A REVERSE OF BESSEL’S INEQUALITY IN 2-INNER
PRODUCT SPACES AND SOME GRUSS TYPE RELATED
RESULTS WITH APPLICATIONS
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ABSTRACT. A reverse of Bessel’s inequality in 2-inner product spaces and
companions of Griiss inequality with applications for determinantal integral
inequalities are given.

1. INTRODUCTION

The concepts of 2-inner products and 2-inner product spaces have been inten-
sively studied by many authors in the last three decades. A systematic presentation
of the recent results related to the theory of 2-inner product spaces as well as an
extensive list of the related references can be found in [1]. Here we give the basic
definitions and the elementary properties of 2-inner product spaces.

Let X be a linear space of dimension greater than 1 over the field K = R of real
numbers or the field K = C of complex numbers. Suppose that (-, |-) is a K-valued
function defined on X x X x X satisfying the following conditions:

(2T1) (x,z|z) > 0 and (z,z|z) = 0 if and only if « and z are linearly dependent,
(z,z]2) = (2, 2[2),

)
213) (y,z|2) = (z,y|2),
; (

az,y|z) = a(z,y|z) for any scalar o € K|
(z 42, yl2) = (3,y]2) + (@, yl2).

(+,+|-) is called a 2-inner product on X and (X, (-,-|-)) is called a 2-inner product
space (or 2-pre-Hilbert space). Some basic properties of 2-inner product spaces can
be immediately obtained as follows [2]:

(1) If K =R, then (2I3) reduces to

(y,2[2) = (2, y[2).
(2) From (2I3) and (2I4), we have

(0,y|2’) =0, ('T7O|Z) =0

(1.1) (x,ay|z) = &z, y|z).
(3) Using (212)—(21I5), we have
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(z,zlz £ y) = (x Ly, z L y|z) = (z,z|2) + (y,y|2) + 2Re(z, y|2)

and

(1.2) Re(z,y|2) = i[(zvz|z+y) = (2, 2z —y)].

In the real case K =R, (1.2) reduces to

1
(13) (2,412) = (2, 2l +9) = (5.2l — )
and, using this formula, it is easy to see that, for any a € R,
(1.4) (z,ylaz) = a*(z,yl2).

In the complex case, using (1.1) and (1.2), we have

Im(z,y|z) = Re[—i(z,y|2)] = i[(z, z|lz +iy) — (2, 2|z — iy)],

which, in combination with (1.2), yields

(15)  (@yl) = 712l +9) = (ool = )] + Sl 2l + i) = (22 — i),

Using the above formula and (1.1), we have, for any a € C,

> =

(1.6) (z,ylaz) = |al*(z, y|2).

However, for o € R, (1.6) reduces to (1.4).
Also, from (1.6) it follows that

(,9|0) = 0.
(4) For any three given vectors z,y,z € X, consider the vector u = (y,y|z)x —
(x,y|2)y. By (2I1), we know that (u,u|z) > 0 with the equality if and only if v and
z are linearly dependent. The inequality (u,u|z) > 0 can be rewritten as,

(1.7) (W, yl2)[(z, z[2) (y, y|2) — [(z,y|2)]?] > 0.

For z = z, (1.7) becomes

—(,yl2)|(z,9]2)* = 0,
which implies that

(1.8) (z,9l2) = (y,2]2) = 0

provided y and z are linearly independent. Obviously, when y and z are linearly
dependent, (1.8) holds too. Thus (1.8) is true for any two vectors y, z € X. Now, if
y and z are linearly independent, then (y,y|z) > 0 and, from (1.7), it follows that

(1.9) (@, yl2)” < (2, 2]2)(y, yl2).
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Using (1.8), it is easy to check that (1.9) is trivially fulfilled when y and z are linearly
dependent. Therefore, the inequality (1.9) holds for any three vectors z,y,z € X
and is strict unless the vectors u = (y,y|z)x — (x, y|2)y and z are linearly dependent.
In fact, we have the equality in (1.9) if and only if the three vectors z,y and z are
linearly dependent.

In any given 2-inner product space (X, (-,-|-)), we can define a function || - | - ||
on X x X by

(1.10) ]2l = v/ (2, 2|2)

for all z,z € X.

It is easy to see that this function satisfies the following conditions:

(2N71) ||lz|z|| > 0 and ||z|z|| = 0 if and only if 2 and z are linearly dependent,

(2No) [[z]z]| = [|l[=],

(2N3) ||az|z|| = |a||z|z|| for any scalar « € K,

(2Ny) [z +2'|z|| < [l|z]| + [|2"]2]-

Any function ||+ ||| defined on X x X and satisfying the conditions (2N1)—(2Ny)
is called a 2-norm on X and (X, -|-||) is called a linear 2-normed space [4].
Whenever a 2-inner product space (X, (+,+|-)) is given, we consider it as a linear
2-normed space (X, || -|-||) with the 2-norm defined by (1.10).

2. A REVERSE OF BESSEL’S INEQUALITY

Let (X;(+,+]-)) be a 2-inner product space over the real or complex number field
K. If (fi);<;<, are linearly independent vectors in the 2-inner product space X,
and, for a given z € X, (fi, filz) = 65 for all ¢,j € {1,...,n} where §;; is the
Kronecker delta (we say that the family (f;),.,, is z—orthonormal), then the
following inequality is the corresponding Bessel’s inequality (see for example [2])
for the z—orthonormal family (f;),<;<, in the 2-inner product space (X;(-,-|)):

n

(2.1) Y@, fil2) < ]

i=1

for any x € X. For more details on this inequality, see the recent paper [2] and the
references therein.
The following lemma holds.

Lemma 1. Let {e;};.; be a family of z-orthornormal vectors in X, I a finite part
of I and ¢;,®; (i € F), real or complex numbers. The following statements are
equivalent for x € X :

(i) Re (ZiEF Die; —z, =Y cp ¢iei|z) 20,
1
. N 2\ 2
(i) Hx —Yier 2% ei‘zH <3 (ZieF |®; — ¢, ) :
Proof. 1t is easy to see that for y,a, A € X, the following are equivalent

(a) Re(A—y,y —alz) >0 and
(aa) |ly — 25212|| < 3 1A —alz]|.
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Now, for a =} ;. p #sei, A=), Piei, we have

1
2\ 2

|A = alz]| =

D (®i—oy)eilz

iceF

> (@i —¢y)eilz

i€F

= (ZIQ—@IQII%IZQ) = <Z¢i_¢i|2> 7
i€F i€F

which gives, for y = z, the desired equivalence. i

The following reverse of Bessel’s inequality holds.

Theorem 1. Let {e;},c;, F, ¢;,®i, i € F and x,2 € X so that either (i) or (ii)
of Lemma 1 holds. Then we have the inequality:

(2.2) 0< lzf)l* = D I(a, esl2)

i€l

S o e (z@ei . Z@em)

i€l icF i€l

(S iz |®; — ¢z|2> .
i€F

The constant i is best in both inequalities.

Proof. Define
I := Z Re [ (z,e]2)) ((;v,ei\z) —E)}

i€X

and

12 := Re

<Z Die; —x,x— Y (bieiz)] .

i€H icH

Observe that

ZRe{ xel|] ZRe (z,€7)]

i€H i€H
—> Re [®ig,] = Y |(w,eil2)
i€H i€H

and

=Re | > Oi(x.eil2) + Y&, (weilz) = llzfzl* = D) @i, (i, e5]2)

icH icH i€H jEH

:ZRe{ xel|] ZRe (z,ei]2) |:1:|ZH ZRe

eH i€H i€H
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Consequently, subtracting Is from I, we deduce the following equality that is useful
in its turn

(2.3) ||ac|z||2 — Z T, eilz Z Re { (z,e:]2)) ((x,ei|z) —(E)}
i€l i€H
(Z D,e; — v, — Z ¢iei|z>] .

i€H i€H

— Re

Using the following elementary inequality for complex numbers
1
Re[aﬂgi\a—i—bﬁ, a,beKR,

for the choices a = ®; — (z,¢;|2), b = (z,e;|2) — ¢; (i € F), we deduce

(24) Y Re @ - (w,ei]2)) (e lz) — &) < Z @, —
1€EH
Making use of (2.3), (2.4) and the assumptlon (i), we deduce (2.2).
To prove the sharpness of the constant + 1, assume that there is a ¢ > 0 such that

(2.5) 0 < Jlzlzl* =D I(@, ealo)

i€l

<eX oo o (S ms - Tole ).
i€F i€F =
provided ¢,, ®;,  and F satisfy (i) or (ii).
Now, let F' = {1},e1 = e,|le|z|| = 1 and m € X so that |m|z| = 1 end
(m,e|z) =0. For &1 = ®,¢; = ¢, D # ¢, define the vector
o+¢p P—9

TET et

A simple calculation shows that
2
(e—xz,x—¢€|z) =0

(Pe — z,x — ¢e|z) = ?

and thus the condition (i) of Lemma 1 holds true for F' = {1}.
Observe also that
2

¢
EE mz
— ¢ 2
5 \ ;
and
— (0]
(z,elz) = ( ;_¢ +T¢m ez) :%dj.
Consequently, by (2.5), we deduce
2
——| <cl®-9¢*,

which gives ¢ > i, and the proof is completed. i
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3. A REFINEMENT OF THE GRUSS INEQUALITY
The following result holds.

Theorem 2. Let {e;},.; be a family of z-orthornormal vectors in X, F' a finite
part of I and ¢;,®;, v;,1'; €K, i € F and x,y € X. If either

(3.1) Re (Z Die; —x,x — Zqﬁieiz) >0,

ieF i€F
Re (zn—ei . zmz> >0,
ieF i€F
or equivalently,
1
D, + ¢; 1 ’
(3.2) Hz - Z 5 ¢ eilz|| < 5 (ZMR —¢i|2> )
1€EF i€EF
1
Ui+, 1 2\’
Z‘/‘ZTQ‘V < 5 (Z'Fi_%l ) )
i€F i€l
hold, then we have the inequalities
(3:3) |(@yl2) = D (zeil2) (eiyl2)
ieF
< 1 S 10— o " SO0 — 2 ’
— 4 ‘ K [3 ‘ (2 71
i€EF i€l
1 1
2 2
e (S mn - Sote) | e (Sore - o)
icF ieF icF i€F
1 3 3
2 2
<} (Tw-ear) (D)
ieF iEF

The constant i is best possible.

Proof. Using Schwarz’s inequality in the 2-inner product space (X, (-,|-)) one has

2

(34) <x—Z(l’,€i|2) eiay_Z(yaei|z) €Z|Z>
i€F ieF
2 2
< e =Y (el elz|| y=Y_ (W.eilz)eilz
i€k ieF

and since a simple calculation shows that

<w =D (welz)eny =Y (yeil2) eilZ) = (2,912) = ) (z,eil2) (eayl2)

icF ieF icF
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and
2

2 2
= Jlalz]” = Y Iz, eil)]

icF

T — Z (z,e]2) ei|z

icF

for any z,y € X, then, by (3.4) and by the counterpart of Bessel’s inequality in
Theorem 1, we have

2

ik
< <|90|Z2 - |($’@i|2)|2> <||y|z|2 - |(y,ei|2)|2>
ieF i€F
1 2
< [4Z|<I>i—¢i| —Re (Z@iei—x,x—Zqﬁieﬂz)]
i€l i€l i€l
1
X [4 > i —,° = Re (Zriei — Y,y — Z%el—|z>]
i€F = =
1 3 3
< |z <Z|‘I’i - ¢i|2> : (Z T —%|2>
ieF i€F

Re (Z die; —x, T — Zd)ieﬂz)]

i€F i€F
1
2
x |Re (Z Lie; —y,y — Z%GHZ)}
i€k i€F

where, for the last inequality, we have made use of the elementary inequality

2
(m* =n?) (0 = ¢*) < (mp —nq)
valid for any m,n,p,q > 0.
Taking the square root in (3.5) and observing that the quantity in the last square
bracket is nonnegative (see for example (2.2)), we deduce the desired result (3.3).
The best constant follows by Theorem 1 and we omit the details. i
4. SOME COMPANION INEQUALITIES

The following companion of the Griiss inequality also holds.

Theorem 3. Let {e;};.; be a family of orthornormal vectors in X, F a finite part
of I, ¢;,®; €K, i € F and x,y € X such that

(4.1) Re (Z Bpe; - 1Y Y Z¢iei|z> >0,

icF i€l

<Z<I>i —@F)é.

ieF

or equivalently,

(4.2)

ceilz|| <

T+y D; + ¢,
2 -2 2

DN =
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Then we have the inequality

(2.912) = 3 (@,eil2) (er )2 ] D=

i€F 7,€F

(4.3) Re

The constant i s best possible.

Proof. Start with the well known inequality

1
(4.4) Re (z,ulv) < 1 Iz +ulv)?, zuveX.
Since
(l’,y|Z) - Z (QC, 61|Z) (eia y|2) = (.’E - Z (1'7 62|Z) €Y — Z (ya 61|Z) 62|Z> ’
i€F ieF ieF

for any xz,y € X, then, by (4.4), we get

(4.5) Re |(z,y]2) = Y (z,eil2) (%ylz)]
i€k
= Re <mZ(I,€7|Z)6“yZ(y,61|2)67|2>‘|
= i€F
) 2
< 1lE- Z (z,ei]2)e; +y— Z (y,€eilz) ei|z
i€EF i€l

2

r+y r+y
5 —Z( 5 ,eiz>ei|z

i€F
r+y P
2 761

If we apply the reverse of Bessel’s inequality from Theorem 1 for z+y , we may state

that
1
2 3
r+y 1 2
4 <2a€i|2> < 1 (Z [®; — ¢4 ) :
ieF i€F

Now, by making use of (4.5) and (4.6), we deduce (4.3).

The fact that 1 is the best constant in (4.3) follows by the fact that if in (4.1)
we choose x = y, then it becomes (i) of Lemma 1, implying (2.2), for which, we
have shown that % is the best constant. |

a?+y ?

-5
i€l

2

Tty
(4.6) 5

|z

The following corollary may be of interest if we wish to evaluate the absolute
value of

Re

(m,y\z) - Z (xvei‘z) (61,y|2)‘| .

i€F
Corollary 1. With the assumptions of Theorem 3 and if

(4.7) (qu xiy,xiy Z¢ezIZ>_,

ieF ieF
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i
<5 (Tm-ar)
i€F
then we have the inequality

(@,9]2) = Y (@, eil2) (ei,yZ)]

icF

or equivalently,

H_Z‘I’i+¢i

(4.8) 5 5

ieF

(4.9) Re

SO IR

icF

Proof. We only remark that, if

Re (qu —, Z¢ez|z> >

i€F i€eF

holds, then by Theorem 3 for (—y) instead of y, we have

1 2
Re = i)+ T i) ol < § o

i€EF i€F
which shows that

(410)  Re <x,y|z>—Z<x,ei|z><ei,y|z>] > Y e o

L i€F i€F
Making use of (4.3) and (4.10), we deduce the desired inequality (4.9). i

Remark 1. If X is a real inner product space and m;, M; € R with the property
that

ty o+
(4.11) <ZMieix2y,$2yzm16i|Z> >0

i€F i€l

or equivalently,

a::l:y_ZMi—Fmi

(4.12) > .

ez S;(Z(Mi_mi)2> ;

icF

ieF
then we have the Griiss type inequality

(z,ylz) — Z (z, €il2) (ei, yl2)

ieF

(4.13)

SEZ(Mi_mi)Q-

ieF

5. APPLICATIONS FOR DETERMINANTAL INTEGRAL INEQUALITIES

Let (2,3, 1) be a measure space consisting of a set , ¥ a o—algebra of subsets
of Q@ and p a countably additive and positive measure on ¥ with values in R U {co}.

Denote by Lf) (Q) the Hilbert space of all real-valued functions f defined on 2
that are 2—p—integrable on Q, i.e., [, p(s)|f (s)]> du (s) < oo, where p : Q — [0, 00)
is a measurable function on €.

We can introduce the following 2-inner product on Lz (©) by formula
(5.1)

f(s)  f(t) g(s) gt
(f9lh), // dp (s) dp (t) ,
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where,

denotes the determinant of the matrix

ER2

generating the 2-norm on Lf, (Q) expressed by

52 nl= {5 [ [ o000 e 1o (5)du () h
5.2 = | = s t S t
p ) o Qp 14 h(s) h(t) 1Y 1Y

A simple calculation with integrals reveals that

Jorfadn [ pfhdp

(5.3) (f.9lh), =
Japghdp [ ph*dp
and
Jopf2du [y pfhdp |
(5.4) 1fIRll, = :

Jopfhdp [, ph*du

where, for simplicity, instead of [, p (s) f (s) g (s) du (s) , we have written [, pfgdpu.
We recall that the pair of functions (¢, p) € L2 (Q) x L2 (Q) is called synchronous
if
(q(z) —q(y) (p(z) —p(y) 20

for a.e. z,y € Q.

We note that, if Q = [a, ], then a sufficient condition for synchronicity is that
the functions are both monotonic increasing or decreasing. This condition is not
necessary.

Now, suppose that h € L2 (Q) is such that h () # 0 for y — a.e. z € Q. Then,
by the definition of 2-inner product (f, g\h)p, we have

(55 (glh),
1 e (1) O (26 g,
= 5| [o@p@men (t)<h(s) h(t))<h(s) h(t)>du()du(t)

and thus a sufficient condition for the inequality

(5.6) (f.glh), =0
to hold, is that, the functions (%, %) are synchronous. It is obvious that, this

condition is not necessary.

Using the representations (5.3), (5.4) and the inequalities for 2-inner products
and 2-norms established in the previous sections, we have some interesting deter-
minantal integral inequalities.
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Proposition 1. Let h € Lf, (Q) be such that h(x) # 0 for u —a.e. x € Q, and
(fi)ser @ family of functions in L[% (Q) with the property that

Jopfifidp [ pfihdp

Jopfihdn — [o ph*du

=i

for any i,j € I, where ;5 is the Kronecker delta.
If we assume that there exists the real numbers M;, m;,i € F, where F is a given
finite part of I, such that the functions

LT fi
D Mg m g

i€F i€F
are synchronous on 2, then we have the inequalities
Jorfdu  [opfhdu Jorfifdu — [opfihdu

Jo pfhdu Jo ph2dp ier | [opfhdp Jo pPhPdp

< 0 m)?
i€F
Jop (Cier Mifi = £) (f = Ziepmifi)du Jop (Xicp Mifi = f) hdp
Jor (f = Xicpmifi) hdp Jo PR dp
S i Z (Mz — mi)Q .
i€F

The proof follows by Theorem 1 applied for the 2-inner product (-, -|-) , and we
omit the details.

Similar determinantal integral inequalities may be stated if one uses the other
results for 2-inner products obtained above, but we do not present them here.
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