ESTIMATION OF RELATIVE ENTROPY USING NOVEL
TAYLOR-LIKE REPRESENTATIONS

P. CERONE

ABSTRACT. Sharp bounds are obtained for perturbed generalised Taylor series.
The perturbation involves the arithmetic sum of the upper and lower bounds
of the (n 4 1)t derivative. The sharpest bound is in terms of the one norm of
the Appell polynomial which constitutes the coefficients of the derivative of the
function to be approximated. The results are demonstrated for the estimation
of the Kullback-Leibler distance, Shannon entropy and mutual information.

1. INTRODUCTION

A number of authors have recently obtained generalisations of the traditional
Taylor series expansion of a function f(x) about a point a assuming sufficient
differentiability. A Taylor series representation is a fundamental mechanism for
estimation in problems arising in many industrial applications. Estimates of bounds
on the remainder have also been procured.

In the current article a novel Taylor-like representation is developed and is used to
estimate the Kullback-Leibler distance, Shannon entropy and mututal information.
These are of importance in general information theory and, in particular, coding
theory.

Before proceeding further with more generalisations, let us introduce some no-
tation. We shall term polynomials of degree k, W), as Appell type and say Wy, € A
if they satisfy the condition

(1.1) Wi =Wt (t), Wo(t)=1, teR.

These are so named since Appell studied with &, = k in 1880 (see [I]).
Polynomials satisfying with £, = 1 have been termed harmonic polynomials
in Matié¢ et al. [I1], however a simple scaling will demonstrate that these are Appell.

The following results were obtained by Mati¢ et al. [I1] where P, (t) satisfy
with £, = 1.

Theorem 1. Let {P,} be a sequence of polynomials, that satisfy

neN
(1.2) P (t)=P,_1(t), h(t)=1,teR, neN, n>1.

Further, let I C R be a closed interval and a € 1. If f : I — R is any function such
that for some n € N, £ is absolutely continuous, then for any x € I

(1.3) f(x) =Tu(f;0,2) + Rn (f; 0, 2)
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where

(L4 Tu(fie2) = f @+ (D" [A@) [P @) = Pe(a) 1 (a)]
k=1

(1.5) R, (f;a,z) = (—1)" /x P, (t) £ (1) dt.

They also pointed out the following bounds for the remainder R, (f;a,x).

Corollary 1. With the above assumptions of Theorem[], the following estimations
hold. Namely for x > a,

(1.6)  [Bn(f;a,2)|
1 Pallog 4V, provided  fO+1) € Ly [a, 2],

< APl £V, provided  fUHV € Ly fa,a], p> 1,

1Pally [ f 1 provided  fCFD) € Lo [a, 2],

where x > a and |||, (1 < s < 00) are the usual s—Lebesgue norms. That is,

lal, = (/ . <t>|3dt)i, s € [1,00)

and
9]l := ess sup |g(t)].
tela,x
Let
(1.7) povy = L0y et (1= N, Ae0,1],

n!

represent polynomials involving; a convex combination of the end points. Although

the methodology is applicable for general Appell type polynomials such as Euler

and Bernoulli, only the above set will be considered in detail here. We should note

that the dependence of the polynomials in |-i on x is not shown explicitly.
With the polynomials (1.7] . ) then from nd .

(18) T (f;a,z)
n k
= o)+ 30 (- Tk g0 ) 4 (1 (- ) 59 ()]
k=1
and the remainder
("

(19) R (fran) = S [e—o oy im0 ae,

a

9()\) :)\a+(1f/\)x Aeo,1],
The above expression was obtained by Mati¢ et al. [I1] only for the
-D

equivalent of A =0 and = in
Cerone and Dragomlr [4] obtained the followmg theorem Wthh follows directly

from Corollarywith P> (t) as given by (1.7) and, using and .
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Theorem 2. Assume that f is as in Theorem[I] with x > a, then we have
(1.10) |f (x) = T3> (f;a,2)|

= [RY (fia,7)]
he— 0" (b= 3 ), o £ € Lol

n+i n n 7 n
m(x—a) T {(1—>\) EARTY QH}q | £¢ H)Hp

IN

if f(”“)ELp[a,x}, p>1, =+ ==1;

D=
Q=

by (= @)™ [ =2 ey

if fY € Lo [a,2].

1
It was also noted that since by (\) = [+ [A = 4|]", ha (\) = [(1 — )t \natL

and hs () = (1 —A)""" + A"*! are convex and symmetric about 1, then

. 1 .
Aér[gle] hi (A\) = h; (2> , 1=1,2,3.
Hence the best inequality possible in the class, in the sense of providing the tightest
bound is obtained from taking A = 1.

Taking A = 0 in produces the classical Taylor series expansion in terms
of the L, [a,z], p > 1, Lebesgue norms for the bounds (see for example, Dragomir
8)).

Recently in [7] Dragomir introduced a perturbed Taylor’s formula using the
Griiss inequality for the Cebysev functional. Mati¢ et al. [T1] obtained generalised
Taylor’s formulae involving expansions in terms of general polynomials satisfying
producing in particular Theoremand Corollaryabove. They also examined
perturbed versions of , namely

(L11)  f(z) =T (f;a,2)
+ (_1)" [Pn+1 (l‘) - P’ﬂ+1 (a’>] |:f(n)7 a,fﬁl + Pn <f7 a, Z‘) y

where

(n) _ f(n)
(1.12) {f("); a, x} = / (32 _ic (a), the divided difference,
(1.13) P (fra,x) is the remainder.

Dragomir [7] developed an estimate of the remainder using the Griiss inequality

for P, (t) = (t:ﬁ)n, Matié et al. [II] used a premature or pre-Griiss argument to

procure bounds on p;% (f;a,z), pé (f;a,z). Dragomir [§] obtained tighter bounds
for the same polynomial generators of the perturbed Taylor series for f(**+1 ¢
Lo (I) with z,a € I C R. In the paper [4], Cerone and Dragomir procured bounds
on p, (f;a,x) in terms of A—seminorms resulting from the Cebysev functional and
Korkine’s identity.
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In [7], S.S. Dragomir seems to be the first author to introduce the perturbed
Taylor formula

(z —a)"*"

1) fl@) =Talfsm0) + 5T

[f(”);a,:c} +pn (fi0,2),

where
(1.15) W (fr0,2) Zn: (k)( )

and [f("); a, ac] is as given in . Dragomir [7] estimated the remainder p,, (f;a, x)
by using Griiss and Cebysev type inequalities.

In [I1], the authors generalised and improved the results from [7] via a pre-Griiss
inequality (see [11, Theorem 3]).
Theorem 3. Let {P,}, oy be a sequence of polynomials satisfying (1.4). Let I C R
be a closed interval and a € I. Suppose f: I — R is as in Theorem|Ill Then for all

x € I we have the perturbed generalised Taylor formula, , where x > a, the
remainder p (f;a,x) satisfies the estimate

T —a

(1.16) lpn (f5a,2)] < T (Pn, Po) [T (2) = (2)],

provided that f"tY) is bounded and

(1.17) v (z) = i[nf O (1) > —00, T(z):= sup fO (1) < oo,
t€la,x

t€la,x]

In , T (-,-) is the Cebysev functional on the interval [a,x]. That is,

xia/ g h(t dt——/ £)dt - 7/11

It is the intention in the current article to produce perturbed generalised Taylor
series like (L.11]), however the perturbation involves the arithmetic average of the
upper and lower bounds of the f("*1) (), ¢t € I. The bounds for the expansion
involve the norms of the Appell polynomials with the one norm, which is shown to
provide the tightest bound.

A novel Cebysev functional and its bounds are presented in Section 2, the results
of which, are applied to perturbed generalised Taylor series. The approximation of
the logarithmic function using the results of Section 2 is presented in Section 3. The
results are demonstrated by estimating some key entities in information and coding
theory. In particular, the Kullback-Leibler distance, Shannon’s entropy and mutual
information are approximated by rational functions providing sharp bounds. This
application in Information Theory will be discussed in detail in Section 4.

(1.18) T (g,h):=

2. THE CEBYSEV-LIKE FUNCTIONAL AND PERTURBED TAYLOR RESULTS WITH
Bounbps

Let f,g: [a,b] — R be two integrable functions and define the functional

(21) T(fvgaavb) =M (fgva,b) -M (faavb)M (g;a7b)7
where the integral mean is given by
/ £l

(2.2) M (f;a,b)
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The functional T (f,g;a,b) as defined in - is widely known in the lit-
erature as Cebysev’s functional. The reader is referred to [12], Chapters IX and
X and, to the work by Dragomir [6] and Fink [I0] for extensive treatments of the
functional.

We now define a Cebysev-like functional

(2.3) C(f,g;a,b) :zM(fg;a,b)—M;m

where —co < m < g (t) < M < oo, for t € [a,b] and M (f;a,b) is as given by (2.2).
The following theorem holds providing bounds for the functional C (f,g;a,b)
(see Cerone [3]). The proof involves using the identity

20 MUgan - M = (1 (90 - 27

Theorem 4. Let f,g : [a,b] — R be integrable functions and —co < m < g(t) <
M < oo, then

M (f;a,b),

M+m
2

@25) 1O (F.g:a.0)] = |M(Fgiab) - LET M (Frab)

M—-—m 1
ST 'm”f”u f € Li[a,b]
M—-—m 1
S— - Ifll,, f€Lplab], 1<p<oo
(b—a)r
M—-—m M—-—m
<—5 Iflls= max {|N|,|n[}, f € L la,b],

—co<n< f(t)<N<oo, t€lab],

where Hf||p are the usual Lebesgue norms for f € Ly [a,b] defined by

) :
nm,:</meﬁ>, 1<p<oo

[flloo :=ess sup [f(£)].

t€la,b]

The % in the three inequalities in are sharp.
Remark 1. The inequalities in are in the order of increasing coarseness
although each of them are sharp for f € Ly a,b], p > 1.

We now apply the above results to obtain sharp bounds for perturbed Taylor-like
formulae.
Theorem 5. Let {P,}, .y be a sequence of polynomials that satisfy . Further,
let I C R be a closed interval and a € I. If f : I — R is a function which for some
n €N, f(™ is absolutely continuous and —0o < 7,1 (z) < f+D (1) <Tppq (z) <
oo, then for anya < x € 1

and

(2.6) f(z) =T, (fia,2)+ (%H (x);rnﬂ (x)> (—1)" [Pt (xilfnﬂ (a)]

+ Gn (f;a,7)
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and

2.7) |G (f;a,2)|
Lni1 (#) = vpg1 (2)

< . 1Pallosys Pu€ Lall
FnJrl ({E) —Tn (QC) 1
< 5 . = Pallpaa) s Pn € Lpll], 1 <p<oo
(x—a)r
F’rLJrl (:E) —Tn (:E)
< 9 L ||Pn||oo,[a,z] ’ Py € Lo [I] ’

where

x

+ Fn+1 (93)
2

dt

(2.8) Gn (f;a,7) = (*1)”/ P, (t) |:f(”+1) (t) — Tnt1 (x)

a

and Ty, (f;a,x) is as given by (1.4).

Proof. Tf we identify (—1)" P, (t) with f (t) and "1 (¢) with g () in Theorem [4]
then from identity (2.4) we have

(2.9) G, (f;a,z)=(-1)" /x P, (t) [f(n+1) (t) — Yt (2) ‘; | P (x)} dt

—(@=a)C ((=1)" P (1), f"*) (t)50,)
That is,
(2.10)  Gn (f;a,2)
= 0" [P £ )
~(oqyn dae () + Dpg () /: P, (1) dt

2

Yns1 (@) + Tnga (1‘)> [Prs1 (2) — Poy1 (a)]
2 n+1

)

— R, (fi.0) = (1"

where Ry, (f;a,z) satisfies (1.3) — (1.5). Using identity (1.3)) in (2.10] produces the
stated result (2.6]).

For the bound on the remainder |G, (f;a,z)| we have from the first inequality

in and

L s e MO

and hence (2.7). Utilising the second and third inequality in (2.5) produces the
respective bounds in (2.7). 1
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Corollary 2. Let the conditions of Theorem [ persist, and assume a < x, then we

have from (@ and , for PS> (t) given by

@11)  |f@) TP (fraw) - e [0 ) 0"

+ ()7 (-0 ] (L T (x))\

(n+1)!
2

L1 (@) =y () 1
< +1( )27-"—1( )E\Ill()\,a,l')
Tpt1 () —v,0q (2) 1 1 1
<2 L, ()
T —a)? :
i1 (@) = Ypga (@) (2-0a) [z—a a+tz|]"
< . . _
- 2 n! 2 10 2 ’
where
N ()\. a :L') _ (,T —0 ()\))np+1 + (6 ()‘) - a’)anrl
P [ -
(2.12) np+1

0N =X xa+(1—-XNz, Ael0,1].
Proof. We need to evaluate for PS* (t) given by

/x PO ()dt and / P (O dt, p> 1.
Thus, from , we have,

P @ = o [l = 000 = 000 — 0]

aln

d
x 1 T
[ ara=— [e-oora
a n: a

1 0(2) . b )
K /a e dt—'—/e()\) (t—0(N) dt]
- ﬁ [(60) =)™+ @—o)"],
producing (2.11).
Further,

C N C 1 ’ n
1P g = [ 122 OF = [ le=0 00 ae
== / O\ —t)"Pdt + / (t—0(N\)""dt
n:\Ja o(\)

LX) —a)™ +@—o)""
np+1

Tl

and so from (2.7) the second inequality in (2.11)) is procured.
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The final inequality is obtained from (1.7)) and (2.7) giving

1P s = €55 sup [P (1)
t€la,z]
t—o )"
= €8S§ Ssup 7‘ '( )|
t€la,z] n:

- %[max{x*9()\),9(>\) —aj]".

1| referring to the results , of which (2.11) is a
specialisation. For A = %, 0 (5 = % then from (12.11) and (IQ.]%)

(2.13) |f(x)—Tn . (f;a,x) — e ) (m _ a)nﬂ (7n+1 () +Thia (93)>|

(n+1)! 2 2
Tt (1) s (1) — )"
- 2 27 (n+1)!
< I‘n+1 (.’17) - ’Yn+1 (37) i (Z‘ - a’)n+1
B 2 27 (np + 1)%
< Fn-‘rl (I) - r}/n-&-l (q:) . (‘T — a’)n+1
- 2 2nn!
where, from @,
@14) T (frem)=f(@)+ ZEDY &= )" [ 19 (o) 4 (—1)** 9 ()]

from which we may confirm, for this case at least the fact that the bounds are in

order of increasing coarseness since < r <1, 1<p<oo.
(np+1)P

n+1

We further note that for n odd, the perturbation in (2.13) vanishes, giving the
tightest bound
Pan () =7 (1) (@)™

< 5 2 i+ 1)1 n odd.

@15) |/ (@)~ T} (fia)

For n odd, the result (| - may be compared with the last result in with
A= demonbtratlng that it is tighter since

Hf<n+1>” o Pnt1 (@) = Yngs (@)
o 2

where 7,1 (2) < £ (t) < T (2), € [0,
For n even, the bound is still tighter in (2.13]), however, the perturbation is now
present.
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If A = 0in (2.11) then #(0) = = and we obtain a perturbed version of the
traditional Taylor series expansion about a point a. That is, from (1.8)),

o 1 r (x — a)nJrl Vg1 (@) + T (2)
(2.16)  |f(z) = T3° (fia,2) — (n—l— 1)! ( § 2 )
S £ (g - @ —a)"" (Y1 (8) + Taga ()
Zo V= S (M )
< Fn+1 (.’L‘) — Vn+1 (JI) . (J? — a)n+1
= 2 (n+ 117
where
< (f:a,1) = +Z k+1 (z — ) f(k)()

We notice that the bound in is inferior to that in the first inequality in

() where T}, (f;a,x)isas given by 1) However, l) requires information

involving f(*) () being available in order to approximate f (x).

3. APPLICATIONS TO THE LOGARITHM

We shall apply the results of the previous sections to the logarithm function to
illustrate the results.

Let f:(0,00) = R, f(t) =1Int then

(3.1) F® () = (=1
We note that f("*1 is strictly monotonic on (0,00) so that

Tn+1 (.13) + Fn—i—l (.T)
2

- ; [maox { 7040 (a) , £+ (@)} 5 min {04 (@), 1) (@) }]
‘f(n+1 ) T f(n+1) (ﬂf)’
n! 1 1
:2<an+1:Fxn-H>’ for > a.

We shall utilise the first inequality in (2.11)), which is the least coarse of the
three, to illustrate the results to give

(3:3) [f(x) = T3 (In;a, )

k—1)!
g,t>0,keN.

(3.2)

s [0~ ) e )]
2 (n1+ ]_) <an1+1 - xn1+1> {(9 (/\) - a)n-l-l + (l‘ -0 (/\))n+1:| )
where 0 (A) = Xa+ (1= X)z, A € [0,1], and from (L.§),

a

" (¢ —a) k . RN
T (In; a, ) +; [(i) + (—1)Ft (H> ] .
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Simplification of (3.1 gives

(3.4) lnxlnai(x_ka)k [(i)’“ﬂl)kﬂ <1;A>k]

k=1
a)ﬂ-i-l

- (g (_n +1) {(1 - Anﬂ] (a"1+1 + xn1+1>

<(”3“1)7L+1{(1_A)”+1+A”“}( L1 )

~ 2(n+1) qntl gl

where the sharpest bound results from taking A = 1.
In particular, taking A = 0 gives

(35) |he-ma-3Y (_12k+1 (x - a>k - (_n?nl:l (anlﬂ + x:ﬂ)‘

k=1
n+1
< (x —a) 11 — R,
- 2(n+1) \a*!t gntl

which may be compared with the result (see case in Section 4 of Mati¢ et al. [I1])

(3.6) 1nx=1na+§(_1]zk+l (x_a)k+(—1)"w (1_ 1> B,

a nn+1) \a» a»

where |B| < T it
It may be seen that the bound, R, obtained here, is much tighter, especially

for large n since Z > 1. It must be remembered, however, that a different
perturbation is present in (3.5) than in (3.6). There is very little difference in
complexity between the two perturbations. The perturbation used in [I1I] from

the traditional Cebysev functional (2.1)) giving rise to (1.11]) rather than the novel
Cebysev functional (2.3) producing (2.6). That is, the perturbation in ([1.11]) in-
volves [f("H); a, :c] = W whereas that in 1) contains M,

where 7,4, () < f+D () < Ty (7).

4. APPROXIMATION OF THE KULLBACK-LEIBLER DISTANCE AND RELATED
MEASURES

The results of Section 3 will now be applied to approximate the Kullback-Leibler
distance or relative entropy D (p||q) where for probability mass functions p (x),
q(x)

._ p(x)
(4.1) D(pllg) == p()n (==,

= q(x)

with 0ln (g) =0 and pln (%) = 00,

The relative entropy D (pl||g) is a measure of inefficiency in assuming a distribu-
tion ¢ (-) when the true distribution is p (). In coding theory, for example, if the
true distribution of a random variable X with mass function p(z), € x, were
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known, then a code could be constructed with average description length given by
the Shannon entropy

(4.2) Z p(z)lnp (z

TEX

If the code for a mass function ¢ (x) were used instead, then on average H (p) +
D (p||q) bits would be required to describe the random variable [B, p. 18]. The
mutual information, I (X,Y) is a measure of the amount of information contained
by one random variable about the other. It represents the effect in reducing uncer-

tainty of one random variable from knowledge of the other. Mutual information is
defined by

(4.3) I(X,Y) =D (p(z,y)llp(r)q(v)),

where p (z,y) is the joint probability mass function and p (z) , ¢ (y) are its marginals.

Theorem 6. Let X and Y be random variables with probability mass functions
p(z) and q (x) respectively with x € x. Then we have the following approzimation
for D (pl|lq) . Namely,

@y (Dol - Y@y )_kqwkKp?w)k“_”m(l_?ﬂ

TEX k=1

(1 _ )\)n-‘rl + /\n+1 1 1

p (@) (p (@) — g ()" (

2(n+1) Z " (2) + P (z)
1— )" A t! npr| 1 1
< p@) @) =@ |~

Proof. From ({3.4) we have for all a,b > 0

(4.5) lnbflnafi (b—ka)k l(;)kﬂl)kﬂ (1;/\)k‘|

k=1
(1= antt bt (L 1
- 2(n+1) (b—a) gl T Al
(1 _ )\)n-‘rl + )\’ﬂrFl ‘b 3 ‘n+1 1 3 1
- 2(n+1) antl  pntl)?

where the modulus in the bound has been included to accommodate the lack of
knowledge about the relative position of a and b.

Choose a = ¢ (x) and b = p(z) to give, after multiplication by p(z) and sum-
mation over x € Y, the stated expression . |
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Corollary 3. Let the conditions of Theorem[6 hold, then

PR ) s
(4.6) |D(plla) =D p(x Z )k-qu( ! [p’“(ﬂf) ; z)]

TEX k=1

1 () 1 1
T 2 00 =00 (G )

TEX

gmzp Ip (@) — g ()"

TEX

1 1
qn+1 (I) p7L+1 (l‘) !

Proof. Taking A = % provides the tightest bound in 1) giving the result li |

Corollary 4. For the conditions of Theorem@ continuz’ng to hold then
p

(4.7) 0<D(pllg) <
reX

(4.8) ’D(qu) — (1= [Zp(x) <p(x)> _ 1]

= q(x)
111 1\ 2 9 1 1
-3 [4 ()\—2> ]Z;p(x)(p(x)—q(x)) |:q2( )+p2(x)H
111 1\ 2 1 1
<5 4+(A—2)]%p<x><p< )~ | 5

Proof. Taking n = 0 in (4.4]) recaptures the result (4.7) of [9] and [5]. The result
(4.8) follows after some simplification for (4.4)) on taking n = 1. I

Remark 3. Equation @ may be rearranged to give upper and lower bounds for
D (pllq) in terms of rationals functions of p (x) and q(x).

The following theorem provides approximations for the Shannon entropy H (p),
as defined by (4.2)) together with bounds.

Theorem 7. Let X be a random variable with probability mass function p (z) for
T ey

k:
@9) |1 (o)~ + 30 30 2 Z IR

TEX k= 1k| | Pk 1

=N N S (e @) - D" -
2(n+1) Z 2O pr () (p () + x| +>

oA N ) 1
204D WP (@)

(@) + .

Proof. From (4.1)) and (4.2) we note that
H (p) =In|x| — D (plu),
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where u (z) = ﬁ, the uniform probability mass function on x. Thus, from |D

taking ¢ () = u (z) = |17‘ gives 1) upon some simplification. i

The following theorem gives an approximation to the mutual information as

defined by (4.3) with (4.1)).

Namely, for random variables X and Y with joint probability mass function
p (z,y) and marginals p (z), q(y), z € X, y € ),

(4.10) 1xY) =" pla,y) G

s et p(z)q(y)

Theorem 8. With the above assumptions regarding X and Y we have

B - (p(z,y) —p(x) g (y)"
(411) [T(X,Y)=> D play) D plx,y) -
k=1

reX yey
R NN A T R R
" Kp(x,y)) e <p<m>q<y>>] 2(n 1 1)

reX ye)y

_ (1 _ )\)n+1 + )\n+1
- 2(n+1)

o> p@w)le(y) —p@)q@)|"

reX yey

1 1
X — .
prt () gttt (z)  prtt (2, y) ‘

Proof. Choose a = p(x)q(y) and h = p(z,y) and b = p (z,y) to give, from (4.5)),
after multiplication by p (z,y) and summation over z € X, and y € ), the result

as stated, (4.11). 1

5. CONCLUDING REMARKS

A Cebysev-type functional introduced in [3] has been applied to obtain perturbed
generalised Taylor series together with sharp bounds of the approximations. The
approximation of the logarithmic function is given as an example which is further
used to estimate the Kullback-Leibler distance, Shannon entropy and mutual infor-
mation. These are of importance in information theory and, in particular, coding
theory.

Acknowledgement 1. The author would like to thank Professor S.S. Dragomir
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