PERTURBED OSTROWSKI TYPE INEQUALITIES FOR DOUBLE
INTEGRAL ON GENERAL DOMAINS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper, by making use of Green’s identity for double inte-
gral, we establish some perturbed Ostrowski type inequalities for functions of
two independent variables defined on closed and bounded convex subsets of
the plane R2. Some examples for rectangles and disks are also provided.

1. INTRODUCTION

In the following, consider D a closed and bounded convex subset of R?. Define

Ap ::// dxdy,

the area of D and (Tp,yp) the centre of mass for D, where

Tp = AD// zdxdy, Yyp : _A // ydxdy.

Consider the function of two variables f = f (z,y) and denote by % the partial
derivative with respect to the variable x and g—’; the partial derivative with respect
to the variable y.

In the recent paper [6] we obtained, among others, the following Ostrowski type
integral inequality for double integral:

Theorem 1. Assume that f : D — C is differentiable on D and (u,v) € D. Then

(1) 'f(w)—l Il f(wyy)dxdy'

<o L= ([ |2+ 0 -0 o] ar) doay
+—// y—v|( ; af[t(x,y)+(1—t)(u,v)}‘dt) dady

T — u| dxd +H

— v| dzdy,
DOOAD// ly — v| dzdy

8:6
provided
0 0 0
—f = sup i (z,w)‘ < o0 and ‘ - = sup |- (z,w)‘ < 00.
Oz D,co (z,w)ED Oz D,c0 (z,w)eD 8y
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In particular,

(1.2) 'f(:cD,yD>—jD//Df(z7y>dxdy\

< [l ([
i// lv =l (Al ﬁ[’f(f’%yH(l—t) (m,zm)]‘dt) dudy

r — Tpl|dedy + / dxd
<N s L e |5 [ -l

For other Ostrowski type integral inequalities for double integrals see [2]-[14].

Let 0D be a simple, closed counterclockwise curve in the zy-plane, bound-
ing a region D. Let L and M be scalar functions defined at least on an open
set containing D. Assume L and M have continuous first partial derivatives.
Then the following equality is well known as the Green theorem (see for instance
https://en.wikipedia.org/wiki/Green%27s_theorem)

By applying this equality for real and imaginary parts, we can also state it for
complex valued functions P and Q.
Moreover, if the curve 9D is described by the function r (t) = (z (¢),y (¢t)),
€ [a,b], with z, y differentiable on (a,b) then we can calculate the path integral
as

Dt + (-0 @D at ) dody

b
75 (L (z,y) do + M (z,) dy) = / L (2 (£),y (£) 2/ () + M (2 (1), (£) ' (1) dt.

oD

In this paper we establish some perturbed Ostrowski type inequalities for func-
tions of two independent variables defined on closed and bounded convex subsets
of the plane R?. Some examples for rectangles and disks are also provided.

2. PRELIMINARY FACTS

We have:
Lemma 1. If f : D — C is differentiable on the convexr domain D, then for all
(x,y), (u,v) € D we have the equality
@1 F o) =f @)+ (0-2) 5 (@) + 0= 9) 5 (@)

t-a) [ (Frwora-el- G a)

so-w [ ((;’y”[t<u,v>+<1—t><x,y>1—‘;g(x,y)) dt.
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Proof. By Taylor’s multivariate theorem with integral remainder, we have
1 8f
0

1
+<v—y>/0 g—;[uu,vw(lft)(x,yndt

for all (x,y), (u,v) € D.

Since
w-a) [ (F oo+ -0l -5 wn)a
—=2) [ Fltwn + 1= @l - (-2 5 @)
and
=) [ (Fiewo+0-0@m- 2L wn)a
) Loy of
=9 [ Gl + 0= Eld- -9 @),
hence by (2.2) we get the desired result (2.1). O

Corollary 1. With the assumptions of Lemma 1 we have

(2.3) f(u,v):i / / f (2,y) dedy
Ny [ 0 (o y)—f—(v—y)aféxy’y)}dxdy

// [ / (gi [t (u,v) + (1 = t) (z,9)] — % (x7y)) dt} dedy

+E//D [w—y)/ol (Zrwo+a-ne-F @) wa
for all (u,v) € D.

The equality (2.3) follows by (2.1) on taking the integral mean over (z,y) € D.
We also have the following identity of interest:

Lemma 2. Let 0D be a simple, closed counterclockwise curve bounding a region D
and f defined on an open set containing D and having continuous partial derivatives
on D. Then for any u, v € C,

(2.4) Ale// f(z,y) dzdy

=5y [ [ M
+% (v =) f(@,y) dx + (x =) f (z,y) dy].

oD
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Proof. Observe that

and
; of (z,y)

gy((y*v)f(x,y)):f(x,y)+(y*v) oy

for all (x,y) € D and if we add these equalities, we get

(2.5 5o (=) F @)+ 5 (=) f .9)

0
= f () + (o - ) LI 4 () T

Further, if we integrate on D the identity (2.5), then we obtain

20 [ [ [5G+ g (0 f )| dedy

—2//fxydacdy
+//D{x—u 8fax +(y—v)afézy)}dxdy.

Now, if we apply Green’s identity (G) for the functions M (z,y) = (x — u) f (z,y)
and L (z,y) = (v —1y) f (x,y) then we get

// [895 z — u) xy)”;((y—v)f(x,y))}dxdy
j{[(v—y)f(wy)d$+(a:—u)f(x,y)dy]

oD

and by (2.6) we conclude that

2//Df(z,y)dxdy+//D{(zu)af(x y)

:7{[(v—y)f(x,y)dl‘+(xfu)f(xay)dy}a

oD

+ (y —v) afgz’ y) dxdy

which is equivalent to the desired equality (2.4). O
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Lemma 3. With the assumptions of Lemma 2 and if D is a convex domain, then
we have

vaa [ [ o= [ (Lo 006 -2 en)a] way
AL fv/O (5w a0 -5 @)

Proof. The proof of the identity (2.7) follows by eliminating the quantity

AD//[“—JJ xy)+(v—y)g§(x,y)}dxdy

in the equations (2.3) and (2.4).
The proof of the identity (2.8) follows eliminating the quantity

AD//fxydxdy

in the equations (2.3) and (2.4). O
We have the centre of mass identity:

Corollary 2. With the assumptions of Lemma 8 we have

(2.
9) AD//fxydmdy

if (yD—y)f(x,y)der(fﬂ—xz))f(x,y)dy}
Ap 2

[SVRN )

= gf(IEmyD) +

oD
3AD// [ /0 (gi[ @D, yp) + (1 — 1) (z,y)] — 8—f( )) dt} dady
i) ), [y vb / (gjj[t<m,m>+<1—t><x,y>]—giu,y))dt] drdy
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and

(2.10) AD// [scp—:c == (z, y)+(zm—y)g§(w,y)]dxdy

= 21 @D + 5o § [~ 75 f (@9) do+ (@5 —2) £ (5.9) dy]
oD

5] ), [ / (gﬁ[t<xD,yD>+<1—t><m,y>1 e ))dt} dudy
tia ) ), {(y ~ ) / (gi ¢ @5.95) + (1 -0 (00)] - 5 <x,y>> dt] dady.

provided the denominators are not zero.

Corollary 3. With the assumptions of Lemma 3 we have

(2.11) AD//f x,y) dedy = f(l'faDayfaD)
v [ [ [ s [ (B eranvron) + 0 -0 @) - 2 o) ] doay

3AD// [y Yr.o0 / (gi [t(ﬂﬁf,aDayf,aD)Jr(1—t)(x,y)]—%(az,y)) dt] dady.

The proof follows by (2.7) on observing that

7{ [(yf,aD —y) f(z,y)ds 42' (z —zp0p) f (,y) dy} _o.

oD

We define

I3 d;c x,y) dudy oy (y) dady

Tofp = and yay,p = ;
Iy 2L (2, y) dady JIp 3 (w.y) dudy

provided the denominators are not zero.
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Corollary 4. With the assumptions of Lemma 3 we have

(2.12)  f(zaf,p:Yas.D)
11

T 24p [(yor,0 = y) [ (z,y) dx + (z — way,p) f (x,y) dy]

—I—i / /D |:($8f,D — ) /01 <g£ [t (zas,0,y0r,0) + (1 —1t) (z,y)] — % (x,y)) dt} ey

+i//D {(yaf,D - y)/o1 (gg [t (zas,0,y05,0) + (1 = 1) (z,y)] = % (x’y>> dt} dedy.

The proof follows by (2.7) on observing that

//D [(xaf,D — ) % (z,y) + (Yar,0 — Y) % (:c,y)] dady = 0.

3. SOME INEQUALITIES

We assume that the partial derivatives %, % satisfy the Lipschitz type condi-

tions

of

0
(3.1) O (w)~ 2 ()| < Lol + K fy v
and
0 0
(3.2) ;%Cuw*5£WW)§Lﬂz*M+Bbwa

for any (x,y), (u,v) € D, where L, K1, Ly and K5 are given positive constants.

Theorem 2. Let 0D be a simple, closed counterclockwise curve bounding a con-
vex region D and f defined on an open set containing D and having continuous
partial derivatives on D. If the partial derivatives %, %5 satisfy the Lipschitz type
conditions (3.1) and (3.2), then l

—;/Lfmwmw

1 2 1 (v—y)f(wy)df“r(x—u)f(xy)dy
—3f(u U)—3AD]{[ ]

1
—|L — + K. —
6[ 1— // (x —u) da:dy 90— // v) dmdy}

K+L 1
= // |z — u| |y — v| dady
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oD
1 1 1
< 3 [LlAD//D(:c—u)2d:Edy+K2A// - 2dmdy}
K Ly 1
1; 2 / |z — ul |y — v| dedy

for all (u,v) € D.

Proof. From the identity (2.7) we have

. 5 () dt) dady
3AD y— ) (/1 (ag[t(%y)—i-(l—t)(u,v)]—f(um) dt) dady
<or //D|x—u\ 01 g—i[t(%y)-l-(l—t)(u,v)]—%(u,v) dtdady
+3AlD//Dy—v|( %[t(w,y)—&-(l—t)(um)}—%(u,v) dt>dxdy

S%f/ & ul (L1 & — ul + Ky |y — v]] dedy
570 [ =l Lalo = ul+ Kaly — ol dedy
é[ Ai// (z — u) dxdy+K2A // —v) dmdy}
S [ ety = ol deay,

which proves the desired result (3.3).
The inequality (3.4) follows in a similar way from the identity (2.8). O
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Assume that f : D — C is twice differentiable on D and the second partial
2 2
derivatives 24, 2L and 2L are bounded on D. Put

dx27 9y? dx0y
L1 R . oI L1 [ Lo

02% | p oo (@mepn|0z® 0y  @wen |0

and
0? 0?
= su
Haxay D (w)I;D 31732/( y)‘

then

of of o0 f 0?

i _ < || =L _ _

L -Fwo|<|FH| e-u|pr] e
and

of of 0% f 0*f

_ L < _ ZJ _

- ghwn|<|gh] e |FE] W

for all (z,y), (u,v) € D.
Therefore the conditions (3.1) and (3.2) are valid for
o*f 0% f
Ll B ”31'2 D,oo7 Kl a L2 B H&an D,oo
and
82
=5,

Corollary 5. Let 0D be a simple, closed counterclockwise curve bounding a convez
region D and [ defined on an open set contammg D and twice differentiable on D.

If the second partial derivatives gif 2f and aaxg

278y2
//fxy dxdy

are bounded, then

2 1 (v—y) f(@y)de+ (x—u)f(z,y)dy
_3f(u v) = 3AD [ 2 ]
1 1 2
< 152, S |5 [
‘(%v@y DOQAD// |z — u| |y — v| dady




10 S.S. DRAGOMIR

and

56 | [ [ w05 @t o0 P ] asay

—§ﬂuw—§f— (5= 0)f (@) do + (u—2) f (2,3) dy]
<313l s ff dxdw\ s J e

0% f
0xdy

Remark 1. With the assumptions of Corollary 5 we have the following particular
inequalities of interest

—%/Lfmwmw

z —ully —v|dxd
g el vl ey

for all (u,v) € D.

_lf(ﬁ’%) ;AL [(yn—y)f(w,y)dwﬂ;(w—:m)f(x,y)dy}
Sé“ Do A //J:ID‘“@+'y2DWAD// D”d“4

1| 92f o
+3’5$8y E/D|m_$D||y—yD|dxdy,
// [xD ( y)+(y13—y)g£(:r,y)]dxdy
“ﬂmmﬁ;; (0= 75) 7 (0r9) do + (75 — 2) F (2,5) o]
1
S3U Doo A // x—Tp) dzder' P DooAD// YD —Y dxdy]

*f
0x0y || p

2
i
69 |5 [ [ f@y)dedy= 35 @rop.vson)

1
< - _
6“ AD// T —TfoD) da:dy—k‘ AD// Y —Yr.oD) dmdy]

// |z —zfop|ly — yrop|drdy
DooAD

—f/mP@m—mmw
D

0z2

8x8y
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(310 ‘// [wfaD_x gf( y)+(yf,3D—y)g:J;($ay)}dxdy

2
*gf (rf.0D,Yf0D)

DOOAD// (x —zf0p) dxdy—i—‘

O f

02

e

i /[ 12 = s00l1y = ys00] dady
D,o0 “*D

1
< =
i

8m8y

and

(311) |f (war.p,Y0f.D)

11
55— P [(War.p —y) f (x,y)dz + (v — 2y, D) f (v,y) dy]
2 Ap
oD
1 ||| 0%f
< Z ||| _
2U3$ DOOAD// @~ %of.0) dxdy—k‘ DooAD// Y = Yo.p) dmdy]
0% f
020y DOOAD/ |z — xos,Dl |y — yor,p| drdy.

4. EXAMPLES FOR RECTANGLES

Let a < b and ¢ < d. Put A = (a,c), B = (b,c), C = (b,d), D = (a,d) € R?
the vertices of the rectangle ABCD = [a,b] X [c,d] . Consider the counterclockwise

segments
x=(1—-t)a+tdb
AB: , t€][0,1]
y=c
xr=0
BC: , t€]0,1]
y=01—-t)c+td
x=(1—-t)b+ta
CD: , t€]0,1]
y=d
and
T=a
DA: ,tel0,1].
y=(1—-1t)d+tc

Therefore  (ABCD) = ABUBC UCD UDA.
If o, B € R, then

7([<ﬁ—y>f<x,y>dx+<w—a>f<x,y>dy}

AB
=({b—-a)( fc/f (1—=t)a+tbc)d —c/f:z:c
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FU-0 1 @do+ @ a)f (@) dy

BC

1 d
:(d—c)(b—a)/o f(b,(l—t)c+td)dt:(b—a)/ f(b,y) dy,

]{[(ny)f(x,y)dxﬂzfa)f(z,y)dy]

CcD

z(a—b)(ﬁ—d)/o f((l—t)b+ta,d)dt=(ﬁ—d)/baf(x,d)dx

b
=(d—ﬁ)/ f (. d) da

and
F16-0)7 @)t (@ =) f @p)di)
DA
1 c
:/ (a—a)fla,(1—t)d+tc)(c—d)dt = (a—a)/ f(a,y)dy
0 d
d
= (a*a)/ f(a,y) dy.
Therefore

(B=vy) f(z,y)dz+ (z - a) f (z,y) dy]
ABCD

b b
=</3—c>/ f(w,c>dx+<d—ﬁ>/ f (2, d) da

d d
+<b—a>/ f(b,y>dy+<a—a>/ £ (ay) dy

for all , 5 € R.
ct+d

We also have 7p = “T"’b and yp = <%, which imply that

(D —v) f(z,y)dx+ (x —ZD) f (z,y) dy]
8(ABCD)

(dc)/ab(f(x’c);f(x’d)>dx+(ba)/j(f(b’y)—gf(a’y))dy.

Let f defined on an open set containing D = [a, b] X [¢, d] and twice differentiable

on D. If the second partial derivatives ?;Tf o o f

7 92 ory Are bounded on D, then

and
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by Theorem 2 we get

b pd
@) =g | [ Hewded— 3 o)
;(bfa [ /fxcdx—l— —U/fmd
wow [ e w-a [ f(my)dy]
1|02 1 u— e ’ 2
<5 |5 . 12+< b—a ) ]“"a)
1 0% f _1 v—% ? 9
“ollal, 12+<b—a>](d_c)
1 1 u—a+b 1 v— ekl 2
§ &T{?y [4 b—a ] [4+< d—c > ](b—a)(d—c)
and
(4.2) =) 70// {u—x —&-(v—y)gf(a?,y)}dxdy

b
_ f(uv) ;(b)wc[v—c/fxcdx—l—(d—v)/a f(z,d)dz

+<b—u>/ f(b,y>dy+<u—a>/ f(a,y)dy]

2
1|0%f 1 u— e 9
< = — 2 -
=3 022, 12+< b—a (b-a)
2
1 0% f 1 v — e 9
“3lal, 12+< b=a ) |79

L2
3 8x8y

uf“"’b p— ctd 2
b {111 b—a ] [jﬁ( i ) ](b_“)(d_c)

for all (u,v) € D.
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In particular, we have

1 b pd 1,(a+b d+c
43 |Gomamg [ [ @ty -7 (505
2| 1 ["(f(z.0)+f(x,d)
3[()—@/&( 2 >dm
L by + f(ay)
+d—c/C ( 2 >dy
1 ||0%f o 1|87 2
< lgal,. 0 5], -9
1 || 02
8‘8$8yD (b—a)(d—c)
and
4.4 ! (et / ) dad
(44) M//(z )a” “y

o _C// ( re >8f(x,y)dxdy
b
§f<a—2kb7d—2kc>;[bia/a (f@,@;f@,d))dm

+dic/cd (f(b,y);f(a,y)>dy

9% f s 162
@ Dyoo(b—a) +% 8712

1
<
— 36

82
0x0y || p

5. EXAMPLES FOR DISKS

We consider the closed disk D (C, R) centered in C (a,b) and of radius R > 0.
This is parametrized by

z=rcosb +a
, r€[0,R], 6 €]0,2n]

y=rsinfd +b
and the circle C (C, R) is parametrized by

= Rcosf+a
, 0€]0,2n].
y=Rsinf+1b

Here Ip(Cc,R) = @, YD(C,R) — b and AD(C,R) = 7TR2.



PERTURBED OSTROWSKI TYPE INTEGRAL INEQUALITIES

Then
1 b
= [ 1@y O) @)+ @0 - 7D)y (01 (0.5 0)de
= % /Zﬂ [sinzﬁ—i-cos2 0] RQf(RCOSH-i-CLRSiHG +b)db
7T 0
1 27

== f(Rcos@ + a, Rsind + b) df
™ Jo

and
[ [ @0 20 s ) 0 ey

__/R/27r Of (rcosf + a,rsinf + b)
a 0 0 Ox

Of (rcosf + a,rsinf + b)
+
dy

cos

sin 6| r2dodr.

Moreover,

! //( 75)” dvd ! /R/QW 5 cos? 0drdf — - B2
—_— T—T rdy = — r rdf = —
Ap JJp P YTIRE )y o 47

L// (D —y)* dad _ L /R/%r?’sin?adrda—lfz?
1, ), @y v="m ) ) =1

and
1 //| Zpl|ly — ypl| dzd L /R/% 3 |sin @ cos 0| drdf 1R2
- — — = S1n T - .
Ap D v iy T ey TR? o Jo e 27

From Corollary 5 we then have

1 1
7 | g 0 oy~ 57 @20

2m
221 f(RcosG—l—a,RsinG—kb)d&‘

(5.1)

37 0
Sl e el L
T 24 {022l o 119Y? Do 67 || 0z0y || p o
and
R 27 .
(5.2) / / [&f(rcos@—l—awsm@—i—b)cose
0 0 8.’13
+3f(7“cos0+a,7"s1n9—|—b) sin@} 2 d0dr
dy
2 1 2 .
+ff(a,b)——/ f(RcosO + a, Rsinf + b) df
3 371— 0
N L N I P Py .
12 |[[02% || p o 9 | p oo 3m || 0z0y || p o
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