GENERALISED WEIGHTED TRAPEZOIDAL RULES AND
RELATIONSHIP TO OSTROWSKI RESULTS

P. CERONE AND J. ROUMELIOTIS

ABSTRACT. The generalised weighted trapezoidal rule is investigated which
involves f(™) (t) of bounded variation. If the weight is taken to be identically
unity, then previous results are recaptured. A comparison with weighted Os-
trowski results is made and it is demonstrated that if the weight is symmetric
about the midpoint over the interval [a,z) and (z,b] then the bounds are the
same. In particular, if the weight is unity, then the generalised trapezoidal
and Ostrowski results produce the same bounds.

1. INTRODUCTION
K.S.K. Tyengar [9], by means of geometrical consideration, has proved the fol-

lowing theorem.
Theorem 1. Let [ be a differentiable function on [a,b] and |f' (z)] < M. Then

(1) [ @5 0-a) @+ 1)

M®b—a)? 1
< - @)’

(See also [16, p. 471 - 474] for related results). Further generalisations were also
given by Agarwal and Dragomir [11], and Cerone and Dragomir [13].
In [17], the following generalisation of Theorem 1 is proved analytically.

Theorem 2. Let f () be a differentiable function defined on [a,b] and |f' (z)] < M
for every x € (a,b). If p(x) is an integrable function on (a,b) such that

O<c<p(@)<ie (Az21, z€lal]),
then the following inequality holds

(12) A(fip) — 5 (F @)+ £ ()
M@p-a) Mg (1-¢*)+2(A-1)q
- 2 2A(1+q)—(A=1)(1+¢?)’
where A and q are defined by
v dep@f@de ()~ £ (a)
Alfip) = fjp(x)dx ha= M(b—a)

Cerone and Dragomir [4] also proved the following weighted trapezoidal result.
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Theorem 3. Let f: 1 C R — R be a differentiable mapping on I (the interior of
I) and [a,b] CI with M = sup f'(z) < o0, m = iI[lfb] f'(x) > —oo be the first
z€[a,b] z€la,
moment of w () on [a,b]. If f' is integrable on [a,b], then the following inequality

(1.3) :

v M—m
< §(b—a)(5—m)§ B

where S is the slope of the secant on [a,b].

/abw(x)f(w)dx_V[f(a)+f(b)]_m<a+b> boa

v(b—a),

The well-known Ostrowski inequality is given by the following theorem [17],

Theorem 4. Let [ be a differentiable function on [a,b] and let |f' (z)] < M on
[a,b]. Then, for every x € [a,b],

b x_LMQ
(14) ‘f(aa)—bfa/ () dt] < }l+((b_))] (b~ a) M.

A weighted version of the Ostrowski inequality (1.4) for Holder mappings has
been given in [6] by Dragomir et al. Other results related to the Ostrowski in-
equality may be viewed in [18], [21] and a book devoted to Ostrowski type results
edited by Dragomir and Rassias [7]. A weighted multidimensional generalisation of
Ostrowski’s inequality was treated by Milovanovié [12].

In a recent thorough article Matié, Pecari¢ and Ujevié¢ [11] obtained weighted
n—time differentiable Ostrowski type results in terms of a variety of norms. The
norms, including when f() is of bounded variation, Holder continuous and dif-
ferentiable allowing for f("*1) € L, [a,b] in terms of the Lebesgue norms (R
p=>1

It is the intention of the current paper to examine bounds for the generalised
weighted trapezoidal functional. Bounds will be provided assuming f(™ (-) to be
of bounded variation, absolutely continuous, Lipschitzian and monotonic. Placing
restriction on the weight function provides more explicit coarser bounds. This is
accomplished through the use of a result due to Karamata [10]. Qi [19] and [20]
examines weighted trapezoidal bounds using a Taylor series argument.

Following the presentation of some notation, identities are obtained for our func-
tional of interest in Section 2. Various bounds are developed in Section 3 while in
Section 4, the relationship between the trapezoidal and corresponding Ostrowski
functionals is investigated. It is demonstrated that the bounds are the same if the
weight function is symmetric over the mid-points of the respective intervals [a, x)
and (x,b].

2. SOME NOTATION AND AN IDENTITY

Before proceeding to develop an identity, it is worthwhile to introduce some
notation.

Let w () be a weight function and suppose that w : [a,b] — (0,00) is integrable
on the interval [a,b] and such that

b
0</ w(t) dt < co.
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Also, let

d
(2.1) mg (c,d;w):/ uFw (u) du

represent the k** moment about the origin of the weight function w (-) over the
interval [c,d] C [a,b]. Further, let

(2.2) 0 < Mn(a,x;w):%/x(u_a)”w(u)du

— ;kio( Z )(—a)nk my, (a, 73 w)

b
(2.3) 0 < M,(z,bjw)= %/ (b—u)" w(u)du

_ ;éo( " )bn—k (=" my, (, b w)

It may be observed that for = € [a, ]

b
Mo (a,bsw) = Mo (@, 23w) + Mo (2, b w) = / w () dt = mo (a, b w)

and
(ﬂj _ a,)n-i-l
(n+1)!

(b _ x)n-&-l

(2.4) M, (a,z;1) = Thr

, My (a:,b;l) =

‘We introduce the kernel

(2.5)  Qn(z,t;w) = (n—1)!

I z,t € [a,b]
w (t) ) n =0,
which satisfies
oQn,
. = Qn_1, N.
(2 6) ot Q 1, N E

The kernel may further be written, using (2.2) and (2.3), as

(=1)" M, (t,x;w), a<t<um,
(2.7) Qn (z,t;w) == neN
M, (z,t;w), x<t<b,
and Qo (z,t;w) = w (¢).
Further, define the functional

(2.8)  Tn(a,z,b; fyw)

b n
= [w@r@d- Y [Miemiw) 19 @+ (<1 My (o biw) £ 6)]

k=0

for f:[a,b] — R, x € [a,b] and w (+) is a weight function with My, (-, -; w) as defined
by (2.2) and (2.3). The following theorem holds.
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Theorem 5. Let f:[a,b] = R witha <b. Forn=0,1,2,... let Qns1 (z,t;w) be
as given by (2.5). Further, suppose that for some n € NU {0}, f(™ (t) exists for
t € [a,b], where fO) (t) = f (t) then for f (\) of bounded variation the identity

b
(2.9) Ty (a,2,b; frw) = (—1)n+1/ Qn1 (z,w) df™ (1)
holds where T and Qn41 are as defined by (2.6) and (2.5) respectively.

Proof. Before proceeding with the proof it is worthwhile to firstly note that the
solution to the recurrence relation

(2.10) Uy = Gy — Up_1 for n=1,2,...
is given explicitly as
(2.11) =3 (D" ar+ (-1)" up.
k=1
Now, let
b
(2.12) I, = / Qnir (x,t;w) df ™ (t)
then integration by parts of the Riemann-Stieltjes integral gives
0
(213) b= Ques (o) 7 (]2 4 [ 2400 )
and so
(2.14) I, = A, (a,z,byw; f) —In—1, n=1,2,...,

where, to obtain (2.14) from (2.13), we have used

(2.15) Ap (a,2,b3w; f) = Quat (,b;w) ) (b) = Quss (z,a;w) f™ (a)

and (2.6) and the fact that for f(*=1 () differentiable, df "= (t) = £ (t) dt
To obtain Iy we may either use integration by parts from (2.12) or equivalently
extend the validity of (2.14) to n = 0, producing

IO = AO (mm,b;w; f) - ‘[717

where from (2.12)

b

I, :/ Qo (z,t;w) fO (t)dt
and so from (2.5) ’
b
I, :/ w (t) f (¢) dt.
That is,
b

(2.16) Iy = Ag (a, z,b;w; f) —/ w(t) f(t)dt.

The solution of (2.14) on comparison with (2.10) and (2.11) upon using (2.16) is
given by

b
In:(—l)"+1/ dt+z D)™ Ay (a,z,b;w; f) .
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Thus,

n

b
e 0 L= [ Od -3 (-0 A f)

k=0
where from (2.15) and (2.7)

A (ay 2, bw; f) = M (2,b;0) fO () = (=1 My (a,230) {9 (a)
and so from (2.17) the identity (2.9) is procured. 1
Remark 1. If ) (t) is absolutely continuous on [a,b], then it is differentiable
and df ™ (t) = £+ () dt giving from (2.9) the identity
b
(2.18) T, (a,2,b; f;w) = (—1)" / Qui (z, t;w) £FFY (t) dt,

where T,, and Q,, are given by (2.8) and (2.5) or (2.7) respectively.
Remark 2. [t w(t) =1 then from (2.5)

Qn (z,8:1) = (t —n'x)”
and from (2.2) and (2.8)
(x — o) = 1
My (a,2;1) = ﬁ and My (z,b;1) = le)'

Further, from (2.8) and (2.18)

T, (a,z,b; f;1)

’ (@ —a) ) (a) + (1) (0 — )" F0) (b
/af(t)dt_kz_o h+1)!

b n+1
t—x)
= (-1 "“/ =) o) gy
([ e
is the identity obtained in Cerone et al. [5], giving the non-weighted n—time differ-
entiable generalised trapezoidal identity.

3. INEQUALITIES FOR THE GENERALISED WEIGHTED TRAPEZOIDAL RULE

The following well known lemmas will prove useful for procuring bounds for a
Riemann-Stieltjes integral. They will be stated here for lucidity.

Lemma 1. Let g,v : [a,b] — R be such that g is continuous and v is of bounded
variation on [a,b]. Then the Riemann-Stieltjes integral f;g (t)dv (t) exists and is
such that

b

(3.1) < sup lg()\/ (v),

b
/ g (t)dv (1)

t€la,b]

where \/Z (v) is the total variation of v on [a,b].

Lemma 2. Let g,v : [a,b] — R be such that g is Riemann integrable on [a,b] and
v is L—Lipschitzian on [a,b]. Then

b b
(3.2) / g dv(t)] <L / 9 (1) dt
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with v is L— Lipschitzian if it satisfies
lv(z) —v(y) < Lz -yl

for all z,y € [a,b].

Lemma 3. Let g,v : [a,b] — R be such that g is Riemann integrable on [a,b] and
v 18 monotonic nondecreasing on [a,b]. Then

b
/g@mw

It should be noted that if v is nonincreasing, then —v is nondecreasing.

Theorem 6. Let the conditions of Theorem 5 continue to hold so that f (t) is
of bounded variation for t € [a,b]. Then we have for all x € [a,b] and n € NU {0}

b
(3.3) g/mwww»

(3.4) T (a,2,b; f;w)]

[M,, (a,z;w) + My, (z,b;w)
+|M,, (a, z;w) — My, (z, b;w)]] x %\/Z (f(")) ;

= [My 1 (a,2;w) + My (z,b;w)] L, f™ s L — Lipschitzian

M, (a,z;w) [f) () — f™ (a)]
+M,, (z,b;w) [f™ (b) — f™) ()], f™ monotonic nondecreasing

where Ty, (a,x,b; f;w) is given by (2.8) and M, (a,z;w), M, (x,b;w) by (2.2) and

Here, by \/Z (h) we signify the total variation of h(t) for t € [a,b]. That is

Vo () = [ |dh (1)].

Proof. Taking the modulus of identity (2.9) and using Lemma 1, we have

b
(3.5) T (a,2,b; fiw)| = /Qn+1(x,t;w)df(")(t)

b

< sup |Qn+1 (xat;w”\/ (f(n)) .

t€la,b]

a

Now, from (2.5)

(3.6) sup [Qny1 (z,t;w)|
te(a,b]

_ ;!max{/am(u—a)"w(u)du,/:(b—u)"w(u)du}

and so using the fact that max {X,Y} =
equality in (3.4) upon utilising (3.5).

1[X4+Y +|X - Y]] gives the first in-
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For f(" (-) L—Lipschitzian on [a,b], then from Lemma 2 and (3.5)

b
(3.7) T (a,,b; fiw)| = / Qna1 (z, t;w) df ™ (1)

IN

/ Quir (15 w) d.

Using the definition (2.5), we may notice that

o n+1 T
(171)!/)& (u—t)"w(u)du, tE€a,z]
(3.8) Qni1 (z,t;w) = )
% (t —u)" w(u) du, t € (z,0]
and so
b
(3.9) n!/ |Qnt1 (z,t;w)| dt

//(u—t)n dudt—l—//t—u u) dudt.
a t

We may simplify the expression on the right by an interchange of the order of
integration to give

//u—t u)dudt = 7w(u)7(u—t)"dtdu

and in a similar fashion

//tfu u) dudt = %H/(bfu)nﬂw(u)du

Hence, from (3.9),

(3.10) / |Qnt1 (z,t;w)| dt = M1 (0, 2;3w) + My (z,b;w)

giving the second inequality in (3.4) upon utilising (3.7).
For the final inequality in (3.4), when f(™) (¢) is monotonic nondecreasing on
[a,b], we use Lemma 3 and thus, from identity (2.9)

b
(3.11) ozt i)l = | [ Qua ot dr® (o

IN

b
/ Qo (2t w) dFP D) (1)
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Two cases need to be treated. For n = 0 then
b
o @b frw)] < [ 11 (ovtiw)|af (),

where, from (2.5),

Thus,

IN

T b

- —Mo<a,x;w>f<a>+/w<t>f<t>dt+Mo<x,b;w>f<b>—/w(t)f(t)dt

< Mo (a,z;w) [f (2) — f (a)] + Mo (2, b;w) [ (b) — f (2)].

Here we have used the fact that if g (¢) > 0 and f (¢) monotonic nondecreasing for
t € [a,b], then

b b
(3.13) / g F(dt < fb) / g(t)dt and
b

b
—/g(t)f(t)dt < —f(a)/g(t)dt-

a

For n € N then

b
(3.14) n! / Qnsr (£ 0)] dF™ (2)

- 7 (7 (w— )" w (u) du) df™ (t) +/b (] (t—w)" w(u) du) df™ (t)

a t

= A, + B,.
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Integration by parts produces on using the Leibnitz rule,

x

x x €T

A, = /(u—t)"w(u) du | £ (1) —I—n/ /(u—t)"_lw(u) du | ™ (1) dt
= —n!M, (a,z;w) f™ (a) + n/ / (u—1)"""w(u)du | f™ (t)dt
< M, (a,a3w) [/ (@) = £ (0)]

and

t

b b
—n/ /(t—u)"_lw(u) du | 1 (1) dt
(t—u)""

x x

t

/

x

du
= M, (z,b;w) f™ (b) — Yw () du | f) () dt

b
n/
T

¢
B, = /(t —u)"w(u)du | f© (t)]
< i, (@ bw) £ (0) = O (@)

where we have used the monotonicity of f(™ () via (3.13) together with (3.9) and
(3.10) to obtain the upper bounds.

Substituting A,, and B, into (3.14) and (3.11) and further recognising that it
subsumes the result for n = 0 as given by (3.12), then the last inequality in (3.4)
results. i

Remark 3. For the monotonic nondecreasing result in (3.4) a tighter bound could
have been obtained if the result (3.13) were not used. This, however, would have
produced a more cumbersome bound. The n = 0 case may have been accommodated
in the general n case since, as given in (2.5), Qo (x,t;w) = w (t) and since w (t) > 0
then |Qo (x,t; w)| = w (¢).

The following theorem gives bounds on |T;, (a, 2, b; f;w)| in terms of the Lebesgue
norms of f(*+1) (¢).
Theorem 7. Let the general conditions of Theorem 5 hold and further, let f) (t)
be absolutely continuous for t € [a,b], then

(3.15) [T}, (a,2,b; f;w)|
(M1 (@, 25w) + My (2, b;w)] [ f0HD]] o, fOFD € Log [0, ]

1Qn (, s w)ll, [[F+V],,

p

f+) € L, [a,b],
1,1 1.
p>1, ;—Fa—l,

IA

(M, (a, z;w) + My, (2, b;w)

2,

I
2

where M, (a,z;w) and M, (z,b;w) are as given by (2.2) and (2.3), Qy (a,x,b;w)
is defined in (2.5) and T, (a,z,b;w) by (2.8).

+ | M, (a,z;w) — M, (z,b; w)] fr+D) e 1, [a,b],
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Further, ||-[|, signify the usual Lebesgue norms where

|h|l :=ess sup |h(t)| for h € Ly a,bl,

t€la,b]

and
1
P

Il - /|h ®Pdt|  for heLyab], 1<p< .

Proof. From the identity (2.18) we have on using properties of the modulus and
integral,

b
(3.16) T, (a,z,b;w)| < /
Now, for f(*+1) € L [a, b]

b b
[ [@uss @ty 1 @l ae < 00| [ @i (ot

which upon using (3.10) produces the first inequality in (3.15).
For the second bound we use Holder’s integral inequality in (3.16) to give

b b a b
/ / Qs (., t0)| dt /
1Qn (2, s w)], Hf(n+1) Hp’
where p > 1, %Jr%:l.
The final inequality in (3.15) is obtained from (3.16) to give

’

where we may use (3.6) and a property of the max {X,Y} to obtain the stated
result. I

Qs (e ti0) F0) (1) .

D) (t))p dt) '

Qun (o t0) £ (1)

IN

Qi1 (. t;w) fTD (1) dt < sup Qa1 (2, t;w) f<”+1>

t€la,b]

Remark 4. If we take the weight function w (t) = 1 then the results of Cerone et
al. [5] involving the generalised trapezoidal rule and n—time differentiable functions
is recaptured.

A question that needs to be asked is can we choose the parameter z in such a
way that the bound is minimized? The following lemma examines such an issue.

Lemma 4. Let
(3.17) 2¢,, (a,z,b;w)
= [M, (a,z;w) + M, (x,b;w) + |M, (a,z;w) — M, (x,b;w)|]
and
(3.18) U,p1 (a,x,b;w) = Myt (a, z5w) + Myyq (2,0 w) .
Then

(3.19) o5 (a,%,b;w) = min ¢, (a,z,b;w) = M, (a,&;w) + M, (Z,b;w)

z€[a,b] 2 ’

where T is the solution of M, (a,z;w) = M, (z,b;w).
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Further,

320 Wi (025 )

b b
= min \Ijn+1 (a,;mb; ’LU) = Mn+1 a, i7w +M’n+1 ot abaw )
z€[a,b] 2 2

where w () s a positive weight function and x € la,b], with M, (a,z;w) and
M, (z,b;w) are as defined in (2.2) and (2.3).

Proof. The functions M, (a, z;w) and M, (x, b; w) are both positive with M, (a, z;w)
increasing and M, (z, b;w) decreasing in x € [a, b]. Thus, the minimum is attained
when |M,, (a,z;w) — My, (z,b;w)| = 0 giving the result as stated.
Now, ¥,,4+1 (a,z;w) > 0 and
U1 (a,a;w) = Uypq (b, b;w) = M, (a,byw) .
Also, for w (z) >0

(@ biw) = (2 — ) — (b— )] D)

n!

and so V7, (a,a,b;w) < 0, V] ., (a,b,b;w) > 0 bringing us to the conclusion
that ¥, (a,z,b;w) is convex in z. Since w (x) > 0, the minimum is attained when
T = “7“7, making V7 , (a, “T“),b;w) =0.1

The following lemma obtains some coarser bounds which may prove to be more
useful in practice. It involves obtaining bounds on

(3.21) Vi (a2, bw) = ||Qnir (z, 5 w)||, = Mpga (a, x;w) + My (z,b;w) .
Lemma 5. Let w (t) be a weight function defined on [a,b] and x € [a,b], then

(3.22)  |Vpyi(a,z,b5w)] = [[@ntr (2, 5w,
C(l)Hw”oov w € Ly [aab]v
< Cz (q) |wl,, we Lylab],
- p>1, % + % =1;
Vn-i—l
(TL+1)' ||’U}H1, wELl [a’7b]7
where
(z —a) "I 4 (b — gyrtrt T
C p—
(9) gn+1)+1
and
L b—a I . a+b
2 2 |

Proof. From the definitions (2.2) and (2.3) it may be noticed that ¥, (a,x, b;w)
from (3.21) may be expressed as

(3.23) Vi1 (a,z,b;w) = ||Qny (a,2,b;w)||;
1

b
= (n+1)!/ K" (a, z, by u) w (u) du,
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where
u—a, ué€la,x],
(3.24) k(a,z,byu) =
b—u, ué€ (b
Now,
b
(n 4+ 1! Wi (a, 2, b w)| < / |57+ (a, by ) w (u)| du
and so for w € L, [a,b], 1 < p < oo then
(3.25) / |" T (a, 2, by u) w (u)| du
1 1
q b
< (/ 1Y) (g, 2, by u) du) (/ w? (u) du)
Explicitly,

1

1
b a T b q
(/ K1Y (a2, by u) du) = [/ (u—a)?" ™ du + / (b — )1tV du]

[(l‘ B a)q(n+1)+1 + (b N x)q(n+l)+1] %

gin+1)+1
which together With (3.25) gives the second inequality (3.22).
For w € Ly [a,b], then
/|/£"+1a$bu w)|du < C (1) |Jw]

the first inequality in (3.22).
Finally, for w € L [a,b], then

n+1
/ ‘Hm—l a,z,b;u) ‘du< sup «(a,z,b;u) l[wlly
xe[a,b]
where
_ b
s (050 = s b 5) = L5 o -
z€[a,b] 2
|

Karamata [10] proved the following theorem.

Theorem 8. Let g,w : [a,b] — R be integrable on [a,b] and suppose m < g (t) < M
and 0 < ¢ < w(t) < Ac for t € [a,b] and some constants m, M,c and . If G and
A(g,w) are defined as

=L b an w) = u
(3.26) Gi=r— ag(t)dt d A(g,w): P
then
ory MGV MG om) (M= G)AM(G = m)

AM-G)+(G—-—m) — - M-G)+AX(G—-m)
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Using the above theorem of Karamata, the third inequality in (3.22) may be
improved.
If we associate k"1 (a,z,b;w), as defined by (3.24), with g () above, then

b— b
0<k(a,z,bu) <v=max{zr—ab—z}= a4 x—a;r ‘
and
1 b
G = bC—(lc)L == a/a K" (a, z, b;u) du.
Hence, from (3.23)
(n+ DWWy (@, 2,05w) = [|Qni (z, 5 w)lly

_ o,
- (b—a)yrtl —C(1)+2C (1)

v fuwll, -

IA

The last inequality follows from the fact that

b
C(1) = / K" (@, 2, b;u) du < v (b —a).

4. COMPARISON OF OSTROWSKI AND TRAPEZOIDAL RESULTS

The generalised weighted trapezoid kernel @, (z,t; w) defined by (2.5) and (2.7)
is a mapping Q,, (-, ;w) : [a,b]2 — R, a,b €R, a <b where

(-1)" /w(U—t)nflw(u)dU, telaa], neN

(n—l)! t
(41)  Qn (2, t;w) = (7(1—1>1)!/ (t—uw)" " wu)du, te(x,b, neN
w(t), n=0.

Here w (t) is a weight function with properties as ascribed earlier in the paper. An
identity relating the generalised weighted trapezoid functional T), (a,z,b; f;w) as
defined by (2.8) is given by (2.9).

In our notation define the weighted Ostrowski functional © (a, x,b; f; w) by

n

b
(42 Oulambifiw) = [ wl)f@)d -3 Bulasbiw) (o),

k=0

where

(4.3) Ey (a,z,b;w) = % / (u— )" w (u) du.
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Let the kernel K, (x,t; w) be such that K, (-, -, w) : [a,b]2 - R a,beR a<b
and w () a given weight function, then

ﬁ/ (t—uw)"'wu)du, te€fa,x), neN

a

0 t=ux
(44) K, (x,t;w):=

(_Un. /b (u _ t)n_l w (u) du, te (%b] , neN

w(t), x,t € [a,b].

Matié et al. [11] show that for (™ (-) continuous and of bounded variation on [a, ]
then for z € [a, b]

b
(4.5) O, (a,z,b; f;w) = (—1)”“/ KL (@, w) df ™) (t) .

Further, for f( (-) absolutely continuous on [a,b] then df("™ (t) = f+V (¢)dt,
giving the identity

b
(4.6) O, (a,z,b; f;w) = (*1)”“/ K" (2t w) fOTD (2) dt

from (4.5).

The bounds for |T (a,x,b; f;w)| and |O (a, z,b; f; w)| depend on the behaviour
of |Qni1 (x,t;w)| and | K41 (2, t; w)| respectively.

The following lemma gives sufficient conditions for the bounds on |T (a, z, b; f;w)|
and |O (a,z,b; f;w)| to be equal.

Lemma 6. For w : [a,b] — (0,00), f; w (t)dt < oo and w (t) symmetric about the
respective midpoints for t € [a,x) and t € (x,b] then,

|Qn(x7a+gc—t;w)|, le [a,x),
(4.7 | Ky (z,6;w)] =14 0 t==x

|Qn((£,$+b7t;U))|, tE(CE,b].
An interchange of Q, and K,, in (4.7) is valid under the same conditions.

Proof. Consider for t € [a,x)

(n—1)Qn (x,a+z—t;w)| = /i _t[“_(a"’x—t)]n*lw(u)du

¢
/ t—v)" M wa+az—v)dv
= (n— K, (z,t;w)],
provided w (a + z — v) = w (v), that is, w (%52 — 2) = w (4= + 2) for 2 € [a, ).

2
A similar argument gives the result for ¢ € (z,b]. We note that if ¢ varies from ¢ to

d, then T' = ¢+ d — t varies from d to ¢. Thus the interchange of K,, and @, in
(4.7) is valid and the equivalent expression to (4.7) holds. I
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Remark 5. A consequence of Lemma 6 is that if w(t) = «, a constant, then
the Lebesgue norms giving the bounds for |T (a,z,b; f;w)| and |© (a,z,b; f;w)| are
equal. In particular, the unweighted case w (t) = a = 1 produce the same bounds as
shown in Cerone [2]. Weights such as

(t— ”?””)Qn, t € la,x)

and

[t — =], te (z,b],
would produce the same bounds for the trapezoidal and Ostrowski functions defined
by (2.9) and (4.2).
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