, R) centered in C (a,b) and of radius R > 0.
This is parametrized by
x=rcosf+a
€[0,R], 6 €]0,2n]
y=rsinf +b
and the circle C (C, R) is parametrized by
= Rcosf+a
, 0€10,27].
y= Rsinf+b

Here Ip(Cc,R) = @, YD(C,R) — b and AD(C,R) = 7TR2.
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Then
1 . _
i P @B @) do+ (o~ 75) £ (5, d
oD
1 b
= E/ (D —y )" (t) + (x () = 7D)y' ()] f (x (t),y (1)) dt
2
:%/ [sin® 0 + cos® 0] R*f (Rcosf + a, Rsin 6 + b) df
™ 0
1 27
== f(Rcos@ + a, Rsinf + b) df
T Jo
and
—_ Nofwy)  Of(zy)
- BN RCASALIN AV
//D {(xp z) =+ D ~y) oy wdy
/R/Q”{ Of (rcosf + a,rsinf + b)
=-— cos
0 0 833
Jrsine@f(7"(:059+a,7*sm€+b) 2 d0dr
dy
and by the equality (2.2) we have
) [ [ e
. — z,y) dedy
mR? ) Jpor)
1/R/27T oaf(rcosﬂ—i—amsin@—}—b)
+Sin96f(rcos6’+a,rsin9+b) 2d0dr
dy
1 27
+— f (Rcos® + a, Rsin6 + b) df.
2 0

We also have the perturbed identity

1
(7.2) Mp/A@mﬂLwM@A

1/R/2’T{ Of (rcosf + a,rsinf + b)
=—= cos
2 /o Jo ox

Of (rcosf + a,rsinf + b)
dy
1 27

o ).

+sinf

}rzdﬁdr
[f (RcosO+ a, Rsinf + b) — A\] df

for all A € C.
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In particular, we have

1
@3 gz [ ], FEwded = f e

I/R/%[ Af (rcosf + a,rsinf + b)
=-3 cosd
o Jo

Oz
+sin08f (rcosﬂ—i—a,rsm@—}—b)} 2 d0dr
dy
1 2

— [f (Rcosf + a, Rsinf + b) — f (a,b)] db.
21 Jo

If we have the following boundedness condition on the boundary
|f (z,y) — f(a,b)] < M for all (z,y) € C(C,R)
then by (7.3) we get

1
w7 | g 0 = £ @)

R p27 .
+1/ / [Coseaf(TCOS9+a,T81n9+b)
2 Jo Jo ox

Of (rcos + a,rsinf + b)
dy

Also, if there exists the constants L, K > 0 such that the following Lipschitz
type condition holds

|f (Rcosf + a, Rsinf + b) — f (a,b)| < R[|cosf| L + |sin ] K]
for all # € [0, 27], then by (7.3) we get

1
7TR2//D(C,R) f(x,y)dzdy — f (a,b)

R r27 .
+%/ / [Coseﬁf(rcose—i—a,rmnH—i—b)
o Jo

(7.4)

+sin 6

} r?dfdr| < M.

(7.5)

Ox
+Sin03f(rcos€)+a,rsm@—i—b)}Tzdadr'
dy
1 2w
§2— |f (Rcosf +a, Rsin@ +b) — f (a,b)| d

T Jo

1 [ 2

< 2 [ R{leost| L+ |sin0] K]d8 = 221 + ).
2m Jo m

Other inequalities may be also stated, however the details are not presented here.
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