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Abstract. Generalization of the theorems of Telyakovski [1] have been obtained, by
considering the condition Spar, 1 <p <2, a >0, 7€ {0,1,2,...[a]} instead of S.

1. Introduction and preliminaries

A sequence {a,} of real numbers satisfies condition S, or {a,} € S, if a,, — 0 as
n — oo and there exists a sequence of numbers {A, } such that:

a) A, | 0
b) ZA” < 0.
n=1

c) |Aay| < A, for all n.
Now we define a stronger class Sy, of numbers as follows:
A null sequence {a,} of real numbers belongs to the class Spq, if for some a > 0,

r € {0,1,2,...[a]} and some monotone sequence {A,} such that Zn“An < o0, the

n=1
L. 1 i Aak|p
condition o oS g o = 0(1), 1 <p <2 holds.
=1
a o0 oo
0 . .
Let f(x) = 5 T g an cosnz and g(z) = g ay sinnz be the well-known cosine and

n=1 n=1
sine trigonometric series.

In 1973, Telyakovski [1] has proved the following Theorems:

Theorem A. Let the coefficients of the series f(x) satisfy the condition S. Then the
series is a Fourier series and the following relation holds:

Flr@lde<cy” an,

n=1

where C is an absolute constant.



Theorem B. Let the coefficients of the series g(x) satisfy the condition S. Then the
following relation holds for p=1,2,3,....

P el =Y 10 (ZAn) |
n=1 n=1

7/(p+1)

oo
a
In particular g(x) is a Fourier series iff g M < 00.
n
n=1
For the proof of our new theorems we need the following lemma:

Lemma. [2]. Let r be a nonnegative integer, and x € (0, 7], where n > 1. Then
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|ty | sin | {5 )zt ntg | osin|(ndg Jo+ o
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0 [sin <7>} 2sin (*) )
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where the same @y denotes various analytical function of x, independent of n, and D, (x)
is the Dirichlet kernel.

DY) (@)=
k

2. Main results

We prove the following theorems:

Theorem 1. Let the coefficients of the series f(x) satisfy the conditions Spar, 1 <
p<2 a>0,rec{0,1,2,...[a]}. Then the series f")(x) is a Fourier series and the

following relation hold:
/ [fO (@) de < M, ) n® Ay,
n=0

where My, is an absolute constant depends only on p.

Proof. We have:

S IAE aR)| =D [k + 1) appr — K appr] + [k arr — K ag]] =
k=1 k=1

= NAE ) arsr + £ Aag] < E Maga| + > K |Aa] .
k=1 k=1 k=1

Applying Abel’s transformation, we have:

n n—1 k n
S Naggal =Y Alargal Y 5+ lanaa] Y5 <
k=1 k=1 j=1

j=1

n—1
< Z |Aag 1| k" + ani1|n” =
=1

n—1
- Z |Aagy1| k" +n"|Aapi1 + Aapiz + -] <
k=1



n—1 o)

<Y Aapl K+ m+17 Y Aay] <
k=1 k=n+1

<Z|Aak+1|k”+ Z k| Aay]

k=n+1

and
k

n n—1
kz_lkrAaH:; AAk Z Aa]‘] "1 A, Z‘Aaj‘ <

— J

_ 1/p
Z (AAy) pite | pp(r—a)— 12 ’Aaj‘p
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- (o)1 n |Aaj’p 1/p
+n YA, 0P ZiAP =

n—1
Z(AAk)k1+a + n1+aAn
k=1

=0(1) {Z[k"‘“ — (k—=1)*""A4, —n't 4, + n1+aAn} =

k=1

= 0(1)

n

=0(1)> k" Ay

k=1
Thus

> AE ar)| < O(1 ZkaAk@o ie lim ST (z) = f"(x).

n—oo

For r = 0, we have: f(z Z AapDy(z) (*).

o0
From inequality |D7(1T) (x)] < c” —, we have that Z AakD,(:) (x) is uniformly conver-
x
k=0
gent on any compact subset of (0, 7).
Thus representation (x) implies

f(T) ZA%D( 7)

Now applications of Abel’s transformation yield,

ZAa D()

dr <
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0
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Then,
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where A is an absolute constant.
Let us estimate the second integral:
Je=J Z — D;-T)(x) dx < (Lemma)
k|25 Aj
(+3) [(5+3) 5]
k r—1 N = -
™ Aa 2 2 2
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+ f Z Aa] = dr = Mg + pg -
m/k |j=0 Y 2sin (5)
Since @y is bounded, it can be shown by Holder inequality that:
C 1\ o1 o
r | pg GF2) sinl(i+g ) e+ s
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e
2
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where B is a positive constant dependent on 7. Since

}r dx < p(r+1-v)p m dax _ ak(r+1-v)p—1 - ak(r+1-v)p—1
w/k |:Sin (E)} (r+1-v)p — ~/k r(r+l—v)p — (7" +1— ’U)p _1 = p—1 )
2
we have
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Then using the Hausdorff-Young inequality we get:
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Finally,
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where C), is a positive constant which depends only on p. Since r is a finite value, we have:

& | | 1/p
i Lt L DB :
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where O,, depends only on p. Similarly, we can get:
1/p

s = Op Elta kp(r a)—1 Z |Aa’]|p
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1
k /p

k
Aa] (T) 1+a (r—a)—1 |Aaj ’p
Z D (z)| do < Ak kP Z -

j=1 j=1 7

o5



1/p

k
AL L D — O(k*2) + Oy (k+7) = O, (K1+2)
j=1 J

Since N*** Ay = o(1), N — oo we have:

T17 (@) de < 0,1
0

Z (AAR T 4 pitea,

N—
_ 1+« 14+«
=0,(1) 1\;51100 kz (AAR K™ 4 plteg,

1 lim
N—»oo

Z O(k“Ap) — N Ay +nltea,

N
> O(k*Ar) +n' A,
k=0

On the other hand, by n'*®4,, = o(1), n — oo the following inequality is satisfied:

(f)|f(’")(x)\dx <M,» nA,, M,>0.
k=0

Theorem 2. Let the coefficients of the series g(x) satisfy the condition Spar,
1<p<2,a>0,re{0,1,2,...[a]}.
Then the following relation hold for m =1,2.3,...

[ 19 @) de =) Jan|n" ™" + O, (Z n“An> :
n=1

7/m+1 n—1

where O, depends only on p.
In particular ¢\")(z) is a Fourier series iff Y oo |an|n" ™1 < co.

Proof. We suppose that ap = 0 and Ag = max(|a,|, 41).
For » = 0, applying the Abel’s transformation, we have:

g(x) =) AapDy(z) (%)

where

and D, (z) is the conjugate Dirichlet kernel.
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Since — cos (n + 2) T = sin [(n + 2) T+ ;} by the Lemma, we get:

(r) S 1Y gin [(n+3) x—i—%w] (2)+ (n—l—%)(r) sin [(n+ 3) x4+ 52 7]
= [sin ()] " 2sin (3)

where the same ¢} denotes various analytical function of x, independent of n.
Similarly as in the proof of the Theorem 1, we get that representation (#x*) implies

(T) Z Aaka

Then,
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Now applyng the inequality:
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we have:
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Application of Abel’s transformation, yield,

> YA =), e |Aa] =)
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Let us estimate the following integral:

= | JAN7 ] — /] Aa; .
LY S ad z'a dr A, | 'a'au“d
j=1 | k=j 7T/(J-f—l) 7/(G+1) i

Applying the Lemma and the same technique as in the proof of Theorem 1, we have:

|Aa1]
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de = 0, ((k+1)),




where O,, dependents only on p. But

5 mm

Tr/J
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Now, we have:

Z AAR) Jk—l—MZjO‘A

j=1
(1) (AA)(k+1)° +MZ]QA =0, [ > %4,
k=1 j=1 =
Finally the inequality is satisfied.
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