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Abstract. A refinement of Jensen’s discrete inequality and applications for

the celebrated Arithmetic Mean – Geometric Mean – Harmonc Mean inequality
and Cauchy-Schwartz-Bunikowski inequality are pointed out.

1. Introduction

The following inequality is well known in literature as Jensen’s inequality:

(1.1) f

(
1

Pn

n∑
i=1

pixi

)
≤ 1

Pn

n∑
i=1

pif (xi) ,

provided f : [a, b] → R is a convex function on [a, b] , xi ∈ [a, b] , and pi ≥ 0 with
Pn :=

∑n
i=1 pi > 0.

Its central role in Analytic Inequality Theory is determined by the fact that
many other fundamental results such as: the Arithmetic Mean – Geometric Mean
– Harmonic Mean inequality, or the Hölder and Minkowski inequalities, or even the
Ky Fan inequality may be obtained from Jensen’s inequality by appropriate choices
of the function f.

There is an extensive literature devoted to Jensen’s inequality concerning differ-
ent generalizations, refinements, counterparts and converse results, see, for example
[1] – [21].

The main aim of this paper is to point out a new refinement of this classical
result. Two applications in connection with the celebrated A − G − H−means
inequality and the Cauchy-Buniakowski-Schwartz inequality are mentioned as well.

2. A Refinement of Jensen’s Inequality

The following refinement of Jensen’s inequality holds.
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Theorem 1. Let f : [a, b] → R be a differentiable convex function on (a, b) and
xi ∈ (a, b) , pi ≥ 0 with Pn :=

∑n
i=1 pi > 0. Then one has the inequality

(2.1)
1

Pn

n∑
i=1

pif (xi)− f

(
1

Pn

n∑
i=1

pixi

)

≥

∣∣∣∣∣∣ 1
Pn

n∑
i=1

pi

∣∣∣∣∣∣f (xi)− f

 1
Pn

n∑
j=1

pjxj

∣∣∣∣∣∣
−

∣∣∣∣∣∣f ′
 1

Pn

n∑
j=1

pjxj

∣∣∣∣∣∣ · 1
Pn

n∑
i=1

pi

∣∣∣∣∣∣xi −
1

Pn

n∑
j=1

pjxj

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ 0.

Proof. Since f is differentiable convex on (a, b) , then for each x, y ∈ (a, b), one has
the inequality

(2.2) f (x)− f (y) ≥ (x− y) f ′ (y) .

Using the properties of the modulus, we have

f (x)− f (y)− (x− y) f ′ (y) = |f (x)− f (y)− (x− y) f ′ (y)|(2.3)

≥ ||f (x)− f (y)| − |x− y| |f ′ (y)||

for each x, y ∈ (a, b) .
If we choose y = 1

Pn

∑n
j=1 pjxj and x = xi, i ∈ {1, . . . , n} , then we have

(2.4) f (xi)− f

 1
Pn

n∑
j=1

pjxj

−

xi −
1

Pn

n∑
j=1

pjxj

 f ′

 1
Pn

n∑
j=1

pjxj


≥

∣∣∣∣∣∣
∣∣∣∣∣∣f (xi)− f

 1
Pn

n∑
j=1

pjxj

∣∣∣∣∣∣−
∣∣∣∣∣∣xi −

1
Pn

n∑
j=1

pjxj

∣∣∣∣∣∣
∣∣∣∣∣∣f ′
 1

Pn

n∑
j=1

pjxj

∣∣∣∣∣∣
∣∣∣∣∣∣

for any i ∈ {1, . . . , n} .
If we multiply (2.4) by pi ≥ 0, sum over i from 1 to n, and divide by Pn > 0, we

deduce

1
Pn

n∑
i=1

pif (xi)− f

 1
Pn

n∑
j=1

pjxj


− 1

Pn

n∑
i=1

pi

xi −
1

Pn

n∑
j=1

pjxj

 f ′

 1
Pn

n∑
j=1

pjxj
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≥ 1
Pn

n∑
i=1

pi

∣∣∣∣∣∣
∣∣∣∣∣∣f (xi)− f

 1
Pn

n∑
j=1

pjxj

∣∣∣∣∣∣−
∣∣∣∣∣∣xi −

1
Pn

n∑
j=1

pjxj

∣∣∣∣∣∣
∣∣∣∣∣∣f ′
 1

Pn

n∑
j=1

pjxj

∣∣∣∣∣∣
∣∣∣∣∣∣

≥

∣∣∣∣∣∣ 1
Pn

n∑
i=1

pi

∣∣∣∣∣∣f (xi)− f

 1
Pn

n∑
j=1

pjxj

∣∣∣∣∣∣
− 1

Pn

n∑
i=1

pi

∣∣∣∣∣∣xi −
1

Pn

n∑
j=1

pjxj

∣∣∣∣∣∣ ·
∣∣∣∣∣∣f ′
 1

Pn

n∑
j=1

pjxj

∣∣∣∣∣∣
∣∣∣∣∣∣ .

Since

1
Pn

n∑
i=1

pi

xi −
1

Pn

n∑
j=1

pjxj

 = 0,

the inequality (2.1) is proved.

In particular, we have the following result for unweighted means.
Corollary 1. With the above assumptions for f and xi, one has the inequality

(2.5)
f (x1) + · · ·+ f (xn)

n
− f

(
x1 + · · ·+ xn

n

)
≥

∣∣∣∣∣ 1n
n∑

i=1

∣∣∣∣xi − f

(
x1 + · · ·+ xn

n

)∣∣∣∣
−
∣∣∣∣f ′(x1 + · · ·+ xn

n

)∣∣∣∣ · 1
n

n∑
i=1

∣∣∣∣∣∣xi −
1
n

n∑
j=1

xj

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ 0.

Remark 1. Similar integral inequalities may be stated as well. We omit the details.

3. A Refinement of A.−G.−H. Inequality

For a positive n-tuple x̄ = (x1, . . . , xn) and p̄ = (p1, . . . , pn) with pi ≥ 0 and∑n
i=1 pi =: Pn > 0, define

An (p̄, x̄) :=
1

Pn

n∑
i=1

pixi (the weighted arithmetic mean),

Gn (p̄, x̄) :=

(
n∏

i=1

xpi

i

) 1
Pn

(the weighted geometric mean),

Hn (p̄, x̄) :=
Pn∑n
i=1

pi

xi

=
[
An

(
p̄,

1
x̄

)]−1

(the weighted harmonic mean).

The following inequality

(3.1) An (p̄, x̄) ≥ Gn (p̄, x̄) ≥ Hn (p̄, x̄)

is well known in the literature as the Arithmetic Mean – Geometric Mean – Har-
monic Mean (A−G−H)-means inequality.

Using Theorem 1, we may improve this result as follows.
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Proposition 1. Suppose that x̄, p̄ are as above. Then we have the inequality

(3.2)
An (p̄, x̄)
Gn (p̄, x̄)

≥ exp
[∣∣∣∣An

(
p̄,

∣∣∣∣ln( x̄

An (p̄, x̄)

)∣∣∣∣)−An

(
p̄,

∣∣∣∣x−An (p̄, x̄)
An (p̄, x̄)

∣∣∣∣)∣∣∣∣] ≥ 1,

where for a function h, we denote h (x̄) := (h (x1) , . . . , h (xn)) .

Proof. Applying the inequality (2.1) for f (x) = − lnx, we get

ln
[
An (p̄, x̄)
Gn (p̄, x̄)

]
≥

∣∣∣∣∣ 1
Pn

n∑
i=1

pi

∣∣∣∣ln( xi

An (p, x)

)∣∣∣∣−A−1
n (p, x) · 1

Pn

n∑
i=1

pi |xi −An (p, x)|

∣∣∣∣∣ ≥ 0,

from where we get the desired inequality (3.2).

The following proposition also holds.

Proposition 2. Suppose that x̄, p̄ are as above. Then we have the inequality:

Gn (p̄, x̄)
Hn (p̄, x̄)

(3.3)

≥ exp
[∣∣∣∣An

(
p̄,

∣∣∣∣ln(Hn (p̄, x̄)
x̄

)∣∣∣∣)−An

(
p̄,

∣∣∣∣Hn (p̄, x̄)− x̄

x̄

∣∣∣∣)∣∣∣∣] ≥ 1,

Proof. Follows by Proposition 1 on choosing 1
x̄ instead of x̄.

4. A Refinement of Cauchy-Buniakowski-Schwartz’s Inequality

The following inequality is well known in the literature as the Cauchy-Buniakowski-
Schwartz inequality:

(4.1)
n∑

i=1

a2
i

n∑
i=1

b2
i ≥

(
n∑

i=1

aibi

)2

,

for any ai, bi ∈ R (i ∈ {1, . . . , n}) .
The following refinement of (4.1) holds.

Proposition 3. If ai, bi ∈ R, i ∈ {1, . . . , n} , then one has the inequality;

(4.2)
n∑

i=1

a2
i

n∑
i=1

b2
i −

(
n∑

i=1

aibi

)2

≥ 1∑n
i=1 b2

i

∣∣∣∣∣
n∑

i=1

∣∣∣∣∣
∣∣∣∣∣ a2

i b2
i(∑n

j=1 ajbj

)2 (∑n
j=1 b2

j

)2

∣∣∣∣∣
∣∣∣∣∣

−2

∣∣∣∣∣
n∑

k=1

akbk

∣∣∣∣∣ ·
n∑

i=1

|bi|

∣∣∣∣∣∣
n∑

j=1

bj

∣∣∣∣ ai bi

aj bj

∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ 0.
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Proof. If we apply Theorem 1 for f (x) = x2, we get

(4.3)
1

Pn

n∑
i=1

pix
2
i −

(
1

Pn

n∑
i=1

pixi

)2

≥

∣∣∣∣∣∣∣
1

Pn

n∑
i=1

pi

∣∣∣∣∣∣∣x2
i −

 1
Pn

n∑
j=1

pjxj

2
∣∣∣∣∣∣∣

− 2

∣∣∣∣∣ 1
Pn

n∑
k=1

pkxk

∣∣∣∣∣ · 1
Pn

n∑
i=1

pi

∣∣∣∣∣∣xi −
1

Pn

n∑
j=1

pjxj

∣∣∣∣∣∣
∣∣∣∣∣∣ ≥ 0.

If in (4.3), we choose pi = b2
i , xi = ai

bi
, i ∈ {1, . . . , n} , we get

(4.4)
∑n

i=1 a2
i∑n

i=1 b2
i

−
(
∑n

i=1 aibi)
2

(
∑n

i=1 b2
i )

2 ≥

∣∣∣∣∣∣ 1∑n
i=1 b2

i

n∑
i=1

b2
i ·

∣∣∣∣∣∣a
2
i

b2
i

−

(∑n
j=1 ajbj∑n
j=1 b2

j

)2
∣∣∣∣∣∣

−2
∣∣∣∣∑n

k=1 akbk∑n
i=1 b2

i

∣∣∣∣ ·
∑n

i=1 b2
i

∣∣∣ai

bi
−
∑n

j=1 ajbj

/∑n
j=1 b2

j

∣∣∣∑n
i=1 b2

i

∣∣∣∣∣∣ ,
which is clearly equivalent to (4.2).
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[6] P.M. VASIĆ and Ž. MIJAJLOVIĆ, On an index set function connected with Jensen inequality,

Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz., No. 544–576 (1976), 110-112.
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