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ABSTRACT. New results related to the Boas-Bellman generalisation of Bessel’s
inequality in inner product spaces are given.

2000]26D15, 46CO05.

1. INTRODUCTION

Let (H; (-,-)) be an inner product space over the real or complex number field K.
If (€;);<;<,, are orthonormal vectors in the inner product space H, i.e., (e;,e;) = d;;
foralli,j € {1,...,n} where 0;; is the Kronecker delta, then the following inequality
is well known in the literature as Bessel’s inequality (see for example [6, p. 391]):

(1.1) Z |(z, &) < ||z||> for any z € H.
i=1

For other results related to Bessel’s inequality, see [3] — [5] and Chapter XV in
the book [6].

In 1941, R.P. Boas [2] and in 1944, independently, R. Bellman [1] proved the
following generalisation of Bessel’s inequality (see also [6, p. 392]).

Theorem 1. If z,y1,...,y, are elements of an inner product space (H; (-,-)), then
the following inequality:

Nl=

2 2 2 2
(1.2) oM@yl <l | max [yl + | D 1wiwy)l
=1

1<i<n
1<i#j<n
holds.

A recent generalisation of the Boas-Bellman result was given in Mitrinovi¢-
Pecari¢-Fink [6, p. 392] where they proved the following.

Theorem 2. Ifz,y1,...,yn are as in Theorem 1 and cq,...,c, € K, then one has
the inequality:

N

2 n

2 2 2 2

(1.3) < el® Y el | max [lwall®+ | >0 (i w))
i=1

1<i<n
1<i#j<n

n
Z C; (Jj, yl)
=1
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They also noted that if in (1.3) one chooses ¢; = (,y;), then this inequality
becomes (1.2).

For other results related to the Boas-Bellman inequality, see [4].

In this paper we point out some new results that may be related to both the
Mitrinovié-Pecarié-Fink and Boas-Bellman inequalities.

2. SOME PRELIMINARY RESULTS
We start with the following lemma which is also interesting in itself.

Lemma 1. Let z1,...,2, € H and a1, ...,a, € K. Then one has the inequality:

2

(2.1)

n
E e7%2)
i=1

max |a;> 3 )%
1<i<n 7 = 7 )

IN

1 1
i || ** : Zn: [EARS T where a >1,L+1=1;
=1 1 = (3 ) ) o /8 - )

n 2 2
;:1 || lfgfg(n\\ziﬂ )

1;};?;;”{‘041'@]‘” 19;9 (24, 2)] 5

+ @ 'am)z -(& 'O‘i'%)r (Kl,;jquzi,zj)f) 7

1,17 9.
where v > 1, ;4—5—1,

Sl

1<i#j<n

n 2 n
2
(£ ait) = £ s ] mae[(z1,2)].
Proof. We observe that

2

(2.2)

n
g Q;z;
i=1

n n
E Qi 25, E ;24
i=1 j=1

n n n n
PP ACEIEIIIPILLACEN
i=1 j=1

i=1 j=1

n n
<>l [ 120, 29))

i=1 j=1

n
2 2
=D el lzl®+ D0 laul eyl 120, 2)]-
i=1

1<i£j<n
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Using Holder’s inequality, we may write that
n
2 2
(2.3) Z o™ [|z]|
i=

11}132( |042| Z ”ZZ”

IN

n L /n 3
<§;|ai|2“> (_§;1|zi||2ﬁ) , where a> 1,241 =1;

=1

n
Py il max |z

By Holder’s inequality for double sums we also have

(2.4) > lallagl iz 2)l

1<i#j<n

max QO 2 2|
e Joaegl 321G 2)l;

1 1
5 5
§
( > aﬂlaﬂ”) < > I(Zz',Zj)|> )
1<iZj<n 1<iZj<n

1,17 4.
where ~v > 1, ;—1-3—1,

IN

Yoo el gl Jhex |(zi5 25)] 5

1<iZj<n <iAj<
max {|oo 22|
1<z;£j<n{| g ]|}1<i§‘;§n|( (3 J)‘a

o 9 1 %
n n Rl
2 )
(zw) —(zmw)] < > |<zi,zj>|> 7
= | \i=1 i=1 1<iZj<n
where v > 1, %*F%:l;

(£ ai|)2—§1 |ai|2] s |(z0,%)]

1<i#j<n
Utilising (2.3) and (2.4) in (2.2), we may deduce the desired result (2.1). i

Remark 1. Inequality (2.1) contains in fact 9 different inequalities which may be
obtained combining the first 3 ones with the last 3 ones.

A particular case that may be related to the Boas-Bellman result is embodied
in the following inequality.

Corollary 1. With the assumptions in Lemma 1, we have

n 2
E ;2
i=1

(2.5)
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1
2 2 1
. (St o) S ot N
Z ol § e fl]l® + > Giz)

2
im1 D i la 1<i#j<n

n
2 2 2
< Dlail® § g i+ {30 16wz

1<i#j<n

[IE

The first inequality follows by taking the third branch in the first curly bracket
with the second branch in the second curly bracket for v =§ = 2.
The second inequality in (2.5) follows by the fact that

n

(zw) S| <l
=1 =1

Applying the following Cauchy-Bunyakovsky-Schwarz type inequality

n 2 n
(2.6) (Zai> SnZa?, a; €Ry, 1<i<n,
i=1

i=1

we may write that

(27) (Dam) Z|at|2” n—lZWW (n=1)

and

(2.8) (Z'O”') Z|al| (n—1) Z|al (n>1).

Also, it is obvious that:

. <
(2.9) (Jnax Alaiog|} < max o

Consequently, we may state the following coarser upper bounds for ||>°1 aizi||2
that may be useful in applications.
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Corollary 2. With the assumptions in Lemma 1, we have the inequalities:

(2.10)

i %

2 & 2
1I£§S><n|ai| 1;1 [

IN

1 1
n o n B
(Z |ai|2°‘) (Z ||zz||2ﬁ> ,  where a>1,1+ % =1,
i=1

i=1

n
3 foul” mae [

s leul’ | S ezl

1 3
1 (& 27\ " s
L o0t (S ( > |<zi,zj>|> 7
i=1 1<iZj<n

where v >1, +4+1=1;

n
~1 12 o).
(n );Iaz\ Kggj?;nl(zuzy)l

The proof is obvious by Lemma 1 in applying the inequalities (2.7) — (2.9).

Remark 2. The following inequalities which are incorporated in (2.10) are of spe-
ctal interest:

n 2
(2.11) >z < max i lezzll > szl
i=1 1<i#j<n
n 2
(212) | iz
i=1

=
Q=

S(Zlailﬂ (anﬂq> CCEELE D SR CHER L I

i=1 1<i#j<n

wherep>1,%+%:1; and

iZi

(2.13) Jnax

<Z|a@| L a4 (1) o (Gl

3. SOME MITRINOVIG-PECARIC-FINK TYPE INEQUALITIES

We are now able to point out the following result which complements the in-
equality (1.3) due to Mitrinovi¢, Pecari¢ and Fink [6, p. 392].
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Theorem 3. Let x,y1,...,yn be vectors of an inner product space (H;(-,-)) and
c1y...,cn E K (K=C,R). Then one has the inequalities:

2

(3.1)

n
Z C; (.13, yl)
=1

max [e;> 3 [luill*;
1§z§n =1 ’

«

1 1
2 n o n B
< fll” > (Z ICi|2a> (Z IIyz'IIQﬂ) , where a>1,0+5=1
=1 i=1

n 9 9
2 leil” max fly”

1Srg£8;?<§n{lcicj|} > 1wyl

1<i#j<n
- 1
. 2 nooen\ | 5\
2 (zw) —(zmw) S lwew)l ]
+ ||z]|” x | \i=1 i=1 1<i#j<n

where v > 1, %—5—%:1;

(i§|0i|>2_léci|2] max |(yi,y;)|-

1<ij<n

Proof. We note that

Zci (z,y:) = (xazclyz> .
i=1 i=1

Using Schwarz’s inequality in inner product spaces, we have:

2

n n 2
Zci (@,y)| <l Z?iyi
i=1 i=1
Now using Lemma 1 with o; =T, 2z, = y; (i =1,...,n), we deduce the desired

inequality (3.1). I

The following particular inequalities that may be obtained by the Corollaries 1
and 2 and Remark 2 hold.
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Corollary 3. With the assumptions in Theorem 3, one has the inequalities:

2

n
>eatom)

1

2
2 %n 2 2 2
2l 22 leil™ § oz llll +< > (yuyj)I) ;
1= =t

1<iZj<n

n 2
[Ells max |Cz\ {ZlHyiH + > I(ymyj)}

1<iZj<n

IN
X

1 1 %
2 n 2 P n 9 q 1
el (Z|ci| ) (znyin ) +<n—1>p< > |<yi,yj>|q> ,
i=1 i=1 1<iZj<n

1,1
where p>1,5—|—a_1

ol 3 e {max il + (n— 1) max <yz-,y]—>|},

1<i#j<n

Remark 3. Note that the first inequality in (3.2) is the result obtained by Mitri-
novié-Pecarié-Fink in [6]. The other 3 provide similar bounds in terms of the

p—mnorms of the vector <|cl|2 b |cn|2) .

4. SOME BoAs-BELLMAN TYPE INEQUALITIES

If one chooses ¢; = (x,y;) (i=1,...,n) in (3.1), then it is possible to obtain
9 different inequalities between the Fourier coefficients (z,y;) and the norms and
inner products of the vectors y; (i = 1,...,n). We restrict ourselves only to those
inequalities that may be obtained from (3.2).

As Mitrinovié, Pecarié¢ and Fink noted in [6, p. 392], the first inequality in (3.2)
for the above selection of ¢; will produce the Boas-Bellman inequality (1.2).

From the second inequality in (3.2) for ¢; = (x,y;) we get

(Zl(xvyi)f) < Jlz)* max x (2, 4] leyzll > 1wiy)l

1<i#j<n

Taking the square root in this inequality we obtain:

n

41 > @)l < Il max |(z, yi)] leyzll > Awnulp
i=1 1<i#j<n

for any x,y1,..., Yy, vectors in the inner product space (H;(:,")).

If we assume that (e;);;<, is an orthonormal family in H, then by (4.1) we
have o

2
. )| < i .
(4.2) Ell(x,ez)I < Vnllz|l max [(z,e)], =€H
=
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From the third inequality in (3.2) for ¢; = (x,y;) we deduce

(Zux,ym?) S ( <y>)

X (leyillzq> +=17 > )l :

1<i#j<n

Q=

for p > 1, %—i—%:l.
Taking the square root in this inequality we get

1

43) Y @y < || (Z I(xvyi)lh’)
i=1 1=1

X <Z||y¢||2q> +o=1F Y )l ,

1<i£j<n

for any T, Yi,---Yn €H7p> 17 %“F%: 1.
The above inequality (4.3) becomes, for an orthornormal family (€;);<;<,, s

1
n

(4.4) Dl el < n faf (Zux,ei)f”) L wed

i=1

Finally, the choice ¢; = (z,y;) (i =1,...,n) will produce in the last inequality in
(3.2)

n 2 n
2 2 2 2
(2;|<x,yi>|> < 1ol 3l { e o+ 1) s )
i= i=

giving the following Boas-Bellman type inequality

(4.5) Z|<x,yi>2s|x||2{max il + (n— 1) max |<yz-,yj>|},

— 1<i<n 1<i#j<n
1=

for any z,y1,...,yn € H.
It is obvious that (4.5) will give for orthonormal families the well known Bessel
inequality.

Remark 4. In order the compare the Boas-Bellman result with our result (4.5), it
is enough to compare the quantities

A= > )l

1<i#j<n
and

Bi=(n—1) max |(yy;)l-
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Consider the inner product space H = R with (z,y) = zy, and choose n = 3,
y1=a>0,y=0>0,y3=c>0. Then
1
A=v2(a®0* + b2 + Pa?)?, B = 2max (ab, ac, be) .
Denote ab = p, bc = q, ca = r. Then

1

A:\/i(p2+q2+7"2)§, B:2max(p7an)'

Firstly, if we assume that p = q = r, then A = /6p, B = 2p which shows that
A>B.
Now choose r =1 and p,q = % Then A = /3 and B = 2 showing that B > A.
Consequently, in general, the Boas-Bellman inequality and our inequality (4.5)
cannot be compared.
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