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ABSTRACT. In this paper we obtain some v Caputo fractional Ostrowski like
inequalities. Ostrowski type inequalities involving one, two and three functions
using ¥ Caputo fractional derivatives definition are obtained.

1. INTRODUCTION

In the year 1938 Ostrowski [17] has obtained the useful result on inequality which
is as follows: Let f : [a,b] — R be continuous on [a, b] and differentiable on (a,b)

whose derivative f’: (a,b) — R is bounded on (a,b) i.e ||f'|| ., = sup |f'(t)| < oc.
te(a,b)
then

1 a+b

<__2 ’
Z+—————]@—@www

fla)- = [ Fa <

In past few decades the inequalities have attracted the interest from large number
of mathematicians from various branches of mathematics see [2, 3, 16, 7].

Fractional Calculus is the study of non integer order derivative and integra-
tion which has applications in many areas of science and technology. During last
few decades theory of fractional calculus has been developed rapidly due to its
applications in various fields.

Recently many authors have studied the various type of Ostrowski like in-
equalities using various fractional order derivative and integral definitions see
[4, 5, 6, 12, 13, 14, 18, 19, 20]. In [10, 15] the authors have obtained results
on Ostrowski inequalities in functions of two and three variables using the right
Caputo fractional derivatives. In [11] authors have studied Gruss and Cebysev type
inequalities on local fractional integral. Results on Ostrowski type inequalities on
conformable fractional calculus are obtained by authors in [9].

Motivated by the results in the above papers in this paper we obtain Some
Ostrowski inequalities involving one, two and three functions using the ¢ Caputo
fractional derivatives of a function with respect to another functions.
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2. PRELIMINARIES

Now in this section we give some definitions and lemmas for 1) Caputo fractional
derivative and integral used in our subsequent discussions As given in [8] the
fractional integral and derivative of a function f with respect to another function
1) are defined as follows:

Definition 2.1. [1, 8]Let I = [a,b] be an interval, o > 0, f is an integrable
function defined on I and ¢ € C'(I) an increasing function such that ¢’ (z) # 0
for all x € I then fractional derivative and integral of f is given by

120 £ / W) (0 (@) — v () f (1)t

and

270 = () B @)

1 1 d\" | / o
“Tm—a) (%D’ (x)%) a/l/) (t) (¥ (x) =9 (1)) f(t)dt,

respectively. Similarly right fractional integral and right fractional derivative are

vy / W) (0 () — 6 (@) f (1)t

and

D)= (g ) BT @

1 1 d\" [, o
" T'(n—a) (¢/ (@@) a/w () (¥ (t) — 2 (2)) f(t)dt.

In [1] the authors have reformulated the above definition and given the following
definition of left 1) Caputo type fractional derivative

Definition 2.2. Let a > 0, n € N, [ is the interval —oo < a < b < o0, f, 0 €
C™(I) two functions such that v is increasing and ¢’ (x) # 0 for all z € I. The
left y-Caputo fractional derivative of f of order « is given by

1 d\"
Da,’lﬁ [TL Oé’lﬁ
a+.f( ) a+ (wl (i[)) di[)) f(.fl?)7
and the right ¢-Caputo fractional derivative of f is given by

Dyt f (x) = ;7 (—w,lm %)nf(x).
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For given a« = m € N

— )" ) de

and

DyYf (o ()" (=) £ (1)t

In particular when « € (0, 1) then

xT

/k¢@»—¢ww>af%wda

a

1

DT ) = Fr—a

and
X

/fw@)—wcm)af%wdt

a

1

Drf @) = v

In [Theorem 4 [1]] the author has given the relation between fractional derivative
and integral with respect to the same function as
Lemma. [1] Given a function f € C"[a,b] and a > 0, we have

v o <A ) A
IYODl f () = fla) = X (¥ () = (a))”.
and
a0 C a1 — k [k] (b) k
DAY f E (¥ (b) = (z))".

In particular given o € (0, 1), we have as given by author in [1]

PODY f (x) = flx) — fla).
and
LXYCDyY f(x) = f(x) — f(b).

The 1) fractional Taylor’s formula as given in [1] is

n— 1f[k]( ) awc -
flz) = - W) —v(a N+ I OD f (w) (2.3)

k=0
If fj (a) =0 for k=1,...,n — 1. in (2.3)then we have

xT

f(x) = fla) = —/W (6) (% (@) = ()" DY (1)t (2.4)

a
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3. MAIN RESULTS

Now in our result we give the 1y Caputo fractional Ostrowski inequality involving
one function as follows:
Theorem 3.1. Let a € (0,1), f : [a,b] — R be a continuous functions on [a,b]

and °DYf : (a,b) — R are bounded i.e HCDO”pr Sup ’CDO”/’ )‘ < oo then

b

1
w(x)—wa))/“

a

Proof. We have from (2.4)

_lepea],
= T(a+2)

W (x)=v(a)”.  (31)

f(@)— fla)= ﬁ / W) (@ (@) — () CDI (1) d (3.2)

Now using the properties of modulus we have

F0) = F @I < fg [ 00 @) =00 D2 ()
< r%) (/w () ) |epzzs]
= HCDSMH‘” (¢ (x) =¥ (8)° (3.3)
I'(a+1)

<G | - el
_lepzee] :
e -v@r. B

Which is required inequality.

Now in our next theorem we give the ¢y Caputo fractional Ostrowski inequality
involving two functions
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Theorem 3.2. Let a € (0,1), f,g: [a,b] = R be a continuous functions on [a,

CDylf(t)

and CD&Yf, DY g: (a,b) — R are bounded i.e

Sup ’CDQ—&- g( )

CDZ“f’fH = Sup

CDC”Z’ < 0o then

oo and g‘

b

2 [ (@90 o= 17 @)~ 1 (@) g @)
D3 fHOO e @)+ [opste| 11 @l

<

Proof. From the hypotheses we have

f(@)— fla) = ﬁ / (1) (@ () — o ()™ CDEf (1) dt,

and
e /w ()" D2 (1) dr.
Multiplying (3.6) by g(z) and (3 7) by f(z) we have
Fr)g (o) - -2 / vt ) LEDEEF (1,
Fr)g ()~ j/w 0) Dz (1) .

Adding (3.8) and (3.9) we get
2f (x) g (x) = f(a) g (x) = [ (x) g (a)
(

-2 / v )" LEDEYS ()
z /1/1 acha+g(>dt~

Now integrating both sides of (3.10) with respect to = over [a, b] we have

/f / (@) g () — f (2) g (a)] da

/ ‘Z (/1/; achWf()dt)dx

AN Z o«

(3.10)
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bf@) f / _ a—1C nay X
+a/r<a>(a/w><w<””> o) Da+g<t>dt)d.

From (3.11) and using the properties of modulus we have

—/[f<a>g<as>—f<x>g<a>1 dx

T

< [B [w 0w -smr

LA [o 0w -y

From above equation it is easy to see that

Cpo s (t)‘ dt) dz

DYt )‘dt) dx.

/f / (@) g (&) — f (2) g (a)] da

reeed],

C 0”/1
I o i Ny [ 6@ -v@rg@)d

a

C’DC”Z’ ‘ b

Pl / (@) — 6 ()" |f (@) do

= |epsrs|_rre @) + oDt rtes @)

Which is required inequality.

CD:;_?/)]C T , -
SW/IQ a/w)w(x)—w(t)) | ds
(R / G ( / V(0 ()~ () dt) ha

(3.11)

(3.12)

(3.12)

O

Now in our next theorem we give the ¢y Caputo fractional Ostrowski inequality

involving three functions.

Theorem 3.3. Let a € (0,1), f,g,h : [a,b] — R be a continuous functions on
[a,b] and DY f, CD*Yg, °D2Yh: (a,b) — R are bounded i.e HCDgffH =
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sup ‘Cngrwf( )’ < 00, HCDGJr gH = sup ‘CDa+ g(t )‘ < oo and HcDawhH = sup ‘Cfoﬁjh( )‘

oo then

3/f($)g(fr) h(fr)—/[f(a)g(x)h(x) — (@) g(a)h(z) —h(a)f(x)g(z)]de

a

< |lepzs| _ret i@ n @+ D11 @) k@)
+|epan|| rteir @@, (3.13)

Proof. For any x and a from hypotheses we have

f(@)— fla) = ﬁ / G () (W (@) — 0 ()T CDIEF (tdt, (3.14)
9(x) - g(a) = ﬁ / W) (W (@) — 0 )T ODSE R (t)dt, (3.15)

h(z) —ha) = ﬁ /w’ (t) (% () =0 (1)) “Dah (1) dt, (3.16)

Multiplying both sides of (3.14),(3.15) and (3.16) by g(x)h(z), f(z)h(z) and
f(z)g(z) respectively we have

£ (2) g (2) hia)~f () g () h(x) = L) [v 0@ -swrens o,

T (@)
(3.17)

F ) ho)g (2)- (o) i)y o) = ) / e )LD (1)t
(3.18)

[(a)

f (2) g (@) hx)—f (2) g (2) h(a) = L2192 [ O @@ -y eon

(3.19)
Adding (3.17),(3.18) and (3.19) we have

3f () g (x) M(z) = f(a) g (x) h(z) = [ () h(x)g (a) = f (x) g (x) h(a)

_ ()hx
I (

() ) — a=1C nay
L a/w)(w() U (0)" DR (1) di
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NACLIC) [ O @ v @)Dy e d

I (o)
F@IE) [ i ot ps
s / W (0 (6 (1) — ¥ () CDER (1) . (3.20)

Integrating both sides of (3.20) with respect to = over [a, b] we have

3/f(m)g($)h(ﬂf)dw—/[f(a)g(x)h(ﬂf)—f(l’)g(a)h(x)—f(l“)g(w)h(a)]dw

a

b x
@@ (] i ) e € .
- [ S [row@-vw) Da+f(t)dt)d

a

xT

[@he) ([ o (prye-LO pa .
+/ - /wt)w(x) G () CDY g () dt | d

I'(«
[E@ I ([ ity et € s \
v / i / V(0 (6 (@) = ¢ ()7 DR (0 dt | da. 3:21)

From (3.21) and using the properties of modulus we have

(z) g (z)| /w/ ) (¥ (z) = (£)*" CDg‘fh(t)’dt dx
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o aw

H . Ig z)| ¢’ ¥ (1) dt | da
)

s,

o /\f (
HCW‘ /|f (/w b)) dt | da

[ @) dt | da

TT@
HCD”J“H

e /w(x)—wa () h ()| do

C oy
i /(w(af)—¢<a))“|f(x)h(w)|dx

T

C Ho,Y
H il /<¢<x>—w<a>>“|f<x>g<x>|dx

T
- HCDW/JfH [“Jrlwl () h (2)] + HODgngOOIgil,w () h (@)
+epeen| 11 @ g, (3.22)

which proves our result.

4. SOME OTHER OSTROWSKI TYE INEQUALITIES

Now in our next theorem we give the Ostrowski type inequality of two functions
on ¢ fractional derivative
Theorem 4.1. Let f, g and CDg_ﬁ/’f D% g be as in Theorem 3.2. . Then

/f x)dr —g /f Ydx — f /bg Ydx + (b—a) f(a) g (a)

HCD“‘”’fH P
INCES 1)]
Proof. Multiplying right hand side and left hand side of (3.6) and (3.7)
f(x)g (@) = f(x)g(a) = fla)g(x)+ f(a)g(a)

= (¢ (x) — ¢ (a))*. (4.1)
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_ Lx/ ) — o (1) € Do
{F(a)a/www() V(1) D (1) d }

x {ﬁ / W () (W () — 0 (1) DL (1) dt} . (4.2
Integrating (4.2) with respect to z over |a, b] we have
/b 2)de—g /bf()dw—f()/bg(x)dwﬂb—a)f(a)g(a)
/ H / ot )" mei“f’f(t)dt}
x {m [0 @@ -v@r o dt}] . (43)

From (4.3) and using properties of modulus we have

/f ) dz — g /f Vdz — f /bg Vdz+ (b— a) f (a) g (a)

HCD?ﬁ"fH foozes]
[ (a+ 1)

= (¢ (2) — ¥ (@)™ (4.3)

Now in our next theorem we give the Ostrowski type inequality of three functions
on v fractional derivative

Theorem 4.2. Let f,g,h and D&Y f,°D%%g, D&Ph be as in Theorem 3.3. .
Then
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B N L N 2 N, »
- (T (v +1))°

Proof. Multiplying right hand side and left hand side of (3.14), (3.15) and (3.16)
equations we have

(f () = f(a)) (9(z) = g(a)) (h(z) — h(a))

_ L [ ! xT) — e-lopay
_ F(a>a/w<t><¢<> G () CDY f (1)t

X L f / ) — a—1C Hab
F(oz)a/w (8) (@ (x) =4 (£)* 7" “Dag (¢) dt

—— Y ——

< ﬁ [ ® @@ -v@reomnma (4.5)
From (4.5) we have a
f (@) g (@) h(z) — F@)g(@)h(z) - f(a)g(z)h(x) + f(a)g(a)h(z)
— (@) g (@) h(a)+ [ (@) g(a)h(a)+ f(a)g (x)h(a) — f (a)g(a) h(a)
- ﬁ / () (0 () — b (1) CDEf () dt
x ﬁ / () (1 () — o ()™ O g (t) d
< ﬁ / () (1 () — o ()™ CDPh () dt b (4.6)

Now integrating with respect to = over |a,b] and using the properties of modulus
we get the required inequality (4.4).

0
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