ON AN EXTENSION OF HARDY-HILBERT’S INEQUALITY

BICHENG YANG

ABSTRACT. In this paper, by introducing a parameter A\, we give a new exten-
sion of Hardy-Hilbert’s inequality with a best possible constant factor. We also
consider its equivalent form and the corresponding extended integral form.

1. INTRODUCTION

pr>1,% —1an,b >0,0<> 7 ab < oo, and 0 < > 7, bl < oo, then
o S5 {Saf (S
m=1n=1 sin » n=1

where the constant ﬁ is the best possible (see [1]). (1.1) is well known as

Hardy-Hilbert’s inequality, which is important in analysis and its applications (see
[2]). Its equivalent form is,

02 S (Sn) < la) B

n=1

sin(%)
form of (1.1) and (1.2) are:
If f,g>0,0< [°fP(t)dt < oo, and 0 < [ g7 (t) dt < oo, then

(1.3) / / @ da:dy<sm {/ 12 (z dx} {/Ooogq(a:)dx}é;

(1.4) /Ooo <AOO gix;dzydy < szﬂ) 000 P (z)dz

P
where the constants —— and | —F are all the best possible.
sm(%) sm(%)

P
where the constant { T is still the best possible. The corresponding integral
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In recent years, Gao and Yang [3] and Pachpatte [4] gave (1.1) some improve-
ments. By introducing a parameter A, Yang [5] gave a generalisation of (1.3) as

(1.5) /Ooo /OOO dexdy
< b [ e dx}'l’ [0 dx};,

where A > 2 — min {p, ¢}, and the constant k) (p) = B (p"’p#, %) is the best

possible (B (u,v) is the f—function). Moreover, Kuang [6] gave another generali-
sation of (1.3) as

wo [ [0,
<t { [T @ dx};’ {[ 9w dac}é |

Wheremax{ }<)\<1andhA( )= — .
Asin® () sing (ﬁ)]
When A =1, both (1.5) and (1.6) change to (1.3).
In this paper, following the way of [5], we give a new extension of (1.1), with a
best possible constant factor. We also consider its equivalent form and the corre-
sponding extended integral form.

2. THE EXTENDED SERIES FORM

Lemma 1. Fors>1, 1 +1 =1 X>0, define the weight function wy (y, s) as

oo s\ 1A A
1 yr Y\ 7
@) e = [ s (D) (2) e ve o),

and the weight coefficient &y (n, s) as

= 1 i\ sy
2 a3 = () (2 nen
( ) wx(ns) n;mA+nA<m) m "
. (=2 (s=1) -
Then we have @y (y,s) = W’ and for 0 < A < s, n € N, @\ (n,s) <

wy (n,s).

Proof. Setting t = ”% in (2.1), we find

yt LS
= ) oyt tde
awe) = 5 [ xar <yti> (t) !

1

1 < 1 /1
— (9 1)(1 )\) - dt
PR /0 (1+1) (t)

= Le-nany_T
A sin(g)
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Since for 0 < A <s, 1 — A+ % =1- % > 0, then the function

fay e L A (n)A_ 1 (1M aan
v T4\ 2z /) 2+ \z "

is strictly decreasing in (0,00). hence we have @y (n,s) < wy (n,s), n € N. The
lemma is proved. |

Lemma 2. Forg>1, A>0 and0<€<)\(\/(j—1), we have

2 mlﬁll%ﬂ%dd o1 +
(23) /1 x1+6/0 1+u<u) udz =0(1) (e —07).

Proof. Since 0 < € < f —=—, and

© 1 w1 [(1\eT@
0 —_ - dud
= /1 z1+€/o 1+u<u) o
< X /1\aTa <1 [ Vi
/ 1—_%/T <) dudaz</ / < > dudx
1 T 0 u 0

Va oom—1 M2
ma), e

(2.3) is valid. The lemma is proved. I

Q=

A

Theorem 1. Ifp > 1, %—i—%: 1, ap,by >0, 0< A <min{p,q},

o0 e}
0< Zn(”_l)(l_k)aﬁ <oo, and 0< Z na=DA=Np < oo

n=1 n=1

then

24) 0 < szurm

m=1n=1

1
_ {an - A)ap}p {Zn@l)(”)bg}
Asm( ) n=1

where the constant AS%(") is the best possible. In particular,

(i) for A = %, we have

25 Dy m( >{in ; }{in

|=

b%}q;

m=1n=1

(ii) for p=gq= A= 2, we have

oo oo mb,n o 1 % o 1 %
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Proof. By Holder’s inequality and Lemma 1, since 0 < A < min {p, ¢}, we have

Q=

o oo

2\ (1A
1 nr n
S CIORE
{Z&)\(m,p)a’fn} {Z@/\(naQ)bgL}
m=1 n=1
{Zw,\(n,p)afn} {ZW/\(naQ)bZL}
n=1 n=1

1 1
{Zn(p Ha- /\)ap} {Zn(q_l)(l_’\)b%} .
Asin (p) n=1

Inequality (2.4) is valid.
Fore € (0

(
1 ma 4= m\ a
b CRNONE
)

>
Q-

Q=

T 1) , setting

n

[l+et(p—1)(1=2)] [14e+(g=1)(1=2)]
5 1 P ~ 1 q
a, = | — , and b, =

n

’ (NEN),

then we have

Zn(p DA-Ng Zn(q (- A)bq :in11+€

n=1
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and

m | =
Il
—
3
$>—
o
QL
)
A
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[0}

Hence we find

1 1
(2.7) {Z”(pl)(l/\)&ﬁ} {Zn(ql)u,\)g%}
n=1

_ {i+0(1)};{i+0(1)}; - %(1+0(1)) (e—07).

Since 0 < A < min {p, ¢}, we have

1 —1)(1 =\ A
+E+<p )( ) — €+<1_>25>07
p D q D
1 —1)(1-A
and tet( ) ( ) > € >0
4 q
We obtain
Y b — 1 1 e Itet(@-D=3)
Gmbn, - :
22 ZZM(m> <n)
m=1n=1 m=1n=1
1 [ EEESNASY ek ee )0y
g / / PO () () dy| dz
1 1 xr +y x€X y
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1 [ 1 g 1\ atax . y’\
1 €
1 < 1 o0 1 1 2t ax
T / 7/ - dudz
)\ 1 (L‘1+E 0 1 +U U
1 1 -
<1 >~ 1 1\ st
7/ 1+5/ <) dudz | .
1z 0 1+u \u
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2.8 Ny b 11 4o -0
25 ;;mA—FnA Al e Asin(ﬂ) o) @)
i

™|
>
2
&,
=
—
S1E!
~—



6 BICHENG YANG

Suppose that there exists a positive number K < such that (2.4) is valid

As m(%)’
by changing )\7() to K. In particular, by (2.7) and (2.8), we have

LT _to) < 3 me

. by )
€ Asin (%) oo S L L

< K%(1+o(1)) (e —07).

It follows that ﬁ(l) < K, which contradicts the fact that K < ,\si;r(ﬂ)' Hence

the constant #(E) in (2.4) is best possible. The theorem is proved. I
P
Theorem 2. Ifp>1,1+1 =1 0<X<min{p,q}, a, >0 and

' p Ty

0< Zn(pfl)(lf)‘)aﬁ < 00,

m=1 Asin

o0 o0 p P o0
A—1 am T (p—1)(1—X)
(290 > on (Z mA+nA) < |— G) Zlnp ab.
P n=

P
Inequality (2.9) is equivalent to (2.4). The constant { } in (2.9) is the best

s
Asin(%)

possible. In particular,
(i) for A =1, we have

(2.10) i\}ﬁ(i \F+\F>P< Si:&fw) i”@;)ag;

n=1 m=1
(ii) for p=gq= A =2, we have
[eS) ) a 2 7r2 [e%S) 1
m 2
n=1 m=1

Proof. There exists kg € N, such that for k > ko, Zm 1 m>‘+ < > 0. Setting

k p—1
_ am
by, (k) = n* 1<ZM> (k> ko),

m=1

by (2.4), we have

0 < Zn@? DA=Npa (k)

k
an_l ZmA—FnA ZZmA+HA
n=1 m=1 n=1m=1

q

< Zn(p 1)(1—2) } {Zn(q 1)(1— )\bq (k)} ,
)\sm(p){
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and

k k k “ P
(q—l)(l—/\)bq k — A—1 _ %m
Do) 3o (3 )

n=1 m=1
k
< | —T ] Sonena-ve
A sin (%) n=1

Hence we find

0< Z na=DA=Npd (50) < 0.

n=1

m=1 n=1m=1

Sl (S}
- S S (ST

It is obvious that inequality (2.9) is valid.
On the other hand, if (2.9) is valid, by Holder’s inequality, we have

(2.12) Z Z m>‘ —&-n)‘

n=1m=1

oo oo
S
= n
m> + n?

a=x
[n P bn}
n=1 m=1

%) oo a p o %
A—1 m —1)(1—X
n=1 m= 1 n=1

By (2.9), we have (2.4). Hence inequality (2.9) is equivalent to (2.4).

R S R

=

IN

If the constant } in (2.9) is not best possible, using (2.12), we may

get the same result that the constant ~—= ( ) in (2.4) is not best possible, which is

z
a contradiction. This proves the theorem ]

3. THE EXTENDED INTEGRAL FORM

Theorem 3. Ifp > 1, %+%:1,)\>0, f,9>0 and

(oo} oo
0< / tP=DA=N P (1) dt < 00, 0 < / = DAY g (1) dt < oo,
0 0
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then we have

(3.1) / / a?)‘ + )\ dxdy
< {/OO PN g (g )dx}p {/Oo 20~ DA=N ga (g dx}q;
Asin (%) 0 0

p

(3.2) /OOO y 1 </0°° mdx>pdy < )\suzr(”> /OO o@D fP (2) da,
P

0

P
where the constant factors #(1) and {,\mﬂ()} are all the best possible. In-
P

us
P

equality (3.1) is equivalent to (3.2).

Proof. Still by Holder’s inequality7 we have

/ / xA+ R taty
BRSS! N
xTa ? x Pa
/ / xmry i<y> (y>
2\ 4z N
Sy <yx> ()7 e
< (ST
/o /0 (xA+yA)<y> <y> dude
o % ga () ﬁ 1-X y %dd
/0 /0 (@ +yM) \ = (z) yax

If (3.3) takes equality, then there exists numbers A and B such that (see [7])

p\ 1—A A
O GANEY
NGEED < y ) (y)
N 1A N
Bm (‘;) (£)7 ae.in (0.00) x (0,00).

HE=DA=N ¢p () = 1+ @=DA-Nga (3} = constant  a.e. in (0,00) x (0,00) .,

It follows that

which contradicts the fact that

oo
0 </ tP=DA=N £ (1) dt < oo,
0
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Hence (3.3) takes strict inequality, and in view of (2.1), we have

/ / xA+y d dy < {/Ooowx(fﬂvp)fp(l’)df}; {/Ooowx(y,Q)gq(y)dy}q~

By Lemma 1, we have (3.1). If the constant % in (3.1) is not best possible,
P
then there exists a positive number £ < ﬁ such that (3.1) is valid by changing

ﬁtoklpartlcular foreG(O,f ),settmgf()andg()asf(): (t) =

Asin
0, for t € (0,1),

x Ltet(p—1)(A-2)] [tet(g=1)(1=2)]

Flt)y =t ) = Y o te[1,00),
and by (2.8), we have

™

/\SlD( )

= / / m)‘—i— A xdy

< k{/ x(p—l)(l—k)fp(x)dm}p{/wm(Q—l)(l—A)gq (x)dx}‘*
0 0

_ kg
- oy

It follows that #(1) < k, which contradicts the fact that k& < ﬁ(l) Hence the

(1+0(1))

o | =

constant X () in (3.1) is best possible.

There exists Ty > 0 such that for T > Tp, fOT zé(fy)z dz > 0. Setting

X + gy

9y, T)= yA_lA f(m) dz, y € (0700)7

by (3.1), we have

T
/ yla= V=N ga (4 T) dy
0

_ /OTyA—l (/OTxff ) / / fxA T) gy
< sz(g){/oTx(p—n(l—A 7 (fﬂ)dx}p {/OTy(Q—l)(l—/\)gq (y,T)dy}

T T T p
(@=D=N 0 () TV dy — A1 / f () e d
Yy gy, Yy Y x Y
/o ®T) 0 ( o A +y

T
< x(p—l)(l—k)fp (x) d.
)\sm 0

1
q

and
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Hence we have -
0< / y(qfl)(k)‘)gq (y,00) dy < 0.
0

For T' — oo, still by (3.1) we have
P

oo [T f(=) P & * =1)(1-N
Y (/ dz) dy < | ———~ / x'\P P (z) dx.
Jor U = van(z)] o

Inequality (3.2) is valid. Following the same way of Theorem 1, we may show that
inequality (3.1) is equivalent to (3.2). By the equivalence of (3.1) and (3.2), it

P
follows that the constant factor {)\su‘:—(”)} in (3.2) is best possible. The theorem

is proved. |

Remark 1. For A = 1, (2.4) changes to (1.1), it follows that (2.4) is a new
extension of (1.1). Similarly, (2.9), (3.1) and (3.2) are new extensions of (1.2),
(1.8) and (1.4). Since the constant factor in (3.1) is best possible, then (3.1) is
more accurate than (1.6).
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