MULTIDIMENSIONAL INTEGRATION VIA TRAPEZOIDAL
AND THREE POINT GENERATORS

P. CERONE

ABSTRACT. Multidimensional integrals are expressed in terms of lower dimen-
sional integrals and function evaluations. An iterative process is used where
a trapezoidal and three point identities are used as generators for higher di-
mensional identities. Bounds are obtained utilising the resulting identities. It
is demonstrated that earlier Ostrowski type results are obtained as particular
instances of the current work.

1. INTRODUCTION

We firstly present one-dimensional identities which may be used as generators
for higher dimensional results.
For f :[a,b] — R we define the Ostrowski and Trapezoidal functionals by

(1.1) S(fiem,d) = f(x) = M(f;c,d)
and
1 Tiend=(520) 10+ (520) 1@ - M),
respectively, where
1 d
(1.3) M(f;e,d) = T e /C f (u) du, the integral mean.

We note that

(1.4) (b—a)S(f;a,a;rb,b)_(b—a)f(a;b>—/abf(u)du

and

a+b b—a b
13 0-at(fa 5 00) =S @ rol- [ fa
recapturing the midpoint and trapezoidal rules for the evaluation of the integrals.
With this in mind, the most common task is to obtain bounds on the above func-
tionals. This task is perhaps best accomplished from identities involving the func-
tionals. The following identities may be easily shown to hold for f of bounded
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2 P. CERONE

variation, by an integration by parts argument of the Riemann-Stieltjes integrals
and so

t—c

, t€lex]
d d—c
(1.6) S(f;cw,d):/ p(ate.d)df (t), pot,e.d) = )
c tf
T t€(@d
and
d
1D Tifead = [altedd 0. a@ted == arelod.

The book [15] is devoted to Ostrowski type results involving (1.1) and numerous
generalisations. See also [1], [16], [19] and [21].

Further, define the three point functional ¥ (f;a,«,x,3,b) which involves the
difference between the integral mean and, a weighted a combination of a function
evaluated at the end points and an interior point. Namely, for a < a <z < 5 < b,

18 Seeasn = (5oo) @+ (10) r@)

+<l;_§>f<b)_M<f;a,b>-

Cerone and Dragomir [7] showed that for f of bounded variation, the identity

t—oz’ t € la,z]

b b—a

(1.9) T(f;a,a,x,ﬂ,b):/ r(z,t)df (t), r(z,t)= -
T, t€ (@bl

is valid. They effectively demonstrated that the Ostrowski functional and the trape-
zoid functional could be recaptured as particular instances. Specifically, from (1.8)
and (1.9)

S(fia,2,b) =T (f;a,a,2,b,b)
and
T(f;a7x7b) = ‘I(f;a7x7x’x’b)?
where S (f;a,2,b) and T (f;a,z,b) are defined by (1.1) and (1.2) and satisfy iden-
tities (1.6) and (1.7) respectively.
It should be noted at this stage that

(b—a)T(f;a,5a+b a+b a—|—5b’b>

6 7 2 6
_ bga[f(a)+4f<a;b>+f(b)]—/abf(x)dx

is the Simpson functional.

Further, if f (¢) is assumed to be absolutely continuous for ¢ over its respective
interval, then df (t) = f’ (t) dt and the Riemann-Stieltjes integrals in (1.8) and (1.9)
are equivalent to Riemann integrals.

Pachpatte [22] obtains, with the following notation, a trapezoidal type result for
double integrals.
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He lets R denote the set of real numbers and Rt = [0,00) and uses the no-
tation A = [a,b] x [c,d] for a,b,c,d in RT. If f(x,y) is a differentiable function
defined on A, then its partial derivatives are denoted by D f (z,y) = % (z,9),

Dyf (z,y) = B%f (z,y), DaD1f (z,y) = %;zf (z,y) . He denotes by F' (A) the class

of continuous functions f : A — R for which D, f (z,y), Daf (z,y), DaD1f (z,y)
exist and are continuous on A.

Theorem 1. If f € F (A), then

(1.10)

/ab/cdf(s,t)dtds—; [(d—c)/ab[f(S,c)—|—f(3’d)}ds

d
+ (b—a)/ [f(a,t)—kf(b,t)}dt}

1

+ 5 0=a)(d=0)[f(a,c) + f(a,d)+ f(bc)+ f(b,d)

b pd
< i(b—a)(d—c)/a/c|D2D1f(s7t)|dtds.

Using a similar argument, Pachpatte [23] obtains a trapezoidal type result for a
triple integral involving function evaluation on the boundary, single integrals and
double integrals. The error is again as in (1.10) obtained only for the first partial
derivatives over A € Ly [A].

In the current work, the generalised trapezoidal and three point identities (1.6)
— (1.7) and (1.8) — (1.9) for absolutely continuous functions are used as generators
to produce identities involving multidimensional integrals in terms of lower dimen-
sional integrals and function evaluations. These are used to procure bounds for
% € L,[I",1<p<oo, where I" = [a1,b1] X - -+ X [an, by] .

The methodology of Cerone [5] is used for the current work. That work turns out
to be a particular case of the three point development in Section 3 of the current
paper. The generalised trapezoidal results of Section 2 are also specialisations of
the three point results of Section 2.

2. IDENTITIES FROM AN ITERATIVE APPROACH AND THEIR BOUNDS

The following theorem obtained by Cerone [5] uses an iterative approach to
extend the Ostrowski functional identity to multidimensions. Firstly, we will require
some notation.

Let I"™ =TI, [ai, b;] = [a1,b1] X [az,ba] X + -+ X [an,by]. Further, let f: ™ — R
and define operators F; (f) and A; (f) by

(21) F; (f) = f (tl, ey b1, Ty ity - - ,tn) where x; € [ai, bz]
and

I
(2.2) i (f) = E/ Jtr, ot tistipn, . tn) di.

That is, F; (f) evaluates f (-) in the ¢th variable at z; € [a;,b;] and X; (f) is the in-
tegral mean of f (-) in the ith variable. Assuming that f (-) is absolutely continuous
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in the ith variable ¢; € [a;, b;], we have

1" of
(2.3) Li(f)=— [ pilzit)5-dt = (F—X) (f),
di Ja, ot;
fori=1,2,...,n, where
ti — a;
b —a € las, @i
(2.4) pi (zi, ti) _
& b0y (b
bi _ ai’ K2 2y Y]
and di = bi — Q.
Thus (2.3) — (2.4) is ostensibly equivalent to the Montgomery identity for
ft, .o tic1, titizs, ..., tn) absolutely continuous for ¢; € [a;, b;] .

Theorem 2. Let f : I — R be absolutely continuous in such a manner that the
partial derivatives of order one with respect to every variable exist. Then

(2.5) En (f)

n b,
1 i

= f(.ﬁl,xg,...,xn)—ZE/ f(.’L‘l,J?g,...,xi_l,ti,$i+1,...,l‘n)dti
i=1 7

1 I ¢
+ E / / f(a?l,...,$i,1,ti7.’)3i+17...,tj,...,xn)dtidtj
didj Jo; Ja,

i<j

7177« b" b1
e *(D)/ / fte, .. tn)dty ... dty

where
26) B (f) = — /b" /bﬁ i) —2F
. n == i (Tiyti) 57—~ dt1 ... din,
Dy Jo, Sy 1P Oty ... 0t
pi (T, t;) is given by (2.4), and
i=1

Theorem 3. Let the conditions of Theorem 2 continue to hold. Then

(28) Tn (a’ x, b)‘
2.9 < ‘ _of o )
. - <Z-1:[1P2(q)> Otn ... 0t ||," Otn...0h € Ly[I",
1 1 _ 1.
p>1, s+, =1
‘Nar ot L —-N N AL
iZHIQ’L 3tnat1 17 atnatl G 1[ ]’
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where T, (a,x, b) is as defined by (2.5),

(2.10) (q+1) Pi(g) = (w5 — ai) ™ + (b — )",
bi —a; a; +b;
(211) LU L)

Remark 1. It was stated in Cerone [5] that the expression for T, (a, T, b) may be

written in a less explicit form which is perhaps more appealing. Namely,

n—1
(2.12) Tn (g7 x, E)J) = f(z1,T2,...,Tn) + Z (-1)F Zk My + (—1)" M,
k=1

where My, represents the integral means in k variables with the remainder being
evaluated at their respective interior point and ), My, is a sum over all ( Z ) ,

k—dimensional integral means. Here
1 bn b1
an—/ / Fty, ... tp)dty ... dt,
DTL QAn al

1ot Lot
Z Ml = — f(tl,xg,...,$n)dt1+* f($1>t27x37"'axn)dt2
1 dy a1 do

as

1 b’Vl
++d7/ f(x1,$2,...,xn717tn)dtn~

It should be noted that (2.12) may be written as

n
2.13 - <a7x, b) S PSS M,
.19 02 b) =X)L,
if we define the degenerate 0—th integral mean Moy = f (21, 22,...,2n) .

The work of Cerone [3] used the Ostrowski functional (1.1) as a seed or gener-
ator for extension to higher dimensions using the Montgomery identity. We may
prove, in an equivalent manner, utilising the generalised trapezoidal identity (1.7)
with (1.2) as the generator of a higher dimensional result. We will restrict the cur-
rent work to absolutely continuous functions so that the Riemann integral identity
corresponding to (1.7) will be used. Let f: I"™ — R and define the operator

A;
(214) G’z (f) = jf(t]d"'ati—17aiati+17"'atn)
B,
+d—ff(tl,...,ti_l,b,»,tm,...,tn),
where
(215) Ai:a:i—ai, Bi :bi—l‘i, di :bi—ai.

Here d;G; (f) represents the generalised trapezoid in the " variable giving the
standard trapezoid when z; = %
We note that A; + B; = d; and if we extend the notation to

1211' (iL’Z) =T; — Q4, and Bl (SL’Z) = bz — Xy,
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then we see that

~ 0, z=uq ~ di, x;=a
di, ;=1 0, ;=10

Now, for f (-) absolutely continuous in the i*! variable ¢; € [a;, b;] we have

b; B
(2.16) mi (f) = dl/ q; (.Ti,ti) 8detz = (Gz—)\l> (f)7 1= 1,2,...,77/,

where G; (f) and \; (f) are as given by (2.14) — (2.15) and (2.2) respectively and,

¢ (zi,t;)  ti—a
2.1 - el bl
(217) et R i€ fonb)

i

Let ¢ = (c1,¢2,...,¢y), where ¢; = a; or b; in the ith position for ¢ =
1,2,...,n. Also, let og (c(o)) be the set of all such vectors which consists of 2™
possibilities. Further, let

(2.18) xe =" @, k=0,1,...,n,
J

where C; = A; or B; with the exception that k of the C; = d; and so % =1
J

In a similar fashion, let ¢*) be a vector taking on the fixed values a; or b; in
the i*® position except for k of the positions which are variable, to. Let M be
k—dimensional integral means for f (c(k)) . Here ¢¥) € g, (c(k)) the set of all such
elements, of which there are (Z) on—k,

With the above notation in place, the following theorem holds.

Theorem 4. Let f: I — R be absolutely continuous and be such that all partial
derivatives of order one in each of the variables exist. Then

(2.19) R, (f) = Zo Xof (C(O)) - 21 xiMi + 22 X2 Mz
— = (DY XM+ (1) M,
= pu(a2b).

where, xj s as defined in (2.18), My, is the k—dimensional integral mean for
f (c(k)) , specifically, M,, = D%l f:: ---fbl [t ta, .. ty)dty .. dty, and Y, is a

ay
sum involving each of the elements of oy, (c(k)) of which there are (Z) 2"k terms.
Further,

(2.20) R(f)—l/b" /blﬁl('t)anfdt dt
. " B Dn an ay i:l% ot atn"'atl ! "

and q; (z;,t;) is given by (2.17), D,, by (2.7). Here, ¢; is equal to either a; or b; in
which case C; = A; or B;.

Proof. Let R, (f) be defined by

(2.21) R, (f) = (H m) ),
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then from the left identity in (2.16), R, (f) is as given by (2.20). Now,
(2.22) R, (f) =9 (R.—1(f)), for r=1,2,...,n,

where Ry (f) = f.
Thus, from (2.21)

Ri(f) =9 (f) = (G1 = 1) (f),

which is the generalised trapezoidal identity for t1, 21 € [ay, b1]

1 by af
(2.23) Ri(f) = —+ q1 (w1,t1) 5= (L1, t2, ., o) dly
d1 a1 6t1
A B
= Jf(ahtZu"wtn)J’_;f(blatQu”'ytn)
dy dy
1 [

7 [t ta, ... ty) dty
1 Ja,

contains three entities; two function evaluations and one integral. Further,

Ra(f) = My (Ri(f)) = (G2 — A2) (R1(f))
= Ga(Ri(f)) — A2 (Ra(f))

Ay

= —Ri(f)

By
A + —= R (f)

do

to=as to=bo

contains nine entities. Thus,

As (A B
(224) Ry (f) = =2 —lf(al,ag,tg,...,tn) + if(b1;a2;t3;-~-7tn)
do | dy dq
1 [
~ [t az,ts,. .. t,) dty
1 Jay
B A B
+72 if(alab%t&'“atn)+71f(b17b23t3a"'7tn)
do | dy dq

1 [
- f(t1, by, ts, ... ty)dty
1 al

1[4, B
- ZL ot (antay e tn) + 2 f by, o ts, e b
& @{dlf((lh% ) )+d1f(1 2,13 )

1 [
- — f(tl,t27...,tn)dt1}dt2
di Ja,
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A2A1 A2B1
= —— t3,...,t ——f(b tg,...,t
d2 dlf(a17a27 35 5 n>+ d2 dlf( 1,0a2,13, ) n)
B2A1 B2B1
28 by ta, ..o itn) - 22 F by by, ts, ...t
+d2d1f(a1’ 2,13, )+d2d1f(1 2,13 )
A2 1 by B, 1 by
_2 thoag, ta, .. ) dly — =2 — b1, bots, . ty) dt
d2 dl o f(17a27 3 ) ) 1 d2 dl o f(l 2,03 ) 1
Al 1 ba By 1 b2
i for oo t) dby — 2L — by to, ta, ... tn)dt
R azf(a172> s tn) dto R a2f(123 ) dto
1 bo by
+d2d1/ f(tl,tg,...,tn)dtldtg.
as a

From the 32 entities of Ry (f) there are 22 function evaluations, 2 x 2 single integrals
and one double integral

Ry (f) = M3 (R2(f)) = (G3—A3) (R2(f))
= G3(R2(f)) — A3 (R2(f))

= Zro| v Zr
3

ds

1 b
~ Ry (f) dts.
t3=bs 3 Jas

t3=as

This will produce 3?2 entities with (g) 2% function evaluations, (?) 22 single integrals,

(g) 2! double integrals and (g) 20 triple integrals. The 2 occurs since evaluation is
at either the a; or the b;.

Continuing in this manner we obtain the result as stated where there are 3™
entities for R, (f), with (§) 2" function evaluations only, () 2"~* single integrals,

(g) 2"~2 double integrals, ... , nil) 2, (n— 1)th integrals and one n-dimensional

integral. i

Corollary 1. Let the conditions of Theorem 4 continue to hold. Then

22)  Ra() = 53 7 (<?)
n—1
—%Zl./\/h-i-'“-l-% n_anfl

S
+ / / Ftrto, o tn)dty ... dbn,
n (o7 ai

where ¢; is either a; or b; fori=1,2,...,n and

~ 1 brn b1 1 8n
Rn(f):D—/ / qu‘(%yti)ﬁdtlmdtm

1oi=1

_ aitb;
Vi =T

fmof, The proof is obvious. On placing z; =y, = % we get A; = B; = big“i =
2

Remark 2. Taking n =1 in (2.2) gives

b1 b1
(2.26) di / ) £ <t1>dt1=§—jf<a1>+%f<b1>—dil s wan
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and so

by b by
(;le<m;1JJf@ﬂﬁ1;U@O+ﬂmﬂimfanﬁh

the trapezoidal identity involving the first derivative.
If n =2, then from (2.24) and dropping the third to n'* dimensions gives,

A2 é A2 Bl

@) Ra(f) = G gl e+ g oS )
+22 At b+ 22 By
_%2 . d% :l f(t1,a2)dty — % : dll :l f(t1,b2) dty
_‘% . diz azz f(ai,tz)dts — % : d12 C: f (b1, t2) dts

+

1 b1 ba
t1,to) dt1dts.
d2d1/al a2f(1a2) 1602

We now obtain bounds for p,, (a, x, b) as defined in (2.19) for % €L,[I",
1 < p < oo with the usual the Lebesgue norms, where for i : I — R then

bn by %
(2.28) |wu:=</-~/|mwan¢MMumwQ,

1 < p<oo, for heL,[I"],
and
(2.29) |h|l :=ess sup |h(ty,ta,... ty)|, for he Lo [I"].
tefa

Theorem 5. Let the conditions of Theorem 4 persist. Then,

(2.30) Dy, |p, (a,x, b)‘
e o f o f
(1) || ——— I —- S AT
E@(W%wﬁum’ I T
n N oong onf
< - L, I
— (l_HlQl(q)> atn~8t1 p’ atn.6t16 P[ ])
p>1, o+ . =1
- o f of .
Zl;[ld’i Oty -0ty |, atn o, € Ll
where p,, (a,m, b) is as defined by (2.19),
(2.31) (@+1)Qi(a) = A" +BI,

(2.32) 6,

iy
- €T; — il -
9 vy



10

P. CERONE

Proof. From (2.19) and (2.20) we have

(2.33) Pn (a, T, b)‘
e [ [Tt 5L
= n - D, a o i=1Qz Liylg o, ol 1 -
Now, for 81:7 € Lo [I"], then
(9nf bn by | ™
: < -, A, DY . . . ... n
(2 34) |Rn (f)l = Ot,, -+ Oty /an / qu (x“tl) dt, dt
onf
~ llot,---ot, w}—[l/ i (24, t:)| dt;
_ a"f b,
oo OOHIV (& >dtz+/wi (bztl)da}
1 = onf
= A2 4+ B2 ||——L—
2"11[ + } atnatl .

Thus, combining (2.33) and (2.34) gives the first inequality in (2.30).
Further using the Holder inequality for multiple integrals, we have from (2.33)

for 8157

(2.35)

Dy |Ry (f)] <

Here, on using (2.17), we have

/abn"'/ab1 ﬁ%‘ (ziyti)

- H/ s i, 1),

_ (q+1) }:[[Aq+1

eL,[I",1<p< oo,

n

IH tl)

a 7
dty - ~~dtn> .

( / n /b1

q

dty ---dty,

Z; b;
/ (ti —a;)*dt; + / (b; — t;)% dt;
a; €T

i i

1]

B;]+1i|

and so the second inequality in (2.30) holds on utilising (2.33) and noting (2.31).
The final inequality in (2.30) is obtained from (2.34) for atawifatl € Ly [I"] giving
from (2.33)

Dy |Rn (f)] <

n

o f
sup Hq (@i, t;) HM
te|ae] li=t '
sup q; \T; , P ——
Z':H1ti€[ai,b]| o |Hat -0ty 1

H max {A;, B;} H 7(% oL,
i 1
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Noting that

X+Y |[X-Y
LX)

max {X,Y} = 5 5

gives the final result. i

Remark 3. It should be noted that the bounds given on ‘Tn (a, z, b)‘ by (2.8) are

exactly the same bounds as those given by (2.50) for

Pn (a,x, b)‘ . It was shown

by Cerone [6] that the bounds in terms of the Lebesgue norms on |S (f;c, x,d)| and
|T (f;c,z,d)|, as defined in (1.1) and (1.2), are the same. Since the identities for
these two functionals were used as generators for the multidimensional extension,
the equality of the two sets of bounds (2.8) and (2.30) should not come as a great
surprise. Finally we notice, due to convexity of the bounds in (2.30), that the
sharpest bounds occur at r; =v; = %

3. THREE POINT IDENTITIES AND THEIR BOUNDS

For f (-) absolutely continuous, then from (1.8) — (1.9)

b

(31) T(fraan 0) = [ ) £ @) dt
with

t-a t € [a,z]

b _ a7 )
(3.2) r(x,t) =

t—p

A t € (0]
However, it may be noticed that
(3.3) T(fia,a,2,6,0) =T (fra,0,2) + T (f;2,0,b)
and

q(e,t), te€ a7
(3.4) r(z,t) =
Q(ﬁ,t)a tE(l‘,b]

where ¢ (z,t) = =2, ¢,z € [a,b].
Thus we have the identity

(3.5) v, <a,a,x,ﬂ, b>
= P (g,g@g) +p, (g,ﬂ,g)

1 Tn ry M 871'](‘
o T 5 T

1og=1

Lot o f

1 4=1

b by N nf
= /an /a Hri(xivti)mdtl'”dt"

1 =1
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where
ti —
d' 9
ri (Ti, 15 v
(3.6) _—n (dz i) =
i ti — 3
d;
It is important to obtain an identity for the three point rule since the bounds are
tighter than using the bounds of the two trapezoidal rules as this would entail using

t; € [ai,xi]

t; € ($Z,bl]

the triangle inequality. We notice that ¥, <a, a, x, 3, b> in (3.5) is not expressed

explicitly. This may be accomplished by returning to (2.19) or else we may use the
generator methodology utilised to obtain the results in Section 2.
Let f: I™ — R and define the operator

(a)
1)
. 7 = Tyeovsli=1,Q450i415---,0n
(3.7) H; (f) o f (et t t)
)
+ Zi f e, timn, it ..o ty)
Na
+ Cll f(tla~~~7ti—17bi7ti+1a~--7tn),
where,
(38) V'Ea) = Qg — 4y, VE.L) = ﬂz — Oy, Vz('b) = b’L 7/81'? dz - bl — a;.

Then, from (3.1) — (3.2) for f (-) absolutely continuous in the i*! variable t; € [a;, b;]
we have

1 b o) ,
(39) ‘ﬁz (t) = d7/ T (Jii,ti) andtz = (Hz_)\z) (f)7 1= 1,2,...,71.
where H; (f) and A; (f) are as given by (3.7) — (3.8) and (2.2) respectively.
If we now follow the work of the previous section and let ¢(9) = (c1,¢2,.- -, ¢Cn),
where now ¢; = a;,z; or b; in the i*? partition for ¢ = 1,2,...,n. Then oy (C(O)>

which is the set of all such vectors consists of 3" possibilities. Further, let x,, be

ga) or Vgi) or l/;b) are as defined by (3.8) with the
exception that k of the C; = d; and so % =
- J
Further, ¢(®) is a vector taking on fixed values of either a;, z; or b; in the i*" posi-
tion except for k of the positions which are variable, t,. Let M}y be k—dimensional

integral means for f (c(k)) , then the following theorem holds.

as in (2.18) where now, C; = v

Theorem 6. Let f: I — R be absolutely continuous and be such that all partial
derivatives of order one in each of the variables exist. Then

(310)  Ba(f) = Y xf () =D M+ Y oMo
e (=)t ZH Xno1Mn_1 + (=1)" M,
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where

(3.11) xe = J[" &, k=0,1,...,n,

<.

with C; = Vg.a), /) or I/g»b) as defined in (3.8) except for k of the C; = d; giving

J
% =1, My is the k—dimensional integral mean of f (c(k)) and specifically,

1 bn b1
Mn=D—/ / Pty dt, e = (st ).
n Jap ail

Finally, 3, is a sum over all () 3"% terms and By, (f) is as defined in (3.5).
Proof. Similar to that of Theorem 4 except that for each variable ¢; there are now

three possible choices for evaluation of either a;, x;, or b;. |

The following theorem gives bounds for the ¥, (a, a,x, 3, b> as given in either

(3.10) or (3.5).
Theorem 7. Let the conditions of Theorem 6 continue to hold. Then,

(3.12) D, |¥, <a,a,axﬁ, b)l

le[lSz(l)HM oo’ mELw[I],

= 2 n
1 1 _
p>1 5+, =1

ECZ m 1a mELl[IL

is defined by (3.5) or, explicitly, by (3.10),
(3.13) (q+1)Si(q) = (i — an)™ + (s — )™ + (8, — )™ + (b — )",

1 (b, —a a; + x; z; +b;
(314) Cz = 5 { 9 + | — 2 + ﬂi - 2
L I N e 1S
2 2 2
Proof. From (3.10) and (3.5)
(3.15) ’\I/n (ma, z, 3, b) ’
1 b by | 1 nf
= Ba(f) < — [ - iy t) = | dty - - db.
By [ Lot g
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Now, for atL_{%l € Lo [I"] then

(3.16) D, |B, (f)| < Haf Hn Ty ty)| dty - dty,

ot ot

/ n /b1
an

where |||, is defined by (2.29).
Here

n

br by n bs
/ / IIr (@i ta) dtl...dtn:H/ |ri (i, )| dts,
Ay, ail i=1 i=1 ai

where

b;
/ Irs (s, 45)] dts
a;i T B, b;
= / (o —t;) dt; +/ (t: — i) dt; +/ (B; — ti) dt; +/ (t: — B;) dt;

1
= 5 (@i = @) + (@i — ) + (8 — 2" + (b - 8]
Substitution of the above results into (3.16) gives the first inequality in (3.12) with
S; (1) given from (3.13).
Moreover, using the Holder inequality for multiple integrals we have, from (3.15)
for Btf.;.{)tl €L,[I"],1<p<oo,

by | m
.1 D Bn < K3 (20 )
311 DulB ()] < | 5 ahp(/ﬂ [ T i d>
where
b by | m
/ / Hrz xzatz dtl d
n bs
= I/ inetantoras
i=17 0t
= {/ (ai_ti)thi+/ (t; — ;) dt;
i=1 v ai ai
51' bi
+/ (ﬁi—ti)thﬁ/ (ti—ﬁ,»)thi}
_ q+1 et .\ttt __ paatl
_ q+1”}:[1[ + (2 — )™ (B, — )+ (b - 8)) }

Substitution of the above calculations into (3.17) gives the second inequality in
(3.12) with S; (¢q) as given by (3.13).
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. om
Finally, for T_};‘tl € Ly [I"] we have from (3.15)

I e

Hh‘ (i, ti)

i=1

D, |B, (f)] < sup

te[ae]

Oty -+ 0t1

1

n

onf
- H sup Ti(ffivti)HM

i—1 ti€lai,bs]

1

n
= HmaX{ai = ai, @i — o, B — w3, bi — B;}

i=1
Using the result that

_of
ot -0t

1

X+Y X-Y
max {X,Y} = ; +| 5 |

twice produces the final inequality in (3.12). I

Remark 4. The bounds obtained above in Theorem 7 are the product of the bounds
for the one dimensional integral results. These were studied extensively in Cerone
and Dragomir [8]. It should further be noted that the three point results of the
current section recaptures the generalised trapezoidal results of the previous section
if we take o; = B; = x;. In addition, the Ostrowski type results of Cerone [5] are
recaptured if we take o; = a; and B; = b;.

If we take n = 2 then the results of Hanna et al. [18] are recaptured. Chapter
6 by Hanna in [15] treats double integrals while in Chapter 5 of the same book,
Barnett et al. produce related but different results for multiple integrals involving
only evaluation at an interior point.

Finally, we notice that the best choice of the a;, 8; and the x; in (3.12) is at their
respective midpoints, providing the sharpest bound. That is, a; = %, B, = I@T'H"
and x; = %b", i=1,2,...,n.

4. CONCLUDING REMARKS

Perturbed rules using the Chebychev functional as determined by Cerone [5] for
multiple integrals obtained using an Ostrowski functional as a generator can also
be produced here for both the trapezoidal and three point developments. This,
however, will not be pursued further here. The procedure developed in [5] and
extended here may also be used to include higher order formulae involving the
behaviour of higher derivatives for its bounds. Multidimensional results based on
an m branched Peano kernel producing function evaluations at m + 1 points are
also possible using the methodology demonstrated in Section 3 for m = 2.Finally,
weighted rules are also possible using a weighted functional as a generator, however,
this may be restricted to product form weight functions in the multidimensional
result. These will also not be investigated further here.

Acknowledgement 1. The work for this paper was done while the author was on
sabbatical at La Trobe University, Bendigo.
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