ORDER RELATIONS AND THE OPTIMA OF A CLASS OF
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ABSTRACT. In this paper, we discuss and contrast the weight coefficient of a
class of refined Carleman’s inequalities obtained in reference [3], and we give
their order relations and the best one.

1. INTRODUCTION

The Carleman’s inequality is the basic and important inequality in mathematics,
the basic form of Carleman’s inequality is
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where {an} _; is a non-negative sequence such that 0 < Zn 1 an < +o00, and the
coefficient e is the best, for details please refer to [1, 2]. Reference[3] has obtained
a class of refined Carleman’s inequalities, it is
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where o, Bsatisfy 0 <o < 55 -1,0<8<1-2 andef + 217> =e.
For our convenience, we write ay = ﬁ -1,6,=1- %, in following.
Inequalities (1.2) and (1.3) are two special cases of (1.4), but we want to know
what order relationships among inequalities (1.2), (1.3), and (1.4) there are. In this
article, we’ll give their order relationships and the best possible one. We have the
main theorem:

Theorem 1.1. Let {a,}, > is a non-negative sequence such that 0 < 37> a, <
400, we have inequalities
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where «, 3 satisfy 0 < a < a1, 0 < 3 < 3, and ef + 2112 =,

2. THE PROOF OF THE THEOREM

In order to prove the theorem, first, we prove a proposition and two lemmas.

Proposition 2.1. Let

(2.1) h(:c,a,ﬁ)zlix+1_ﬁﬁx—1_ﬁ}31x,

where a, B satisfy 0 < a < ay, 0< B3 <6, and e + 21+ =e. Then we have

(2.2) h0,a,8) = a+p—-p3,2>0,
o« B . B
9lta

Proof. With 8 =1—*_—,and 3, =1 — %, we have

(2.4) h(0,a,8) = g(l + 5%~ 2 ) =h(0,a), a € [0,a1],
(2.5) h(l,a,8) = %+§2ia—§zh(1,a),ae [0, o).

It is easy to see that
(2.6) % = §(§—2aln2)21—%20‘11n2:1—1n2>0,

therefore, h(0, @) is monotonic increasing and h(1, «) monotone decreasing with
a € [0, aq], respectively. We have

(2.8) h0,0) = %(Hgan”)zh(o,m:o,
a el e
. = — —_— =< = U.
(2.9) h(1, @) 5 + 53¢ 5 S h(1,0)=0

(From inequalities (2.8) and (2.9), we know that inequalities (2.2) and (2.3) hold.
The proof is thus complete. |

Lemma 2.2. Form =1,2,---, inequality
18
(210) B

holds, where «, 3 satisfy 0 < a < a1, 0< 3 < B,, and ef3 + 211 =e.
Proof. Inequality (2.10) is equivalent to

0=+

a

(2.11)

B (1-2)
Denote
(2.12) faya,g) = LZ8D0FD) o),

(1—px)
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It is easy to see that

3f($70475)_(1—ﬂ1$)(1+$)a< o B B )
ox N (1 - pz) l+z 1-Bz 1-p8yz)°

(2.13)

It is apparent that % >0,V axe(0,1].
Denote

(2.14) h(z, e, ) = 1ix + 1—6ﬁx 1 —6;190'

It is not difficult to compute that
oh(@,a.8) e B B
O (1427 (1-paf (1-pa)
o + (B — B) 28612 — (B + B)]
(1+a) (1-p2)* (1= By2)*
. a + (/31 - /6) [2 ﬂﬂl (61 + ﬂ)}
(1+2)° (1= px)* (1= fyz)°
With 6, — 8 > 0, and 2\/571 < B, + (8, we have
Oh(z,a, B) c__ @
or T (1+a)

(2.15)

, x € (0,1].

(2.16) 5 <0, 2¢e(0,1].

Inequality (2.16) indicate that h(z, «, 3) is monotonic decreasing with = € (0,
1], and according to proposition 2.1, we have

(217) h(oaaaﬁ) = « +ﬂ 751 Z Oa
.« B _ ﬁ1
MLaf) = §+1is -2 <o

Hence, there is only one point zo in (0,1] such that h(zg, a, 8) = 0, namely
70’0(%50"6) 0, and L(ga’ﬁ) >0, if z € (0, xo) ; L(xaﬁ) <0, if x € (xg, 1).
Therefore, f(x a, () is monotonic increasing with x E (0, xg), and monotonic
decreasing with = € (xo, 1), respectively. Furthermore, f(0, «, 8) = 0, f(1, «,

ﬂ) (1 5)2 _1_ 12212+a 1_0
We have with the above
(2.18) f(z,a,8) > min{f(0,a,8), f(1,a,8)} =0, x € (0,1],

namely

(1-Bz)(1+a)

2.19 —-1>0, x€(0,1].
(219) =r 0.1
Therefore, inequality (2.11), i.e. (2.10) holds. The proof is thus complete. I
Lemma 2.3. Form =1,2,---, inequality
1 1-£
(2.20) < m

(D)7 = Oy

n

holds, where o, 8 satisfy 0 < a < ay, 0< B < By, and ef + 2'"
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Proof. Inequality (2.20) is equivalent to

(2.21) 1< (1 - i) (1 + ;)ala.

Denote
(2.22) g(z,a,8) =1 —-Bz)(1+2)™ =1 =z€(0,1].
It is easy to see that
og(z,a, B) a1 —a—1
(2.23) T—(1+m) [(ag —a—B)—B(a; —a+1)x].
Let
(2.24) w(z,a,0) = (g —a—p)— (a1 —a+1)z.
Similar to proposition 2.1, it is easy to verify that
(2.25) u(0,a,8) = a1—a—p>0,
(2.26) Wl 8) = (1-0)(01—a)—23<0.

Inequalities (2.25) and (2.26) indicate that there is only one point z in (0, 1] such

that u(zg, o, 3) = 0, namely w = 0, and w >0, if x € (0, xo) ;

%’;"m <0, if z € (w9, 1). Therefore g(z, a, #) is monotonic increasing with

z € (0, zg), and monotonic decreasing with x € (xg, 1), respectively. So we have

(2.27) 9(x,a, B) = min{g(0, o, 3), g(1, 0, 8)} =0,

and inequality (2.21), i.e. (2.20) holds. The proof of lemma 2.3 is complete. I
Finally, with the weight coefficient of inequality (2.10) in lemma 2.2, and (2.20)

in lemma 2.3, it is easy to verify that inequalities (1.5) hold. Thus the main theorem
1.1 follows.

Remark 2.1. According to theorem 1.1, we know that in the weight coefficient form

_8
of ((11+ I"))Q , where a, 3 satisfy 0 < a < ay, 0 < B < By, and eff + 21T = ¢, the
weight coefficient W is the best possible, and this is the special case o = ay,

5-0, n

REFERENCES

[1] Hardy G.H. Littlewood J.E. and Polya G. Inequalities, Cambridge Unv. Press, London, 1952.

[2] Ji-Chang Kuang, Applied Inequalities, Hunan Education Press(second edition), Changsha,
China, 1993(Chinese version).

[3] Bao-Quan Yuan, Refinements of Carleman’s Inequality, RGMIA Research Report Collection
3 (2000), no. 3, Article 8, http://rgmia.vu.edu.au/v3n3.html.

DEPARTMENT OF MATHEMATICS, JIAOZUO INSTITUTE OF TECHNOLOGY, JIAOZUO CITY, HENAN
PROVINCE ,454000, PEOPLE’S REPUBLIC OF CHINA.
E-mail address: baoquanyuan@chinaren.com

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, JIAOZUO EDUCATION COLLEGE, JIAOZUO
City, HENAN PROVINCE, 454000, PEOPLE’S REPUBLIC OF CHINA.



