ON GENERALISATIONS OF THE HARDY-HILBERT INTEGRAL
INEQUALITY

BICHENG YANG

ABSTRACT. In this paper, by introducing some parameters, we give a new gen-
eralisation of the Hardy-Hilbert inequality with a best constant factor which
involves the S—function. We also consider its more extended form.

1. INTRODUCTION
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where the constant ﬁ is the best possible. (1.1) is well knowk as the Hard-

™

Hilbert inequality. Its integral form is:
If f(t), g(t) >0, and

O</ fP(t)dt < oo, 0</ g7 (t) dt < o0,
0 0

([Toroa)".

The Hardy-Hilbert inequality is important in analysis and its applications (see
[2]). In recent years, some new improvements of (1.1) have been given in [3, 4].
By introducing two parameters o, A (« € R, A € (£,1] (r=p,q)), Yang [5] gave
a generalisation of (1. 2) as:
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(B (u,v) is the B—function), and Kuang [6] gave the same result for « = 0 in (1.3).
For T > 0, and 0 < A < 1, Yang [7] gave generalistions of (1.2) when p = ¢ =2 as:

(1.4) / / demy

s -3 ()
EI)
(1.5) /OOO /000 dexdy

< B (;;‘) {/Oootl—ka (t)dt/oootl_’\gz () dt}é.

In this paper, following the way of [8, 9] in estimating the weight function,
we introduce the S—function, and build some lemmas. As the main result, a new
generalisation with the best constant factor involving the f—function is given, which
is more accurate than (1.3) (see (3.2)). We also consider its more extended form
(see (3.1)).

IN

A e () dt}

=292 (1) dt} (T < ) ;

2. SOME LEMMAS

Lemma 1. Fora <1, A >0, defined g (a,y) as

g(a,y):y“1/0y(1+1u)A (i)adu, y € (0,1].

Then we have g (a,y) > g(a,1) (y € (0,1)).

Proof. Integrating by parts, we have

1 1
a—2 l—a 1
= -y / ——du +y
0 (1+u))‘ (1—&-9))\

1 Y 1

a—2 1—a a—2 1—a —1

y —y -y / ——u %du+y
(1—|—u))‘ 0 (1—|—u)A !

b
(1+y)
Y du < 0 0,1

= —AY Omu u<0 (ye(0,1)).

Then g (a,y) is a strictly decreasing function of y. In view of the fact that g (a,y) is
left continuous as a function of y at y = 1, we have g (a,y) > g(a,1) (0<y<1).
The lemma is thus proved. I

We have a formula of the S—function as (see [8]):

(2.1) B(p,q) = /00" (1 f;)p“dt N Fr(gi(qq)) =B(q,p) (p,ga>0).
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Lemma 2. Ifr > 1, %—l—% =1, A>2—min{r, s}, and a < T < oo, define the
weight function Oy (o, T,r,x) as:

(2.2) cD,\(a,T,r,x)—/T ! <x_o‘>23dy, z € (a,T).

o (+y—20)* \y—a

Setting Oy (a, 00,1,2) = Tlim oy (o, T,r,x), and
— 00

r+A—2 s+A—-2
(23) b = =5 , ).
r s
1 QZA
Or(s) = / ;,\ <1> du,

o (1+wu)” \u
we have
(2.4) Oy (00,7, 7) = ky (r) (z — a)l_A , (z € (a,00));
(2.5) wx (o, T, 7, )

s+A—2
> Vum—emg(i‘j) ](z—m**,@e<mT».
Proof. Setting u = 53:37 we find
= N\
2.6 wy (o, T,r,x) = x—alA/$_a(> du, z € (a,T].
20 aTra=@-0 [T s (] (0.7]
Since
r+A—2 s+A—-2
A= +
r s

and

2—-X 1 r4+A—2

ro r ’

by (2.1) and (2.6), we have

i o (21 (1>2?*
wy (a,00, 1) = (r—a« — | - du
( ) = - ol

= e (TR e oo,

r r

and (2.4) is valid. By (2.6) and (2.4), we have
27) ar(T,rz) = (z—a) ™ [k’)\ (r) —/Oo % (1> ' du]
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For a = @ in Lemma 1, we have a < 1. Since min {r,s} < 2, it follows that
A>2—min{r, s} > 0. By Lemma 1 and (2.3), we find

rT—a 2—XA

e =) TEe e
(52805 = e ()

= O (s) (z€(aT)).

Substituting (2.8) in (2.7), we have (2.5). This proves the lemma. I

Lemma 3. Ifp > 1, %—&—% =1, A > 2 —min{p, g}, %—
and 0 < e < nio, then we have

L 50 (ng€N),

no

1

(2.9) /loo X1 VOX (1—&—1u)/\ <i) B du] dX =0(1) (c—0").

Proof. Since 0 < € < -4, then we have £ < L and
0 q

= ng

o0 1 1\ » ta
o e[ (1)
1 o (14w \u
oo L %-‘r,%
< / X! /X (1> | dx = — 1
1 0o \u {p+>\—2 _ ;}
P

no

Hence (2.9) is valid. The lemma is proved. I

Lemma 4. Ifp > 1, %+%:1, A > 2 —min{p,q}, p"‘pﬁ—
and0<€§ni0, then for «,T € R (a < T), we have

L >0 (ngeN),

no

T o 1 A—245 A—2+0
r—a\ ° y—a a
o [ (=) (120) F
(2.10) o Ja (m+y—2a)>‘ T -« -« Y

(T = a)* ™ Tk (p) (e —0%).
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andY = & we find

_(ya

Proof. Setting X = ( )

A—2446 A—2+¢

T T
1 T— o P ya> 4
2.11 dxd
(211) /a /a (:C—l—y—2a))‘ (T—a) (T—a Y
a)H/ X¥*%/ Ly ey
1 1 (X+Y)

(T—oz)Q_’\/ X-1- 5[ fpdu] dx

L (1+u

A—2 £
/ X-l=e / wa rduldX
0 1+u
1
1—¢ —27—
X « “rdu|dX ;.
0 1—|—u

dX

Since
oo 1 B o0
lim “rd / u T du = Ex (p),
e=0t Jo (1 + u) o (14w
then we find

/000 MuTzdu =kx(p)+o(1) (e—07).

By Lemma 3 and (2.11), we have

T 1 T —« e Y—« =
X dxdy
a Ja (x+y—22)" \T -« T-a

= -t [Tx T ) opax o)

- - L) 4o ) -0 )]
= (T Ll () +o(1) — 20 (1))

(T —a)*? %l@\ (p) (e—07%).

Hence (2.10) is valid, and the lemma is proved. I

3. MAIN RESULTS AND SOME COROLLARIES

Theorem 1. Ifp > 1, %4—% =1, A >2—min{p,q}, a < T < o0, and f(t),
g(t) =0,
T

T
0</ (t—a)' ™ P (1) dt < 0, 0</ (t—a)' " g9 (t)dt < oo,

[e3

then,
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(i) for T < oo, we have

(3.1) // x—l—y Qa oty 20p W
< {/T lm 0~ 0 () (;_‘;)] (t=a) 7 g7 (1 dt};

FA-2 gA-2
kx(p) = B<p 1 )

P q

05 (r) / Ly (r=p,q)
r) = wdu (r=p,q);

g o (1+u)

(ii) for T = oo, we have

(3.2) / / +y 2a —————=dzdy

< m)[/@ (t - a>1Afp()dt}l[/f(t—a)l”gq(t)dt;,

where the constant ky (p) in (3.1) and (3.2) is the best possible.

Proof. For a < T < oo, by Holder’s inequality in R? and (2.2), we have
S ICYION
(3:3) / / oty 20) < dady
/ / < >m 9) <ya)m]dmy
r+y—2a)r (r4y—2a)t \T—a
{/ / :c+y 2a ( ) da;dy}
{/ / x—i—y 2a ( ) dxdy}
o 1 N 5
AL e G20) o)
T 1 y—a) 7 }
X{Z;LA @+y—%ﬁ<w—a> dxg”w@}
T % T %
= {/ (:))\(CY,T,%.%‘)fp(;L‘)dl'} {/ @x (o, T, p,y) g7 (y )dy} .
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If (3.3) takes equality, then there exists constants A, B > 0 such that (see [10])

4 P () (sc—a>2qA
(z+y—2a))‘ y—«a
= B 9' ) g %aein [a, T) x [e, T)
a (z+y—2a) \7—a - 7 T
It follows that
(z— ) P (2) = % (y—a)* g% (y) for ae. in [, T) x [, T),

and

(z—a)> P (2) = % (y—a)* g% (y) =c forae. in [a,T) x [o,T),

where c is a constant; which contradicts the fact that

T
0 </ (t—a)" ™ P (t) dt < co.

Hence, by (3.3), we have

(3.4) // Hy 2a T@9W) 44,
< {/a @y (o, T, q,t) f¥ (t) dt };{/{jm(a,T,pat)gq(t)dt}é-

By (2.5) and (2. 4) since ky (q) = kx (p) , we have (3.1) and (3.2).
For 0 < e < L, setting f. (z) and g. (y) as

7,,17

A—2+¢€ A—2+4¢

Fa=(322) 7 eetmlawm=(32) "L ve,

T—«

By Lemma 4, we have

[ [ EEB i -ty o)

If there exist o, T € R (a < T)7 such that the constant ky (p) in (3.1) is not the
best possible, then there exists K (0 < K < ky (p)), such that (3.1) is valid when

we change k) (p) to K. We find

2-a 1 -
o e [ s

/T<t—a>1Aff(t)dtH/Ta—a)l X <>dt]q

= K(Tfoz)g_)‘é (e—0%).

< K
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Hence we have k) (p) < K, which contradicts the fact that K < ky (p) . It follows
that ky (p) in (3.1) is the best possible.

If there exists an o € R, such that the constant ky (p) in (3.2) is not best possible,
then there exists k (0 < k < kx (p)) , such that

U f(=2)gy)
(3.5) /a/a mdmdy

< k [/:o (t—a)“fp(t)dtr Uj(t—a)“gqu)dt "

For any f, g which are suitable to (3.1), setting f (¢t) = g (¢) =0, for t € (T, o0), by
(3.5), we still have

T f@el)
/a /a (x+y—2a)’\d dy
T [T 3
< kl/ (t—a)l_kf”(t)dt] V (t—a)l_’\gq(t)dt] .

This contradicts the fact that ky (p) is the best possible in (3.1). Hence the constant
kx (p) in (3.2) is the best possible. The theorem is thus proved. I

For A =1,2,3, we have A > 2—min {p, ¢} (p > 1,
we find

1,1 _ —
Z)JFE = 1). Hence for r—p, q,

L1 /1\7 1o
0 = — d du=1n2
1(r) /0 1+u<u) u>/0 1+uu ne

no = 5(5)-—

| 1
92(7‘)2/0 mduzi, ko (p) =B (1,1) = 1;

haw ()

ks (p) = 1B<1 1):@—1”,

2pq q’'p 2p? sin (%)

>
w
—
=
=
|

By Theorem 1, the following corollaries hold.
Corollary 1. Ifp>1, %Jr%:l, A=1, a<T <00, and

T T
0</ fP(t)dt < oo, 0</ g7 (t) dt < o0,
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then we have

(3.6) / / :r+y72adxdy
(il
« {/; Linzﬂ)_m(;_i)é] gq(t)dt}q (T < 00):

=

(3.7) //x+y2adxdy<smw </ F7(t dt) (/:ogq(t)dt>

where the constant gimﬁ(ﬂ) in (3.6) and (3.7) is the best possible.

Corollary 2. pr>1,% %—1 A=2, a<T <o, and f(t),g(t) >0,

T 1 T
0</ —f”(t)dt<oo70</
o t—« «

then we have

(3.9) /a ' /a ! mdmy |
A3 roal

AL e wes

(3.9) /a h /a h (f(x)g()d:vdy

T4y —2a)°
<{/
o U

—— g7 (t) dt < 0,
a9 00

Q=

1
1 B >~ 1
P(t)dt 9(t) dt
—rwa { [T 2o oaf
where the constant 1 in (3.8) and (3.9) is the best possible.
Corollary 3. If p > 1, %—l—%zl, A=3,a<T <oo, and f(t),g(t) >0,

T

| 1
0</a (t_a)3fp(t)dt<oo, 0</a i—o) g?

397 (1) dt < oo,

Q=

b
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then we have

(3.10) /aT /QT m .
[ o-vr 1ft-ay] 1 1]
) {/ Lppsn()8<T—a) ](ta)gf (t)dt}
™ p-1m 1/ t—a\'ts ) q
X {/a Lpfsin (%) 8 (T—a) ] mg (t)dt}

e f@)gly)
(3.11) /a /a mdzdy

Q=

Q=

1 1
p—Dr [~ 1 Pl
el | prof)dt] [/ qu@)dt] ,
2p? sin (%) a (t—a) o (t—a)
where the constant % in (3.10) and (3.11) is the best possible.
Since k) (2) = B(%,%), 0x(2) = %B (%,%), and A > 2 —min{2,2} = 0, we
have:

Corollary 4. If p=q=2, A>0,a <T < o0, and f (t),g(t) >0,

<

T T
0</‘@fafdf%ﬂﬁ<a%0</i@fafﬂg%ﬂﬁ<a%

then we have

(3.12) /T /T P F@)gy) ~dady

T +y—2a)
SIS

@—afAf@M*QJT<wﬁ

[N

](t—CUIAfzﬁ)dt}z

sy [ [ (f(x)g(y)d:cdy

T S

where the constant B (%, %) in (3.12) and (5.13) is the best possible.
Remark 1. (1)
(a) Since the constant ky (p) (A > 2 —min{p, q}) in (3.2) is the best possible,
it follows that (8.2) is more accurate an estimate than (1.3).
(b) For ao = 0, inequality (3.7) changes to (1.2), hence inequalities (3.7) and
(3.2) are new generalisations of (1.2).

|
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(¢) where T — o0, (3.1) changes to (3.2), and inequality (3.1) is thus a more
extended form of (3.2).

(d) Inequalities (3.13) and (3.12) are new generalisations of Hilbert’s integral
inequality, and are new improvements of (1.5) and (1.4).
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