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Faculty of Mathematical and Natural Sciences, Skopje, Macedonia

E-mail address: tomovski@iunona.pmf ukim.edu.mk

Abstract. Generalization of the theorems of Telyakovski [1] have been obtained, by
considering the condition Spαr, 1 < p ≤ 2, α ≥ 0, r ∈ {0, 1, 2, . . . [α]} instead of S.

1. Introduction and preliminaries

A sequence {an} of real numbers satisfies condition S, or {an} ∈ S, if an → 0 as
n →∞ and there exists a sequence of numbers {An} such that:

a) An ↓ 0

b)
∞
∑

n=1

An < ∞.

c) |∆an| ≤ An, for all n.
Now we define a stronger class Spαr of numbers as follows:
A null sequence {an} of real numbers belongs to the class Spαr if for some α ≥ 0,

r ∈ {0, 1, 2, . . . [α]} and some monotone sequence {An} such that
∞
∑

n=1

nαAn < ∞, the

condition
1

np(α−r)+1

n
∑

k=1

|∆ak|p

Ap
k

= O(1), 1 < p ≤ 2 holds.

Let f(x) =
a0

2
+

∞
∑

n=1

an cos nx and g(x) =
∞
∑

n=1

an sin nx be the well-known cosine and

sine trigonometric series.
In 1973, Telyakovski [1] has proved the following Theorems:

Theorem A. Let the coefficients of the series f(x) satisfy the condition S. Then the
series is a Fourier series and the following relation holds:

π
∫
0
|f(x)| dx ≤ C

∞
∑

n=1

An ,

where C is an absolute constant.



Theorem B. Let the coefficients of the series g(x) satisfy the condition S. Then the
following relation holds for p = 1, 2, 3, . . . .

π
∫

π/(p+1)
|g(x)| dx =

p
∑

n=1

|an|
n

+ O

( ∞
∑

n=1

An

)

.

In particular g(x) is a Fourier series iff
∞
∑

n=1

|an|
n

< ∞.

For the proof of our new theorems we need the following lemma:

Lemma. [2]. Let r be a nonnegative integer, and x ∈ (0, π], where n ≥ 1. Then

D(r)
n (x)=

r−1
∑

k=0

(

n+
1
2

)k

sin
[(

n+
1
2

)

x +
kπ
2

]

[

sin
(x

2

)]r+1−k ϕk(x)+

(

n+
1
2

)r

sin
[(

n+
1
2

)

x +
rπ
2

]

2 sin
(x

2

)

,

where the same ϕk denotes various analytical function of x, independent of n, and Dn(x)
is the Dirichlet kernel.

2. Main results

We prove the following theorems:
Theorem 1. Let the coefficients of the series f(x) satisfy the conditions Spαr, 1 <

p ≤ 2, α ≥ 0, r ∈ {0, 1, 2, . . . [α]}. Then the series f (r)(x) is a Fourier series and the
following relation hold:

π
∫
0
|f (r)(x)| dx ≤ Mp

∞
∑

n=0

nαAn ,

where Mp, is an absolute constant depends only on p.

Proof. We have:
n

∑

k=1

|∆(krak)| =
n

∑

k=1

|[(k + 1)rak+1 − krak+1] + [krak+1 − krak]| =

=
n

∑

k=1

|[∆(kr)ak+1 + kr∆ak| ≤
n

∑

k=1

kr−1|ak+1|+
n

∑

k=1

kr|∆ak| .

Applying Abel’s transformation, we have:

n
∑

k=1

kr−1|ak+1| =
n−1
∑

k=1

∆|ak+1|
k

∑

j=1

jr−1 + |an+1|
n

∑

j=1

jr−1 ≤

≤
n−1
∑

k=1

|∆ak+1| kr + |an+1|nr =

=
n−1
∑

k=1

|∆ak+1| kr + nr|∆an+1 + ∆an+2 + · · · | ≤



≤
n−1
∑

k=1

|∆ak+1| kr + (n + 1)r
∞
∑

k=n+1

|∆ak| ≤

≤
n−1
∑

k=1

|∆ak+1| kr +
∞
∑

k=n+1

kr|∆ak| ,

and
n

∑

k=1

kr|∆ak| =
n−1
∑

k=1

(∆Ak)
k

∑

j=1

|∆aj |
Aj

jr + An

n
∑

j=1

|∆aj |
Aj

jr ≤

≤
n−1
∑

k=1

(∆Ak)k1+α



kp(r−α)−1
k

∑

j=1

|∆aj |p

Ap
j





1/p

+

+n1+αAn



np(r−α)−1
n

∑

j=1

|∆aj |p

Ap
j





1/p

=

= O(1)

[

n−1
∑

k=1

(∆Ak)k1+α + n1+αAn

]

=

= O(1)

{

n
∑

k=1

[kα+1 − (k − 1)α+1]Ak − n1+αAn + n1+αAn

}

=

= O(1)
n

∑

k=1

kαAk .

Thus

∞
∑

k=1

|∆(krak)| ≤ O(1)
∞
∑

k=1

kαAk < ∞ i.e lim
n→∞

S(r)
n (x) = f (r)(x) .

For r = 0, we have: f(x) =
∞
∑

k=0

∆akDk(x) (∗).

From inequality |D(r)
n (x)| ≤ C

nr

x
, we have that

∞
∑

k=0

∆akD(r)
k (x) is uniformly conver-

gent on any compact subset of (0, π).
Thus representation (∗) implies

f (r)(x) =
∞
∑

k=0

∆akD(r)
k (x) .

Now applications of Abel’s transformation yield,

π
∫
0
|f (r)(x)| dx =

π
∫
0

∣

∣

∣

∣

∣

∞
∑

k=0

∆akD(r)
k (x)

∣

∣

∣

∣

∣

dx ≤



≤
∞
∑

k=0

(∆Ak)
π
∫
0

∣

∣

∣

∣

∣

∣

k
∑

j=0

∆aj

Aj
D(r)

j (x)

∣

∣

∣

∣

∣

∣

dx + An
π
∫
0

∣

∣

∣

∣

∣

∣

n
∑

j=0

∆aj

Aj
D(r)

j (x)

∣

∣

∣

∣

∣

∣

dx .

Then,

π
∫
0

∣

∣

∣

∣

∣

∣

k
∑

j=0

∆aj

Aj
D(r)

j (x)

∣

∣

∣

∣

∣

∣

dx =
π/k
∫
0

+
π
∫

π/k
= Ik + Jk .

Applying the inequality D(r)
n (x) = O(nr+1), we have:

Ik ≤ A
k

∑

j=1

jr |∆aj |
Aj

≤ Akr+1





1
k

k
∑

j=1

|∆aj |p

Ap
j





1/p

= Ak1+α



kp(r−α)−1
k

∑

j=1

|∆aj |p

Ap
j





1/p

,

where A is an absolute constant.
Let us estimate the second integral:

Jk =
π
∫

π/k

∣

∣

∣

∣

∣

∣

k
∑

j=0

∆aj

Aj
D(r)

j (x)

∣

∣

∣

∣

∣

∣

dx ≤ (Lemma)

≤
π
∫

π/k

∣

∣

∣

∣

∣

∣

∣

∣

k
∑

j=0

∆aj

Aj









r−1
∑

v=0

(

j +
1
2

)v

sin
[(

j +
1
2

)

x +
vπ
2

]

[

sin
(x

2

)]r+1−v ϕk









∣

∣

∣

∣

∣

∣

∣

∣

dx+

+
π
∫

π/k

∣

∣

∣

∣

∣

∣

∣

∣

k
∑

j=0

∆aj

Aj

(

j +
1
2

)r

sin
[(

j +
1
2

)

x +
rπ
2

]

2 sin
(x

2

)

∣

∣

∣

∣

∣

∣

∣

∣

dx = λk + µk .

Since ϕk is bounded, it can be shown by Holder inequality that:

Tk =
π
∫

π/k

∣

∣

∣

∣

∣

∣

∣

∣

k
∑

j=1

∆aj

Aj

(

j + 1
2

)v
sin

[(

j +
1
2

)

x + vπ
2

]

[

sin
(x

2

)]r+1−v ϕk

∣

∣

∣

∣

∣

∣

∣

∣

dx ≤

≤ B
π
∫

π/k

∣

∣

∣

∣

∣

∣

∣

∣

k
∑

j=1

∆aj

Aj

(

j + 1
2

)v
sin

[(

j +
1
2

)

x + vπ
2

]

[

sin
(x

2

)]r+1−v

∣

∣

∣

∣

∣

∣

∣

∣

dx ≤

≤B

[

π
∫

π/k

dx
[

sin
(x

2

)](r+1−v)p

]1/p






π
∫
0

∣

∣

∣

∣

∣

∣

k
∑

j=1

∆aj

Aj

(

j+
1
2

)v

sin
[(

j+
1
2

)

x+
vπ
2

]

∣

∣

∣

∣

∣

∣

q

dx







1/q

, B>0,



where B is a positive constant dependent on r. Since

π
∫

π/k

dx
[

sin
(x

2

)](r+1−v)p ≤ π(r+1−v)p
π
∫

π/k

dx
x(r+1−v)p ≤

πk(r+1−v)p−1

(r + 1− v)p− 1
≤ πk(r+1−v)p−1

p− 1
,

we have:

Tk ≤ B
(

π
p− 1

)1/p

[k(r+1−v)p−1]1/p×

×







π
∫
0

∣

∣

∣

∣

∣

∣

k
∑

j=1

∆aj

Aj

(

j +
1
2

)v

sin
[(

j +
1
2

)

x +
vπ
2

]

∣

∣

∣

∣

∣

∣

q

dx







1/q

.

Then using the Hausdorff-Young inequality we get:







π
∫
0

∣

∣

∣

∣

∣

∣

k
∑

j=1

∆aj

Aj

(

j +
1
2

)v

sin
[(

j +
1
2

)

x +
vπ
2

]

∣

∣

∣

∣

∣

∣

q

dx







1/q

≤

≤







π
∫
0

∣

∣

∣

∣

∣

∣

k
∑

j=1

∆aj

Aj

(

j +
1
2

)v

eijx

∣

∣

∣

∣

∣

∣

q

dx







1/q

= O











k
∑

j=1

|∆aj |p

Ap
j

jvp





1/p




 .

Finally,

Tk ≤ Cp[k(r+1−v)p−1]1/p





k
∑

j=1

|∆aj |p

Ap
j

jvp





1/p

≤ Cp[k(r+1)p−1]1/p





k
∑

j=1

|∆aj |p

Ap
j





1/p

=

= Cpk1+α



kp(r−α)−1
k

∑

j=1

|∆aj |p

Ap
j





1/p

,

where Cp is a positive constant which depends only on p. Since r is a finite value, we have:

λk = Op











k1+α



kp(r−α)−1





k
∑

j=1

|∆aj |p

Ap
j









1/p










,

where Op depends only on p. Similarly, we can get:

µk = Op











k1+α



kp(r−α)−1





k
∑

j=1

|∆aj |p

Ap
j









1/p










.

Thus

π
∫
0

∣

∣

∣

∣

∣

∣

k
∑

j=1

∆aj

Aj
D(r)

j (x)

∣

∣

∣

∣

∣

∣

dx ≤ Ak1+α



kp(r−α)−1
k

∑

j=1

|∆aj |p

Ap
j





1/p

+



+Op











k1+α



kp(r−α)−1





k
∑

j=1

|∆aj |p

Ap
j









1/p










= O(k1+α) + Op(k1+α) = Op(k1+α) .

Since N1+αAN = o(1), N →∞ we have:

π
∫
0
|f (r)(x)| dx ≤ Op(1)

[ ∞
∑

k=0

(∆Ak)k1+α + n1+αAn

]

=

= Op(1) lim
N→∞

[

N−1
∑

k=0

(∆Ak)k1+α + n1+αAn

]

=

= Op(1) lim
N→∞

[

N
∑

k=0

O(kαAk)−N1+αAN + n1+αAn

]

=

= Op(1)

[

N
∑

k=0

O(kαAk) + n1+αAn

]

.

On the other hand, by n1+αAn = o(1), n →∞ the following inequality is satisfied:

π
∫
0
|f (r)(x)| dx ≤ Mp

∞
∑

k=0

nαAn , Mp > 0 .

Theorem 2. Let the coefficients of the series g(x) satisfy the condition Spαr,
1 < p ≤ 2, α ≥ 0, r ∈ {0, 1, 2, . . . [α]}.

Then the following relation hold for m = 1, 2.3, . . .

π
∫

π/m+1
|g(r)(x)| dx =

m
∑

n=1

|an|nr−1 + Op

( ∞
∑

n=1

nαAn

)

,

where Op depends only on p.
In particular g(r)(x) is a Fourier series iff

∑∞
n=1 |an|nr−1 < ∞.

Proof. We suppose that a0 = 0 and A0 = max(|an|, A1).
For r = 0, applying the Abel’s transformation, we have:

g(x) =
∞
∑

k=0

∆akDk(x) (∗∗)

where

Dk(x) = −
ctg

x
2

2
+ D̃k(x) = −

cos
(

k +
1
2

)

x

2 sin
x
2

,

and D̃n(x) is the conjugate Dirichlet kernel.



Since − cos
(

n +
1
2

)

x = sin
[(

n +
1
2

)

x +
3π
2

]

, by the Lemma, we get:

Dn(x)
(r)

=
r−1
∑

k=0

(

n+ 1
2

)k
sin

[(

n+ 1
2

)

x+ k+3
2 π

]

[

sin
(x

2

)]r+1−k ϕk(x)+

(

n+ 1
2

)(r)
sin

[(

n + 1
2

)

x+ r+3
2 π

]

2 sin
(x

2

) ,

where the same ϕk denotes various analytical function of x, independent of n.
Similarly as in the proof of the Theorem 1, we get that representation (∗∗) implies

g(r)(x) =
∞
∑

k=0

∆akDk(x)
(r)

.

Then,
π
∫

π/(m+1)
|g(r)(x)| dx =

π
∫

π/(m+1)

∣

∣

∣

∣

∣

∞
∑

k=0

∆ak Dk(x)
(r)

∣

∣

∣

∣

∣

dx =

=
m

∑

j=1

π/j
∫

π/(j+1)

∣

∣

∣

∣

∣

j−1
∑

k=0

∆akDk(x)
(r)

∣

∣

∣

∣

∣

dx + O





m
∑

j=1

π/j
∫

π/(j+1)

∣

∣

∣

∣

∣

∣

∞
∑

k=j

∆ak Dk(x)
(r)

∣

∣

∣

∣

∣

∣

dx



 .

Let

I1 =
m

∑

j=1

π/j
∫

π/(j+1)

∣

∣

∣

∣

∣

∣

∞
∑

k=j

∆akDk(x)
(r)

∣

∣

∣

∣

∣

∣

dx , I2 =
m

∑

j=1

π/j
∫

π/(j+1)

∣

∣

∣

∣

∣

j−1
∑

k=0

∆akDk(x)
(r)

∣

∣

∣

∣

∣

dx .

Now applyng the inequality:
∣

∣

∣Dk(x)
(r)

∣

∣

∣ = O
(

kr

x

)

we have:

I2 = O





m
∑

j=1

π/j
∫

π/(j+1)

∣

∣

∣

∣

∣

∣

j−1
∑

k=j

∆ak

∣

∣

∣

∣

∣

∣

jr dx
x



 = O





m
∑

j=1

|aj | jr ln
(

1 +
1
j

)



 = O





m
∑

j=1

|aj |jr−1



 .

Application of Abel’s transformation, yield,

∞
∑

k=j

∆akDk(x)
(r)

=
∞
∑

k=j

∆Ak

k
∑

i=0

|∆ai|
Ai

Dk(x)
(r)
−Aj

j−1
∑

i=0

|∆ai|
Ai

Di(x)
(r)

.

Let us estimate the following integral:

I1 ≤
m

∑

j=1





∞
∑

k=j

(∆Ak)
π
∫

π/(j+1)

∣

∣

∣

∣

∣

k
∑

i=0

|∆ai|
Ai

Di(x)
(r)

∣

∣

∣

∣

∣

dx + Aj

π/j
∫

π/(j+1)

∣

∣

∣

∣

∣

j
∑

i=0

|∆ai|
Ai

Di(x)
(r)

∣

∣

∣

∣

∣

dx



 .

Applying the Lemma and the same technique as in the proof of Theorem 1, we have:

Jk =
π
∫

π/(j+1)

∣

∣

∣

∣

∣

k
∑

i=0

|∆ai|
Ai

Di(x)
(r)

∣

∣

∣

∣

∣

dx = Op ((k + 1)α) ,



where Op dependents only on p. But

Ij =
π/j
∫

π/(j+1)

∣

∣

∣

∣

∣

j
∑

i=0

|∆ai|
Ai

Di(x)
(r)

∣

∣

∣

∣

∣

dx = O

[

π/j
∫

π/(j+1)
jr

( j
∑

i=0

|∆ai|
Ai

)

dx
x

]

=

= O

[

jr ln
(

1 +
1
j

)

( j
∑

i=0

|∆ai|
Ai

)]

=

= O

(

jr−1
j

∑

i=0

|∆ai|
Ai

)

= O



jr

(

1
j

j
∑

i=0

|∆ai|p

Ap
i

)1/p

 =

= O



jα

(

jp(r−α)−1
j

∑

i=0

|∆ai|p

Ap
i

)1/p

 = O(jα) .

Now, we have:

I1 ≤
∞
∑

k=1

(∆Ak)Jk + M
∞
∑

j=1

jαAj =

= Op(1)
∞
∑

k=1

(∆Ak)(k + 1)α + M
∞
∑

j=1

jαAj = Op





∞
∑

j=1

jαAj



 .

Finally the inequality is satisfied.
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