THE STRENGTHENED HARDY INEQUALITIES
AND ITS NEW GENERALIZATIONS
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ABSTRACT. In this article, using the properties of power mean, new generalizations
of the strengthened Hardy Inequalities are proved.

1. INTRODUCTION

It is well known that the following Hardy’s Inequality (see [4, Theorem 326]):
if p>1anda, >0, then

(1.1) Z<a1+a2:...+an>p<(ﬁ)pzafw

unless all the a are zero. The constant is the best possible.

This theorem was discovered in the course of attempts to simplify the proofs then
known of Hilbert’s double series theorems (see [4, Theorem 315]). Hilbert’s double
series theorem was completed by the above inequality. This inequality was first
proved by Hardy [3], except that Hardy was unable to fit the constant in inequality
(1.1). If in inequality (1.1) we write a,, for a®, we obtain

1/p 1/p 1/p
ay’” Fay" A an NP P \P
(12) Z( 1 2 ) < (]:) Zan.

n

If we make p — oo, and use the elementary mean values

p (3 5at)" = (TT) ™

1=1
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we obtain
o0 o0
E (CL1CL2"'CLn>1/n <e E Qn,
n=1 n=1

and this suggests the more complete theorem which follow;

(1.3) Z(alag---an)l/” < eZan,
n=1 n=1

unless (ay) is null. The constant is the best possible.

The inequality given in (1.3) which later went by the name of Carleman’s in-
equality, led to a great many papers dealing with alternative proofs, various gen-
eralizations, and numerous variants and applications in analysis. It is natural to
attempt to prove the complete inequality by means of following

(1.4) (ﬁ ai)l/n -y %a
=1 =1

unless all the a; are equal. But a direct application of inequality (1.4) to the left-
hand side of the inequality (1.2) is insufficient. To remedy this, we apply inequality
(1.4) not to ay,ag, ...,a, but to ciay, czas9, ..., cra,, and choose the ¢ so that when
> a, is near the boundary of convergence, these numbers shall be ‘roughly equal’.
This requires that ¢, shall be roughly of the order of n.

By Hardy (see, [4, Theorem 349]), the Carleman’s inequality was generalized as
follows:

Ifa, >0, >0, Ay =>" _An(n€N) and 0 < >0 Apay, < 00, then

(1.5) Z)\ attay? - a)m) VA < eZAnan.

n=1

Recently, Z. Xie and Y. Zhong [7] gave an improvement of the inequality (1.5) as
follows: If ap, > 0,0 < Api1 < Apy Ay =D 1 A€ N) and 0 < 307 Apay, <
o0, then

1. N 1022 ...¢4 1/An ( —) Q.
(1.6) gxﬂ(al ) <ez T Ant
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Most recently, Z. Yang [11] obtained the strengthened Carleman’s inequality as
follows: If a, >0, n=1,2,..., and 0 < Y ", a, < co. Then

E : aias - 1/n

1 1 1
(1.7) <62;O"_m1+n)_2qr+m2_4&1+nﬁ)%”

It is immediate from the proof of inequality (1.6) and the inequality (1.7) that
we can deduce the following new strengthened Hardy’s inequality:

[e e}
> Ansi(aytag®---aym )t

(1.8)

2 A2
<e§:< A-+A) MAR+ARF__4&An+AnP)Mﬂ"

But we know that the inequality (1.8) is a better improvement of the inequality
(1.6), as a result of following

A A2 A3 62,
(s <O )
2(An + M) 24(An + A0)2  A8(A, + A )? 127, + 11\,
for A, /A, > 1.

The purpose of this paper is to prove new extension of the strengthened Hardy’s
inequality in the spirit of the strict monotonicity of the power mean of n distinct
positive numbers.

For any positive values a1, az, .. ., a, and positive weights aq, g ..., o, > o 4
=1, and any real p # 0, we defined the power mean, or the mean of order p of the
value a with weights o by

" 2\ 1P
Mp(a;a):Mp(al,ag,...,an;al,ag...,an):(Zam» .
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An easy application of L’Hospital’s rule shows that

n

. o o
lim M, (a; o) = | | a;”,
p—0 —

1=

the geometric mean. Accordingly, we define My(a; ) =[]}, a;'". It is well known
that My(a;a) is a nondecreasing function of p for —oco < p < oo, and is strictly

increasing unless all the a; are equal (cf. [1]).

2. STRENGTHENED HARDY’S INEQUALITIES

The main results of this paper are presented as follows:

Lemma 2.1 [7]. Let x > 1, then we have the following inequality:

(2.1) -

12x+11( 1)15 14:c+12< 1>1‘

— <
122 + 5 x 14z + 5 x

We can deduce the following improvement results of the inequality (1.6):

Theorem 2.2. Let 0 < A\py1 < A, Ay = D0 An(Ay, > 1), ay > 0(n € N),
0<p<land0< " Aa, <oo. Then

0o
> Anri(aytay?---apm)th
n=1

(2.2)
s 6An P e (1-p)/p
- %;<1 N m> An(an)" A, 1(}; )‘k(ckak)p> :

where 02" = (Apy1) (A1,

Proof. By the power mean inequality, we have

" 1/p
altal .. alh < (Z qm(am)p> ’
1

for o, > 0, p > 0 and ¢, > O(m = 1,2,...,n) with > _ ¢n = 1. Setting
cm > 0,ap, = ¢papy, and ¢, = A /A, we obtain

A1/A A2/A An/A 1 < 1/p
(Clal) 1 n(CQCLQ) 2/ An '“(Cnan) n/NAn S <_ Z /\m(cmam)p) .

" m=1
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Using the above inequality, we have

A1 )\2 An\1/An
§ Anpi(artay? - apm)Y

By using the following inequality (see [2], [6]),

(Sa) s ()

m=1

where ¢ > 1 is constant and z,, > 0(m =1,2,---), it is easy to observe that

(5, 25 ptewanr) ™

(2.4) < %(i )\m(cmam)p)l/ ’

n

< p}\ zn: A (Cmm )P (in: Ak(ckak)pyl—p)/p
" m=1 k=1

for A, > 1 and 0 < p < 1. Then, by (2.3) and (2.4), we obtain

A An\1/AL
}jml - ad)V

1St $ () (o)

Choosing ¢}'¢5? --- e} = (Ap1)™  (n € N) and setting Ag = 0, from A\,4; <

An, it follows that

Cp = [M] L/ 2n _ (1 n )\n+1>Aﬂ/>\n
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This implies that

f:)‘nJrl ay'ay? --a;}Ln)l/l\n

n=1

_ %;Am(cmam)pg(i B ;1) (i Ma(cran) >(1p>/p

_ %;A Ematim)P (Z Au(nan) ><1p>/p

< %72(1 + Am}/\m)pAm/MAm(am)pAfn_l (g; )\k(ckak)P>(1_p)/p.

Hence, by the above inequality and Lemma 2.1, we have

o
Z Ans1(agtaz® - -apm) /A

n

> (1-p)/
- %Z<1 - 12An6in1un>pA”(““)pA5_1<Z ’\’“(C’“a’f)p> .

n=1 k=1
Thus Theorem 2.2 is proved.

Setting p = 1 in Theorem 2.2, then, form inequality (2.2) we have the inequality
(1.6). Also assuming that A, = 1 in the Theorem, we have an extension of the
strengthened Carleman’s inequality as following:

Corollary 2.3. Leta, >0ne N),0<p<1land0<) >~ a, <oo. Then

Z(a1a2...an)1/n
n=1
eP 6 p " (1-p)/p
i 1— —) )P p—l( p) )
< Z( on 11/ (@) D _(exar)

n=1 k=1
where ¢, = (1 + 1/k)*

Similarly to Theorem 2.2, we can consider a generalization version of the in-
equality (1.8) as following theorem:
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Theorem 2.4. Let 0 < A\py1 < Ay Ay =50 Ay an, >0(n e N),0<p<1

m=1
and 0 < Y07 Apa, < co. Then
S (ol
€ o A2 A2 P
2.5 — n _ n
29) z@( 2(Arn +A ) 24(A, + \)? 48(An+)\n)3>

> )\n(an)pAZ—l (i Ak (Ckak)p> (I—P)/P.
k=1

The proof is almost the same as in proving Theorem 2.2. We here only need to
note that

(1+2) <<~ 5 : )
p— 6 — p— p—
x 214+2) 2(14+2)2 2(1+2x)3
for > 0, which proved in [11, Lemma 1].

Corollary 2.5. Leta, >0neN),0<p<1land0<) > a, <oco. Then

eP 1 1 1 P
= FZO_ 21+ n) 24(1+n)2 48(1+n)3>

(1-p)/p
p) _

where ¢, = (1 + 1/k)*

Lemma 2.6. If a1,az,...,a, >0 and oq, s ... 0, > 0 with >, a; = 1, then
we have the following inequality:

(1) = (o)™

for 0 < k,p with the equality holding if and only if all a; are same.

Note that Lemma 2.6 is easily deduced form the fact that M, (a; @) is a continuous
strictly increasing function of p.

Now, we are ready to introduce the following new general strengthened Hardy’s
inequality.
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Theorem 2.7. Let 0 < A\py1 < Ay Ay =5 0 An(Ap, > 1), a, > 0(n € N) and

m=1

0< > Anlay)t <oo for0<p<t<oo. Then

tep/t i(l_ 6\, )p/t
P 127, + 11\,

Z)‘n+1 aytay? - --apm) i <

i (t—p)/
(2.6) X )\n(an)p/\%p_t)/t <Z )\kckak> : p.

k=1

Proof. The proof is almost the same as in Theorem 2.2. By Lemma 2.6, we have
a1 ,.4q t - t/p
(af'af i) < (Y amlam)) . pt20,

where a,,, > 0 and ¢, > 0(m = 1,2,...,n) with >."" _, ¢, = 1. Setting ¢,, >
0, & = Cma, and g, = Ay /A, we obtain

n

Z Am (cmam)p> t/p.

m=1

1
(e1a0) /A (eaaz) /M (e /M) < (-

Using the above inequality, we have

Z Ant1( al a2 .. .a;\ln)t/An
3 - t/p
(2.7) Z[ ‘ ”+1 e } (Z N >

for A,, > 1 and ¢t > p. By using the following inequality (see [2], [6]),

(i zm>t < tmizlzm (ézk>t1,

m=1

where ¢ > 1 is constant and z,, > 0(m =1,2,---), it is easy to observe that

(2.8) (i )\m(cmam)p)t/ Y < ]fj 3 A(man)” (i )\k(ckak)p) o
m=1 m=1 k=1
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for A,, > 1 and ¢t > p. Then, by (2.7) and (2.8), we obtain

00 1
2 : 1,2 t An ntl

)\n—i—l(al 2 / <Z|: ‘_.Ckn)t/An:|A
n=1 " !

Cl Cz

|+

n

(t—p)/p
(29) X cmam <Z)\k ckak > .

m=1

Choosing ¢}'¢5? - - - e} = (Ap41)*/t  (n € N) and setting Ag = 0, from \,,; <
An, We have

n= [ = (1 )

< (H/ATTL)A VA

This implies that

o
Z )‘n-i-l(all §\2 e G?L")t/A”

< Z{( m/)\ )’”/Am}p/tAmwm)pA(p‘““(éxk(ckam)

Hence, by the above inequality and Lemma 2.1, we have

L de L e/ (1— m )
nE— )\n—i—l(al ay an") < p m,z—l 12A,, + 11X\,

X A (@ )PAED/E (Z Ak (crak)?
=1

(t=p)/p

)(t—p)/p

Thus the inequality (2.6) is proved.

Remark. Setting ¢ = 1 in Theorem 2.7, then from (2.6), we obtain the inequality
(2.2) in Theorem 2.2. Hence the inequality (2.6) is a new generalization of Hardy’s
inequality.

Moreover, we can consider a generalization version of the inequality (2.5) as
following theorem:
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Theorem 2.8. Let 0 < A\py1 < Ay, Ay =5 0 An(Ap > 1), a, > 0(n € N) and

m=1

0< > Anlan)t < oo for 0 <p<t<oo. Then

)
> hwpaladral i)
n=1

tep/t A A2 A3 p/t
(e T W)
p 2(A, + An)  24(A, +X0)2 48(A, 4+ N3

n=1

X A (@ )PAPD/E (Z )\kckak>
k=1

(t=p)/p

Proof. The proof is similar to the proof of theorem 2.7.

Also assuming that A, = 1 in the Theorem 2.7 and Theorem 2.8, we have further
extension of the strengthened Carleman’s inequality as following:

Corollary 2.9. Leta, >0neN),0<p<1land0<) -, a, <oo. Then

i(awz e an)t/"
n=1
te;/t i(l a 12n6+ 11>p/t(a">p”(pt)/t (i(ck“k)p> o
n=1 k=1

where ¢ = (1 + 1/k)* - k.

Corollary 2.10. Leta, >0neN),0<p<1and0<> 7 a, <oo. Then

Z(alaQ PPN an)t/n
n=1
ter/! i(l 1 1 1 >p/t
p = 21+n) 24(1+4n)?2 48(1+n)3
. (t—p)/p
> (an)pn(p—t)/t (Z(Ckak)p> )

k=1

where ¢ = (1 + 1/k)* - k.
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