REFINEMENTS OF CARLEMAN’S INEQUALITY

BAO-QUAN YUAN

ABSTRACT. In this paper, we obtain a series of refined Carleman’s Inequalies
with Arithmetic-Geometric mean inequality by decreasing their weight coeffi-
cient.

1. INTRODUCTION

Let {al}zg is a nonnegative sequence such that 0 < Z:z a, < +oo,then, we
have

—+o0 +oo
(1.1) Z(alagu-an)l/" §eZan
n=1 n=1

The equality in (1.1) holds if and only if a, = 0,n =1,2,---. the coefficient e is
optimal

Inequality (1.1) is called Carleman’s Inequality, for details please refer to [1,
2]. Though the coefficient e is optimal, we can refine its weight coefficient. In this
article we give a series of improved Carleman’s inequalities by decreasing the weight
coeflicient with the arithmetic-geometric mean inequality.

2. THE Two SPECIAL CASES

In this section, we give two special cases of refined Carleman’s inequality .First
we prove two lemmas.

Lemma 2.1. Form =1,2,---, the following inequality

(2.1) (1+;>m§e<1 ImQ/e>

holds, where 1 — % ~ 0.2642411 s best possible.
Proof. Let

(2.2) (1+:n>m ge<1—7’f;)

Then, it is equivalent to

8l

Let f(z)=1— L (1+ux)
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It’s obvious that the function f(z) is a monotone decreasing function on interval
(0,1]. Consequently, 8= f(1)=1-— % is the optimal value of satisfying inequality
(2.2), So (2.1) holds. The proof of lemma 2.1 follows. §

Lemma 2.2. Form=1,2,---, the following inequality
1 m
(2.3) (1 + m> < %
(1+5)"
holds, where ﬁ — 1 = 0.442695 is the best possible.
Proof. Let
1\™ e
24 14+ — < ——"
2y () <@
It is equivalent to
1
e m
“ln(1+ 1)
Let
1 1
= — = € (0,1
f(@) In(l4+2z) =« (0,1]

Because the function f(z) is a monotone decreasing function on interval (0,1].
Consequently, « = f(1) = 15 — 1 is the optimal value of satisfying inequality(2.4),
So (2.3) holds. The proof of lemma 2.2 follows. I

Theorem 2.3. Let {a;}> is a nonnegative sequence such that 0 < 31> a, <
400, we have

= Y 1-— 2/6

(2.5) Z(alag--~an) "< e Z 1- G,
n=1 m=1
+00 too a

(2.6) Z(CHQQ crag)m < e Z —.
n=1 m=1 (1 + %) 2

Proof. Let ¢; >0 (i =1,2,--+), according to arithmetic-geometric mean inequality,
we have

& _1
(crarcaag - - - Cpap)™ g E CmOm

Consequently

400 400 1/n
Z 1/n Z C1a1C2a3 -+ * CpQp
(alaQ...an> = e B
n=1 n=1 1¢2 n
“+ o0
—1/n 1/n
= E (ciea -+ cp) / (cra1c2az -+ - cpay) /

n=1

—+oo

> (erea-- ~i/nl Z Cmtm

n=1

= Zcmam Z (crea+-cpn)” 1/n
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Let ¢, = (7:;1)1 (m=1,2,---,n), cica-- ¢, = (n+1)", and
+0o too
1 “/n _ 1 1
,; n(c162 Cn) = T; it 1) m
Therefore
00 1
2. can)tm < I = =
I R 3 N R
n=1
According to lemma 2.1 and lemma 2.2, and substltutlng for ( + %) of inequality

(2.7),We have
400

Z(a1a2~- 1/n<ez(1_1—2/e> .

n=1

+oo

> (araz---a 1/n<ez )1n2 1

n=1

The proof is complete. |

3. A SERIES OF REFINED CARLEMAN’S INEQUALITIES

In this section we give a series of refined Carleman’s inequalities with lemma 3.1.
First we have

Lemma 3.1. For m =1,2,--- ,the following inequality

o (>(<>

n) =0y
holds, wheTeO<a<m—1,0§g§1_§} and e + 21+ = ¢
Proof. Inequality (3.1) is equivalent to
1 m-+ta
(3.2) g<m_(1+ )
e m
Let
1 1 ita 1
=—--— e (0,1, 0<a< — -1
fa)=———(1+72) z€(0,1] o<

then f(x) is a monotone decreasing function of xz. Consequently, § = f(1) =
1 — 12F js the optimal value of satisfying inequality (3.2), ie. 0 < 8 <1— 2,
and e+ 217® = e. So (2.3) holds, The proof is complete.

Remark 3.1. Ifa =0, then =1 — %, and we obtain lemma 1; if B = 0, then

a = 55 — 1, and we obtain lemma 2.

Similar to theorem 2.3, according to lemma 3.1, we have

Theorem 3.2. Let a, > 0(n =1,2,---),0 < 37> q,, < +00,we have

io(alaz' 1/" ef (1_7)

n=1

where a, B satisfy 0 < a < In 170§5§1*g, andeﬁ+21+°‘:e,
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Remark 3.2. Theorem 2.3 are two special cases of theorem 3.2, ifa =0, § = 1—%,
and f =0, a = 75 — 1, we can obtain (2.5) and (2.6) in theorem 2.3 respectively.
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