SOME HERMITE-HADAMARD TYPE INEQUALITIES VIA
OPERATOR CONVEX FUNCTIONS OF TWO VARIABLES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. For Lebesgue integrable functions p, ¢ : [0,1] — [0,00) with
folp(t) dt = f01 q(t)dt =1 and f : I — R an operator convex function on
I, we show in this paper, among other Hermite-Hadamard type results, that
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for any two Hilbert space operators A and B with spectra in I. Here p(¢) :=
sl +p -1, teo1].

1. INTRODUCTION

A real valued continuous function f on an interval [ is said to be operator convex
(operator concave) on I if

(1.1) f(A=XNA+AB) < (2)(1-A) f(A)+Af(B)

in the operator order, for all A € [0,1] and for every selfadjoint operator A and B
on a Hilbert space H whose spectra are contained in I. Notice that a function f is
operator concave if — f is operator convex.

A real valued continuous function f on an interval I is said to be operator
monotone if it is monotone with respect to the operator order, i.e., A < B with
Sp(A),Sp(B) C I imply f(A) < f(B).

For some fundamental results on operator convex (operator concave) and oper-
ator monotone functions, see [8] and the references therein.

As examples of such functions, we note that f (¢) =¢" is operator monotone on
[0,00) if and only if 0 < < 1. The function f (t) = t" is operator convex on (0, c0)
if either 1 <r <2 or —1 <7 < 0 and is operator concave on (0,00) ifo<r<l1.
The logarithmic function f (¢) = Int is operator monotone and operator concave
on (0,00). The entropy function f (t) = —tInt is operator concave on (0,00). The
exponential function f (t) = e’ is neither operator convex nor operator monotone.

In the recent paper [7] we obtained among others the following Hermite-Hadamard
type inequalities for operator convex functions:
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2 S.S. DRAGOMIR

Theorem 1. Let f : I — R be an operator convex function on the interval I. Then
for any selfadjoint operators A and B with spectra in I and for any A € [0,1] we
have the inequalities

wn o (%5)

<a—mf[“_”A;“+”B]+M[@—”f+AB]
< 1f((l—s)A—i—SB)ds

0

1

<SS A=A A+AB)+(1=A) f(B) +Af(A)]

2
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A similar result and with a different proof was obtained by B. Li in [12]. For
A = £ in (1.2) we recapture the result obtained in the earlier paper [6] by the author.
For other similar inequalities for operator convex functions see [1] and [3]-[17].

Let Iy,..., Ix be intervals from R and let f : I; X ... Xx I, — R be an essentially
bounded real function defined on the product of the intervals. Let A = (A4, ..., A,)
be a k-tuple of bounded selfadjoint operators on Hilbert spaces Hi, ..., Hx such that
the spectrum of A; is contained in I; for i = 1, ..., k. We say that such a k-tuple is
in the domain of f. If

&=/M&WM
I

i

is the spectral resolution of A; for i = 1,..., k; by following [2] we define
(1.3)  f(A) = [ (A1, An) =/ M) By (dA) @ ... @ B (dAg)
I X...xXI},

as a bounded selfadjoint operator on Hy ® ... ® Hy.
The above function f : I; x ... x I — R is said to be operator convex, if the
operator inequality

(1.4) f(A=a)A+aB)<(1-a)f(A)+af(B)

for all a € [0, 1], for any Hilbert spaces Hi, ..., Hy, and any k-tuples of of selfadjoint
operators A = (44,...,A,), B = (B1,...,B,) on H; ® ... ® Hy, contained in the
domain of f. The definition is meaningful since also the spectrum of a4; +(1—«)B;
is contained in the interval I; for each i =1, ..., k.

In the following we restrict ourself to the case k = 1, Iy = I = [ and H; =
H, = H. The operator convexity of f: I x I — R in this case means, for instance,

(15) f(1—a)A1+aBy,(1—a)As+aBs) < (1—a) f(A1,As) + af (B, B2)
or, equivalently
(1.6) f((1=a) (A1, A2) + a(B1,B2)) < (1 —«a) f (A1, A2) + af (B1, B2)

for all selfadjoint operators Ay, As, By, By with spectra in I and for all « € [0, 1].

Motivated by the above results, in this paper we obtain via convex functions of
two variables some Hermite-Hadamard type inequalities for operator convex func-
tions on I.
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For Lebesgue integrable functions p, ¢ : [0,1] — [0, 00) with fol p(t)dt = fol q(t)dt =
1 and f: 1 — R an operator convex function on I, we show, among others, that

(%)

g/ol (/Olf((l—t—s+2ts)A+(s+t—2ts)B)ﬁ(s)ds>(j(t)dt

1
g/o F((1=s) A+ 5sB)p(s)ds

< S1F () + (B

for any two Hilbert space operators A and B with spectra in I. Here p(t) :=
sl +pA—1)],tel0,1].

2. PRELIMINARY RESULTS

For two selfadjoint operators A, B with Sp (A), Sp(B) C I and f an operator
convex function on I we define the auxiliary function ¢ 4 p) : [0,1] — SA(H),
the class of selfadjoint operators on H, by

Ppam) () =F((L=-1)A+1B).

We observe that if T, V € SA(H), then aT + 5V € SA(H) for all real numbers
«, (. In particular, SA(H) is a convex set in B(H), the Banach algebra of all
bounded linear operators on H.

Lemma 1. The function f : I — R is operator convexr on I if and only if for
any selfadjoint operators A, B with Sp(A), Sp(B) C I, the auxiliary function
bsap) 0,1 — SA(H) is convex, namely

(2.1) Gg.(a,p) (at +Bs) < gy ap) (t) + Bdy am)(s)

for allt, s € [0,1] and o + § =1 with a, B > 0, in the operator order.

Proof. Assume that f : I — R is operator convex on I and ¢, s € [0,1] with
a+ B =1and «a, 5> 0. Then

¢rap) (at+pBs) = f((1-at—pPs)A+ (at+ Bs)B)

= f(la+8—at—pFs)A+ (at+ Bs)B)
flall=t)A+tB]+B[(1—s)A+sB))

af (1—t)A+tB)+ Bf((1—s) A+ sB)

s a.p) () + Bbsam) (),

IN

which proves (2.1).
Now consider selfadjoint operators A, B with Sp (4), Sp (B) C I. By using (2.1)
fort=0,s=1,a=1— [ and > 0 we get
f((L=B)A+BB)=¢yap) (B)=dsup (1-5)0+3-1)
< (1 =8)dsap) (0)+Bs(anp) (1)
— (1= 8) 1 (A)+ B (B)

for all g € ]0,1], which proves that f: I — R is operator convex on I. O
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For I an interval, we consider the set SA; (H) of all selfadjoint operators with
spectra in I. SA; (H) is a convex set in B (H) since for A, B selfadjoints with
Sp(A), Sp(B) C I, A + 3B is selfadjoint with Sp (e¢A + 8B) C I.

For t € (0,1) we define ®,, ¥, : SA; (H) x SA; (H) — SA(H) by

P, (A,B)=f((1-t)A+1tB)
and
\Ilt (A’ B) = [q)t (A? B) + (1)1,,5 (A7 B)]

N = N =

[f(1-t)A+tB)+ f(tA+ (1 —¢t)B)].

These functions can be seen as the functions of operators in the sense of definition
(1.3) generated by the scalar functions

Py (z,y) = f((A—t)z+ty)
and

Ui (z,y) = 5 [f (L =tz +ty) + f (tz + (1= 1) y)]

1
2
defined on I x I.

Lemma 2. Assume that f : I — R is operator convex on I and t € (0,1), then

Dy and Uy are operator convex as functions of two variables. Uy is symmetric in
the sense that U, (A,B) = ¥, (B, A) for all (A,B) € SA; (H). Also ¥, (A,B) =
U+ (A, B) forall (A,B) € SA; (H).

Proof. Let Ay, Ay, By, Bs be selfadjoint operators with spectra in I, ¢t € (0,1) and
a € [0,1]. Then

@, (1 —a) Ay +aBy, (1 —a) Ay + aB,)
F((1=8)[(1—a) A+ aBi] +t[(1 — a) Ay + aBs])
F((L=—a)[(1—1) Ay +tAs] + a[(1 — t) By + tBa))
(1—a)f((1—1t)A; +tAs) + af (1 —t) By + tBa)
= (1—a)®; (A, As) + a®; (By, By),

IN

which shows that ®; is operator convex as a function of two variables.

The proof of the fact that ¥, is operator convex as a function of two variables
follows from that fact that @, has that property, as shown above.

The symmetry properties are obvious from the definition of W;. O

For a Lebesgue integrable function p : [0,1] — [0,00) and an operator convex
function f : I — R we can define the functions

o, (A, B) ::/0 @t(A,B)p(t)dt:/O f((A—=t)A+tB)p(t)dt
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and
¥y, (A8) = [ w@Bp@a =g [ @B+ 4B O
1 1 1
=3 {/0 o, (A, B)p(t) dt+/0 ®,_; (A, B)p(t) dt}
1 1 1
S| [ eanpoas [eampa-oal
1 1
~ [ @@aBs@i= [ f@-na+mod
0 0
= (I)f;ﬁ (A’ B)
where

5(0) = 5 () +p (-], 1€ 0,1].

In particular, for p = 1 we have

Oy (A, B) = Olf((l —t) A+tB) dt.

If p is symmetric, namely p(1 —1¢) = p(t) for t € [0,1], then ¥y, (A, B) =
O, (A, B) for all (A,B) € SA;(H) x SA;(H). If we consider the symmetric
function py, : [0,1] — [0,00), pm (t) = |t — 3|, then

' 1
D p,. (A, B) = /O f((1—t)A+tB) ‘t _ 2’ dt.

Also for ps : [0,1] — [0,00), pg (t) =t (1 —t), then

. (A,B):/Olf((l—t)A—ktB)t(l—t)dt.

Theorem 2. Assume that f : I — R is operator convex on I and p : [0,1] — [0, 00)
a Lebesgue integrable function on [0,1], then @, and Uy, are operator convex as
functions of two variables. ¥y, is also symmetric on SA; (H) x SAr (H).

Proof. Let Ay, Ay, By, By be selfadjoint operators with spectra in I and « € [0, 1].
Then by Lemma 2 we have

Qs (1 —a)Ar +abBy, (1 —a) Ay + aBy)

:/0 By ((1—a) Ay + aBy, (1 — o) Ay + aBs) p (¢) dt

S /1 [(1 — OL) (I)t (Al,AQ) —+ Oé(bt (Bl,BQ)}p(t) dt
0
:(l—a)/ @t(Al,Ag)p(t)dt—i—a/ B, (Br, B) p (£) dt
0 0
=1 —a)®s, (A1, A2) + a®;, (B, Bs),

which proves that @, is operator convex as a function of two variables.
Since Wy, = ®¢ 5, hence Wy, is also operator convex as a function of two
variables.
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It (A, B) € SA; (H) x SA; (H), then (B, A) € SA; (H) x SA; (H) and
U, (B, A) :/0 f((1—t)B+tA)p(t)dt=/o F(sB+(1—s)A)p(l—s)ds

:/O F((1=s)A+sB)p(s)ds = Uy, (4,B),

which proves the symmetry of Wy ,,. [l

Theorem 3. Assume that f : I — R is operator convex on I, t € (0,1) and (A, B),
(C,D) e SA; (H), then for any A € [0,1] we have

(2.2) f<(1—t)A—|2_C+tB;D>

<(1—/\)f<(1_t) (1_)‘)A+(1+)‘)C+t(1—>\)B+(1+)\)D>

2 2
(2-NA+AC  (2—N)B+AD
2 +t 2

+Af <(1t)

g/lf((lt)((ls)A+sC)+t((1s)B+sD))ds
0

IN

F(A=)((1=XNA+XC)+t((1—)X) B+ AD))

+-[1=Nf((Q1-t)C+tD)+ Xf((1 —t)A+tB)]

N = N -

IN

[f(1—t)A+tB)+ f((1—-t)C+tD)].

Proof. If we write the inequality (1.2) for the operator convex function ®; and
(A,B), (C,D) € SA; (H) then we get

(2.3) @ (W)

2
(2— ) (A, B) +)\(C,D)}
2

<(1-X [(1 ~ N (A,B) +(1+)) (C,D)}

|

g/1<I>t((1—s)(A,B)+s(C,D))ds
0

< 3 [®0((1 =0 (4, B) + A(C, D)) + (1~ \) &, (C, D) + A, (4, B)]
o, (A,B)+ 9, (C,D)
< 5 .
Observe that
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o, {(1 ~NMAB)+ 1+ (C,D)}

2
_(I)t((lA)A+(1+>\)C’(1)\)B+(1+)\)D)
2 2
_ 1-MNA+(1+XNC (1-NB+(1+XND
— (-0 : b ' ).

o, {(2@ (A,z)Jr)\(C,D)}
(2= XNA+AXC (2-N)B+A\D
_(I)t( 2 ’ 2 )

:f((l—ﬁ) (2—)\)2144-)\0_’_75(2—)\)2B-i-)\D>7
@, ((1-9)(A,B)+s(C,D))
=®,((1-5)A+sC,(1—-5s)B+sD)
=f((1-t)(1-9)A+sC)+t((1—s)B+sD))

and
@y ((1-A) (4, B)+A(C, D))
=0, (1-XNA+XC,(1—-X)B+ D)
=f((1=-)((1=-NA+XC)+t(1 =N B+AD)).

By making use of (2.3) we then deduce the desired inequality (2.2). O

We have the following particular case of interest:

Corollary 1. Assume that f : I — R is operator conver on I, t € (0,1) and
(A,B) € SA; (H), then for any X € [0,1] we have

A+ B

ey r(A2E)
S(1_)\)f(1—>\2+2t>\A+1+/\2—21t)\B>
+Af(Q/\22:5+2vt>\A+)\+2z;QtAB>

S/lf((lf5+2ts)A+(s+t2ts)B)ds
0

L=t A+ 20) A+ (A +1— 200 B)
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Proof. If we replace C with B and D with A, we get

(2.5) f((l—t)A;B—HB;A)

§(1—)\)f<(1_t) (1_>‘)A+(1+>‘)B+t(1—>\)B+(1+)\)A>

2 2
(2— N A+AB t(2>\)B+>\A>

+)\f((1—t) 5 + 5

g/1f((1—t)((l—s)A+sB)+t((1—s)B+sA))ds
0

IN

A=) ((IT=ANA+AB)+t((1—X)B+2\A))

+
N = N =) -

(=N f((Q—-t)B+tA)+ Af((1—-t)A+1tB)]

IN

f(1=t)A+tB)+ f((1-t)B+tA)].

Since

f<(1_t) (1—/\)A42—(1+)\)B+t(1—A)B—;(1+A)A>
f(<1—t><1—;>+t<1+A>A+<1—t><1+;>+t<1—A)B>
(1—)\+2t)\ 1+)\_2t)\B),

A
5 T

f

f((l—t) (2—>\)2A+>\B+t(2—)\)QB+AA>
_f<(1—t)(22—)\)+t)\A+(l—t)A—;t(Q—/\)B>
:f<2/\22t+2t/\A+/\+2t22t>\B>’

fF(A=t((1—-s)A+sB)+t((1—s)B+sA))
=f([Q-t)Q—s)+ts]A+[(1—¢t)s+t(1—5)]B)
=f((1—t—s+2ts)A+ (s+t—2ts) B)

and
A=) ((1=XNA+AB)+t((1=X)B+2)A4))
=f(A-=t) Q=X +tNA+[1—-t)A+t(1—-)N)]B)
=f(1—=t—=A+2tLAN) A+ (A+t—2tA\)B),

hence by (2.5) we get the desired result (2.4).
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Remark 1. If we take in (2.4) X = 3, then we get for all t € [0,1] that

(2.6) f(A;B>

- — 2t 142t
1+2tA+3 2tB>+1f<3 At + B)

4 4 2 4 4

(
g/olf((lts+2ts)A+(s+t2ts)B)ds
(

s%f A;B) +i[f((l—t)B—i—tA)—i-f((l—t)A—i—tB)}
< S A+tB)+ F(1—1) B +14)

F(4)+£(B)
- 2

By taking the integral over t € [0,1] in (2.6) we get
A+ B
(%)
1! 1+2t, 3-2t 3—-2t, 1+2t
< = A B)|dt
<o (At e (B )

g/ol (/Olf((l—t—s+2ts)A+(8+t—2ts)B)ds>dt

1
g%f (A;B>+i/0 f(1=t)B+tA)+ f((1-t)A+1tB)|dt

1 1
Si/ (A=) A+tB)+ f((1—1)B+tA)]dt
0

which, upon a change of variable, gives
A+ B Vof1+2 -2
(2.7) f( * )g/f(+tA+3 tB)dt
2 0 4 4

g/ol </01f((1—t—s+2ts)A+(s+t—2ts)B)ds)dt

s;[f(A;B) +/01f<<1—t>A+tB>dt}

g/o F((L—t)A+tB)dt.

We have:

Theorem 4. Assume that f : I — R is operator convex on I and p : [0,1] — [0, 00)
a Lebesgue integrable function on [0,1], then for (A, B) € SA; (H) x SA; (H)

ey £(557) [raa<vnan<srwese) [ po
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Proof. From the operator convexity of f we have for (A, B) € SA; (H) x SA; (H)
that

f(A;B) S%[f((l—t)A+tB)+f(tA+(1—t)B)}:‘I’t(A’B)

1
< U @+7B).
By multiplying this inequality with p(t) > 0, t € [0, 1] and integrate on [0,1], we
get

1 1 '
f(A;B)/O m)dtg/o wA,B)ﬁ(t)dts%[f(AHf(B)]/U p(tydt

and since fol Pt fo t) dt, hence the inequality (2.8) is proved. O

3. DOUBLE INTEGRAL INEQUALITIES
We have the following result as well:

Theorem 5. Assume that f : I — R is operator convex on I, )\ € [0,1] and
p:[0,1] — [0,00) a Lebesgue integrable function on [0,1] with fo t)dt = 1, then
for (A,B), (C,D) e SA; (H) x SA; (H) we have

) f(FELEER)

§/01f<(1—t)A+C+tB+D>;5(t)dt

2 2
<(1-2)
X/ f<(1_t)( —A)A+(1+)\)C+t(1—A)B+(1+A)D>ﬁ(t)dt

2 2

+A/ <l—t );“LACH(Q_’\)?BJFAD)ﬁ(t)dt

g/o </O f((l—t)((1—s)A+sC’)+t((1—s)B—l—sD))ﬁ(t)dt)ds

<1/1f (1= t) (1= A)A+AC) +t((1—X) B+ AD))j (¢) dt

%1_ /f (1—#)C + D) (t) dt

+§)\/ F(U—=t)A+tB)p(t)dt
[f(A=A)A+AC)+ f((1—=A)B+AD)]

2

1
2
1 fO)+fD)  \fA+f(B)
+2[(1—)\) 5 +A 5
1
4

[f(A)+ f(B)+ F(C)+ F(D)].



SOME HERMITE-HADAMARD TYPE INEQUALITIES FOR OPERATOR CONVEX 11

Proof. Let (A,B), (C,D) € SA; (H) x SA; (H). If we write the inequality (1.2)
for the two variables convex function V¢, we get

(32) W, <(AB)+(QD>) <N, {(1 ~ ) (A, B) : (1+ ) (C, D)}

2 [(2—>\)(A,JZ)+A(C,D)}

+ A\I/ﬁp

U, (1—9)(A,B)+s(C,D))ds

IA
N’"“N

[Wip (1 =A) (A, B) + A(C, D)) + (1 = A) ¥y, (C, D) + A (A, B)] .

Observe that
(A, B) + (C, A+ C B + D
\Pﬁp ( \Ipr

5 5
f(lt B+D>ﬁ(t)dt,

\I,ﬁp[( /\)(AB)( A (G )}

- 2 ’ 2

/0 f((l—t) (1—A)A—;(1+>\)CH(l—)\)BJQr

_\I]f’p<(1_x)14 (1—1—)\)0 (1-NB+(1+AND >

p(t)dt,

(1+)\)D>

v, [@=N(AB)+AC.D)

[emauneien)
B (2=AN)A+XC (2= N)B+AD
_‘I’f”< 2 ’ 2 )

:/0 f<(1_t) (2A)2A+>\C+t(2)\)2B+)\D>ﬁ(t)dt7

Vpp((1=5) (A B)+s(C,D))
=U;,(1-8)A+sC,(1—s)B+sD)

:/0 F(=t)((1—8) A+ sC)+t((1—s) B+sD))p(t)dt

and
Urp((1=A) (4, B)+A(C,D))
=V, (1=XN)A+AC,(1-X)B+ D)

1
:/ FUA=8) (1= N A+AC) +£((1— X) B+ AD)) (1) dt.
0
By making use of (3.2) we get the second, third and forth inequality in (3.1).

The rest follows by Theorem 5 and the operator convex property of function
f- O
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Corollary 2. With the assumptions of Theorem 5 we have for all X € [0,1] that

oo r(A10)
<(1-N)
x 01f<<1;>\+/\t>A+<H2_/\—>\t>B)ﬁ(t)dt
+A 01f<[2_2A—(1—A)t]A+[2+(1—A)t} B)ﬁ(t)dt

S/o </0 f((l—t—s—|—2ts)A+(s+t—2ts)B)ﬁ(t)dt)ds
gl/ FUL—t— A+ 2M) A+ (t+ A —2X\0) B)j (1) dt
2 Jo

+;/1f((1—t)A+tB)ﬁ(t)dt
0
LF(A=NA+AB) + f(A=N)B+A)]  1f(4)+f(B)

IN

2 2 2 2
1
< S+ (B
In particular, for A = % we get
A+ B
sy 1(%57)
Lt (142t 3-2
<1 o
_Z/Of( 1 A+ 1 B>p(t)dt
1t (3—2t, 142t \ .
+§ 0f< 1 A+ 1 B)p(t)dt
1

1
g/ f((1ts+2ts)A+(s+t2ts)B);3(t)dt>ds
0 0

s;p(AgB)+[fﬂuwA+ﬁﬂmwﬁ}
<31 (4)+ £ (B)

‘We also have:

Theorem 6. Assume that f : I — R is operator convex on I and p, q : [0,1] —
[0,00) Lebesgue integrable functions on [0,1] with folp (t)dt = fol q(t)dt =1, then
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for (A,B), (C,D) € SA; (H) x SA; (H) we have

(3.5) f(A+BZC+D>
< [1(a-9M e b

< (/ RS ((1_t)A+tC)+S<(1_t)BJFtD))ﬁ(S)dS)‘j(t)dt

< LA+ F(B)+1(C)+F (D)),

Proof. Let (A,B), (C,D) € SA; (H)xSA; (H) . Using an argument similar to the
one from Theorem 4 we have for the operator convex function ¥y, that

3o v, (SEER) < [ug, - o@m coyaea

< 3 W7y (A, B) 40, (C, D).

Observe that

y, (ABLECDY) Ly, (A4C 51D

2 2
1
:/ f((l—t)A+C+tB+D>ﬁ(t)dt,
; 2 2

and

Yp ((1 _t) (A, B) +t(C7D))
=", ((1—t)A+1tC,(1 —t)B+1tD)

:/0 f(A=s)(1-=t)A+tC)+s(1—t)B+1tD))p(s)ds,

which, via (3.6), proves the second and third inequalities in (3.5).
The rest is obvious and we omit the details. (]

Corollary 3. With the assumptions of Theorem 6 we have for (A, B) € SA; (H) x
SA; (H) that

3.7) f(A+B)

/< 1—t—s—|—2ts)A—|—(s+t—2ts)B)ﬁ(s)ds>d(t)dt
/f((l—s)A+sB) (s) ds

1
Si[

f(A)+f(B)].



14 S.S. DRAGOMIR

4. SOME EXAMPLES

The function f(t) = t" is operator convex on (0,00) if either 1 < r < 2 or
—1 < r < 0 and is operator concave on (0,00) if 0 < r < 1. The logarithmic
function f (t) = Int is operator concave on (0, c0). The entropy function f (¢) = tlnt
is operator convex on (0, 00).

From the inequalities (2.4) and (2.7) we get for 1 <r <2 or —1 <r < 0 that

(4.1) <A—;—B> <(1_)\)(1—>\2—|—2t}\A+1+)\2—2t)\B>

2—-N—2t+2t 2t — 2t "
+)\< A + 2tA A+ /\B>

A
> T

1
S/ (1—t—s+2ts) A+ (s+t—2ts)B) ds
0

g%((1—t—)\+2t)\)A+()\+t—2t)\)B)T
+%[(1—)\) (1=t)B+tA)" + X ((1—t)A+tB)"]
g%[((1—t)A+tB)T+((1—t)B+tA)’"] < %,

where ¢, A € [0,1] and
(4.2) (A + B)

I /\

IN

1 1
/ </ 1—t—s+2ts)A+(s+t—2ts)B)”'ds>dt
0

éK

for any selfadjoint operators A, B > 0. If 0 < r < 1 then the sign of inequality
reverses in (4.1) and (4.2).

Let p : [0,1] — [0, 00) be a Lebesgue integrable function on [0, 1] with f01 p(t)dt =
1, then by (3.4)

A+B\" 1 (Y7142t 3-2t_\".
. < —
am (A52Y <L [ (2032 s
1 [t/3-2t 1+2t \"
2/0< 1 A+ 1 B) p(t)dt
1 1
g/ </ ((1ts+2ts)A+(s+t2t,s)B)’”;5(t)dt)ds
0 0

% [(A;B)TJF/OI(Ot)AthB)r;b(t)dt} < g,

(=)

A+B
2

IN

) + 1((1—t)A—|—tB) dt}

/1f<1+2t 3— 2tB) it
0
(

1—t)A+tB)" dt

\

+

IN

for 1 <r <2or —1 <r < 0and for any selfadjoint operators A, B > 0. If0 <r <1
then the sign of inequality reverses in (4.3).
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Let P, q:[0,1] — [0, 00) be Lebesgue integrable functions on [0, 1] with fol p(t)dt =
fo t)dt =1, then by (3.7)

(4.4) (A;B)T

<1;(1?«1—t—s+2m)A+(s+t—2w)BYﬁ®ﬁk>d@ﬁﬁ

1 s T
g/ (1— ) A+ sB) §(s)ds < A%B,
0

for1 <r <2or—1<r <0 and for any selfadjoint operators A, B> 0. If 0 <r <1
then the sign of inequality reverses in (4.3).

From the inequalities (2.4) and (2.7) for the operator concave function f (t) =
Int, ¢ > 0 we get

@5 <A42—B> . (1_)\)ln<1—A2+2t)\A+ 1+/\2—2t/\B>

2—AN—=2t+2t\ A+ 2t — 2t
+)\ln< - TAA AT : B>

1
2/ In((1-t—s+2ts) A+ (s+t—2ts)B)ds
0

Y

In((1—t— A+ 2t\) A+ (A +t— 2t\) B)

[(1=A)In((1—¢)B+tA) +An((1—t)A+tB)]

(Y
N\HM\HN\H

In((1—t) A+ tB) +1In((1—t) B+ tA)]

> lnA—;—lnB7

where ¢, A € [0,1] and

(46) In <A i B)

/ n( 2tB)dt

/ </011n (1—t—s+2ts) A+ (s+t— 2ts) )d5>dt
1

2

[ <A > 1n((1t)A+tB)dt]

In((1—t) A+ tB)dt

v

o\

for any selfadjoint operators A, B > 0.
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Let p : [0,1] — [0, 00) be a Lebesgue integrable function on [0, 1] with fol p(t)dt =

1, then by (3.4) for f (t) =1nt, t >0
(4.7)

for

A+B\ _1 (' (1+2t  3—2t
L1 o
ln( 5 )_2/0111( 1 A+ 1 B>p(t)dt

1ot o326, 142t ) .

+2/01n< 1 A+ 1 B)p(t)dt
1 1

2/ </ ln((lts+2t5)A+(s+t2ts)B)f7(t)dt>ds
o \Jo

[ (%5) +/011““1 0A-+18) (1) it

S InA+InB ’
- 2
any selfadjoint operators A, B > 0.

Y%

Let p, ¢ : [0,1] — [0, 00) be Lebesgue integrable functions on [0, 1] with fol p(t)dt =

fol q (t)dt = 1, then by (3.7) we obtain
A+ B
(4.8) In ( —5 )

for

(1]
2]

2/01 (/Olln((l—t—s+2ts)A+(S+t—2ts)B)15(s)ds>(j(t)dt

InA+InB

2/01n((1—8)A+SB>13(8)d82 =,

any selfadjoint operators A, B > 0.
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