SOME NEW RESULTS RELATED TO BESSEL AND GRUSS
INEQUALITIES FOR ORTHOGONAL FAMILIES IN INNER
PRODUCT SPACES

S.S. DRAGOMIR

ABSTRACT. Some new counterparts of Bessel’s inequality for orthornormal
families in real or complex inner product spaces are pointed out. Applications
for some Griiss type inequalities are also emphasized.

1. INTRODUCTION

In [1], the author has proved the following result which provides both a Griiss
type inequality for orthogonal families of vectors in real or complex inner products
as well as, for x = y, a counterpart of Bessel’s inequality.

Theorem 1. Let {e;};.; be a family of orthornormal vectors in H, i.e., (e;,e;) =0

ifi £ j and |lel =1, 4,5 € I, F a finite part of I, ¢;,7v,,®:;,T; € R (i € F), and
x,y € H. If either

(1.1) Re <zn:¢>iei—x,a:—zn:¢iei> >0,
i=1 i=1

Re <i Liei —y,y — i7i6i> >0,
i=1 i=1

or, equivalently,

1

Qi + ¢ 1 2"

(1.2) ||x226 §2<Z|<1>i ol
i€EF i€F

1

i+ 1 2\’

y_ZTei §2<Z|Fi il )
i€l i€l
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hold, then we have the inequality

(13) 0< |(ey) — 3 (@, e (eny)

i€l

3 3
< i <Z|‘I)z'¢i|2> : (Z |Fi%|2>
i€F iCF
1
3
— |Re <Z e, —x,x — Z¢iei>]
i€F icF
3
x |Re <Z Tiei —y,y — 27i€i>]
i€F i€F
1 3 3
=7 (Z@i _¢i|2> ' (Z T —%|2> ~
i€F ieF

The constant i 1s best possible in the sense that it cannot be replaced by a smaller
constant.

In the follow up paper [2], and by the use of a different technique, the author
has pointed out the following result as well:

Theorem 2. Let {e;};c;, F, ¢;,7;, ®i, T and x,y be as in Theorem . If either
or holds, then we have the inequality

1) 0@y -3 e )
=1
(o) ()
i=1 i=1
D; + ¢, i+
_Z %_CU,G,» ‘ ;_’y _<yuei>

i€l

i (Z |®; — ¢i|2> : (ZID —%:|2> :
=1 =1

The constant i 1s best possible in the sense that it cannot be replaced by a smaller
constant.

Nl=

IN

It has also been shown that the bounds provided by the second inequality in
(1.3) and the second inequality in ([1.4)) cannot be compared in general.
2. A NEwW COUNTERPART OF BESSEL’S INEQUALITY
The following counterpart of Bessel’s inequality holds.

Theorem 3. Let {e;};.; be a family of orthornormal vectors in H, F a finite part
of I, and ¢;,®; (i € I), real or complex numbers such that ), Re (ngz) > 0. If
x € H 1is such that either
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(i) Re <216F Die; —x, T — ZieF ¢iei> > 0;
or, equivalently,

1
. P, 2)2.
(i) Hx — Yier 2 5 Cil| = % (ZieF |®; — ¢4 ) ;
holds, then one has the inequality

1 ZZEF |¢0‘—|—|¢|
ZiEFRe( Z¢ ;| ’ l

The constant i 18 best possible in the sense that it cannot be replaced by a smaller
constant.

(2.1) l=]* <

Proof. Firstly, we observe that for y,a, A € H, the following are equivalent

(2.2) Re(A—-y,y—a)>0
and

a+ A 1
(2.3 lv- 52 <514l

Now, for a =} .. p dsei, A=), Pie;, we have

[N

2
A —all =

Z (Pi — ¢;) e

i€l

Z (CI)Z - ¢z) €;

i€EF

= (D@—Wlei"’) = <Z|¢>i—¢i|2> :
i€l el

giving, for y = x, the desired equivalence.
Now, observe that

Re <Z d,e; —x, T — Z¢i€i>

N

= ik
= ZRG[ (z,e5) + ¢, (x,e;) } [ER ZRe D;;)
i€l i€l

giving, from (i), that

(2.4) = + ZRe (Pio;) ZRe [ (z,e;) g@(x,eiﬂ .

icF ieF

On the other hand, by the elementary inequality
2 1 5
ap”+ —q" 22pg, >0, p,g=20;

we deduce

(2.5) 2|z]l <

3" Re (@,,)

ieF
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Dividing by [>;cr Re (@ZE)]% > 0 and using , we obtain

Zze Re <(E,€¢> +7<$, ei>
" S F[z[ Re (0,3, |
ier e i

b

which is also an interesting inequality in itself.
Using the Cauchy-Buniakowsky-Schwartz inequality for real numbers, we get

(2.7) ZRe[ {z,e;) xez] Z‘@ T, e;) + ¢ (x,e;)

ieF i€EF
<D (18] + [¢i]) (s e3)]
icF
SlZ(I‘I’iH%I)Q] [Z(%@)IQ] ~
i€l i€F

Making use of (2.6) and (2.7)), we deduce the desired result (2.1)).
To prove the sharpness of the constant 1, let us assume that (2.1)) holds with a

constant ¢ > 0, i.e.,

Sier (12 + [:)°
2.8 2 <. £E el
(2.8) =" < ¢ S Re (3:0,) ;I

provided z, ¢, ®;,i € F satisfies (i).
Choose F' = {1}, e1 = e, |e]| =1, ¢, = m, ®; = M with m, M > 0, then, by
B9 we get

M 2
(2.9 e < 2EE oy
provided

(2.10) Re (Me — xz,x — me) > 0.

If z = me, then obviously (2.10]) holds, and by (2.9) we get

M +m)?
2<( 2
m” < e m

giving mM < c¢(M +m)2 for m, M > 0. Now, if in this inequality we choose
m=1—¢e, M =1+c¢ (¢€(0,1)), then we get 1 — &2 < 4c for € € (0,1), from
where we deduce ¢ > i. |
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Remark 1. By the use of (@, the second inequality in and the Hélder
inequality, we may state the following counterparts of Bessel’s inequality as well:
1 1
(211) Jol? <3 —
[Yicr Re (®id;)]

Nl=

max {1:] + 6,1} 3 |G, 1)

icF

A s o] (siear),
+1-1

forp>1, %

SA

max;er [(z, ;)] Z [[®:] + [;]] -
i€l

The following corollary holds.

Corollary 1. With the assumption of Theorem [3 and if either (i) or (ii) holds,
then

(2.12) 0< Jla* =D [z e)” < M2 (2,0, F) Y [(z,e0)]”,

S i€EF

-~ =

where
1
2

Vicr {10 +160) + 4|03 - Re (0:5,)] }

, M (®,¢,F) = @
(2.13)  M(2,4.F) Yier Re (Pidy)

The constant i is best possible.

Proof. The inequality (2.12]) follows by (2.1) on subtracting the same quantity
Yier (T, e:)|? from both sides.

To prove the sharpness of the constant %, assume that |j holds with ¢ > 0,
ie.,
(2.14) 0< 2l =D [z, e <M (®,0,F) > [(x, )

ieF i€F

provided the condition (i) holds.

Choose FF={1},e1 =¢, |le|| =1, ¢; =¢, &, =P, ¢, P > 0 in (2.14)) to get

@ _ 2
(2.15) 0 < 2l = Iz, ) < L2 g e
oL
provided
(2.16) (Pe —x,x — ¢pe) > 0.
If H=R2 x = (x1,72) €ER?, e = (\%, %) then we have
2
r1+x 1
ol = el = o+ a3 — LT 2oy
2
(z,e)|? = (z1 +22)”

2
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and by (2.15) we get

(2.17) (21 — 22)° < (2 $)° (1 xz)Q.

2 = 40 2

Now, if we let 21 = %, To = % (¢, ® > 0) then obviously

2 8
Pe —z,x — pe) = — —x Tz, ——— | =0,
< %) ; (\/i ) ( \/§>
which shows that (2.16]) is fulfilled, and thus by (2.17)) we obtain

(@-9)° _ (2-¢)° (2+¢)°
<

P 4
for any ® > ¢ > 0. This implies
(2.18) (B4 @) > ¢pd

for any ® > ¢ > 0.
Finally, let ¢ =1 —¢, ® =1+¢, ¢ € (0,1). Then from (2.18)) we get 4¢c > 1 — &2
for any ¢ € (0,1) which produces ¢ > 1.

Remark 2. If {e;};c; is an orthornormal family in the real inner product (H; (-, -))
and M;,m; e R, i € F (F is a finite part of I ) and x € H are such that M;,m; > 0
fori e F with ), p Mym; >0 and

<2Miei —x,r— Zmiei> >0,
icF ieF
then we have the inequality

219) 0 o)’ =Y (e < - Zer AT e .

o Mym;
iEF ZleF v iEF

The constant i 1s best possible.

The following counterpart of the Schwarz’s inequality in inner product spaces
holds.

Corollary 2. Let z,y € H and §,A € K (K =C,R) with the property that
Re (A5) > 0. If either

(2.20) Re (Ay —x,x — dy) >0
or, equivalently,
I+ A 1
(2.1 o= T8 ) < 1Al

holds, then we have the inequalities

Re [A@c, y) +0 (x,y)

1
2.22 T < —. —
(2.22) [yl < 5 T
1 |A[+ 9]
< - TyY)l,
3 s )
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(2.23) 0 < lzlHyll = [z, )]

(VIaT - vial) +2 (@ /Re (Aé))
: T (2, )],
(|A[ +]3)

1 2
Z'w\@,yﬂ )

<

DN | =

2 2
(2.24) [l lI™ ly[I” <

and
(A +13])* + 4 (|AS| — Re (A9))

1
(2:25) 0 < [|z]* [ly* = [(z,9)I” < 1

The constants % and % are best possible.

Proof. The inequality l] follows from 1) on choosing FF = {1},e; =e= ﬁ,
O =D =Alyll, ¢ = =17yl (y #0). The inequality (2.23) is equivalent with
(2.22)). The inequality (2.24) follows from (2.1) for F = {1} and the same choices
as above. Finally, (2.25) is obviously equivalent with (2.24).

3. SOME GRUSS TYPE INEQUALITIES

The following result holds.

Theorem 4. Let {e;};c; be a family of orthornormal vectors in H, F a finite part
of I, ¢;, @i, v;, 1 €K, i € F and x,y € H. If either

(3.1) Re <Z(I>iei —x,x—2¢i6i> >0,

icF ieF
Re <ZF16'L —YY—- Z’Viei> 2 07
iCF ieF
or, equivalently,
1
o + ¢, 1 2\’
(3.2) Hx—226i < 3 Zl@—qﬁi\ .
i€F i€F
1
Fi =+ ’}/ ]. 2 2
_ kAL N | e R
y Z e 2<ZIF1 il
el i€l

hold, then we have the inequality

(33) 0 S <$7Z/> - Z <Jf,€7;> <eiay>
i€EF
S EM (@7¢7F)M(F777F) <Z|<$,€Z>|2> <Z|<yvez>|2> )
i€l i€l

where M (®, ¢, F) is defined in (2.13).

The constant i 18 best possible.
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Proof. Using Schwartz’s inequality in the inner product space (H, (-, -)) one has

<x - Z (x,ei) e,y — Z (y,es) @i>

i€F i€F
x— Z (x,€;) e

i€l

2
(3.4)

2 2

< y_z<yvei>ei

i€F

and since a simple calculation shows that

<x - Z (2,€) €iry — Z (y,€e:) €z‘> = (z,y) — Z (z,€i) (e, y)

i€EF ieF ieF

and
2

2 2
=Y (we)e| <lz|* = |z el
icF i€F
for any z,y € H, then by (3.4) and by the counterpart of Bessel’s inequality in
Corollary [I] we have

2

(3.5) (@,y) = > (z,e) (i)
icF
< <||m||2 -y |<x7ei>|2> (||y||2 -y |<y,ez->2)
icF ieF
< M (®,6,F) S (e M2 (0, F) Y L)

icF icF
Taking the square root in (3.5)), we deduce (3.3).

The fact that i is the best possible constant follows by Corollary [1|and we omit
the details. 1

The following corollary for real inner product spaces holds.

Corollary 3. Let {e;};,c; be a family of orthornormal vectors in H, F a finite
part of I, M;,m;, N;,n; > 0, i« € F and x,y € H such that ZieFMim’i > 0,
> icr Ning >0 and

(3.6) <2Miei —x7m—2miei> >0, <ZNiei—y,y—Zniei> > 0.

i€EF i€F i€l i€F

Then we have the inequality
2

(3.7) 0< [(zy) =) (m,e5) (y,e:)
ieF
< i ) ZiGF (M; — mi)2 ZiGF (N; — ”i)2 ZieF |(z, ei>|2 ZiGF (Y, €i>|2
- 16 dier Mimi Y e p Niny -

The constant % 1s best possible.

In the case where the family {e;},.; reduces to a single vector, we may deduce
from Theorem 4| the following particular case first obtained in [3].



BESSEL AND GRUSS INEQUALITIES 9

Corollary 4. Lete € H, |le|| = 1, ¢,®,7,I € K with Re (®¢), Re (I'y) > 0 and
x,y € H such that either

(3.8) Re (®e —z, 2 — ¢pe) > 0, Re(Te—y,y—ye) >0,
or, equivalently,
o+ P 1 7+F

. — e <= |® — I —
39 o= <gle-d. o2 <5r-al
holds, then

1

(3‘10) 0< |<x7y> - <:L‘,€> (e,y)| < EM ((I)v(b) M (F7’7) |<x7e> <e,y)|,
where

M (@,6) = | (2I19D" +4[100] — Re (q>¢)]]

Re (©9)

The constant i 18 best possible.

Remark 3. If H isreal, e € H, |le|| =1 and a,b, A, B € R are such that A > a > 0,
B>b>0 and

(3.11) ‘x—a—l—AeHS;(A—a), "y—b+Be S%(B—b)7
then
312) o) - lee) ) < 3 C A () (el

The constant i 18 best possible.

If (x,e), (y,e) # 0, then the following equivalent form of ([3.12)) also holds

@y |1 (A-a)(B-b)
o Tole) 151 Vabas

4. SOME COMPANION INEQUALITIES
The following companion of the Griiss inequality also holds.

Theorem 5. Let {e;};.; be a family of orthornormal vectors in H, F a finite part
of I, ¢;,®;, €K, (i €F), xz,y € H and X € (0,1), such that either

(4.1) Re<Z<I>iei—()\w+(l—)\) y), Az + (1— A Zq’)el>2

i€l icF
or, equivalently,

Nl=

. 1+ o
)\x—l—(l—)\)y—z%@-el

i€l

(4.2)

< % (Z |®; — ¢i|2> )

icF
holds. Then we have the inequality

(@9 =3 (i) er y>]

§16 )\ ZMz Z|>‘x+ 1* y>61>| .

i€F

(4.3) Re
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The constant % is the best possible constant in in the sense that it cannot be
replaced by a smaller constant.

Proof. Using the known inequality
1
Re (z,u) < 7 lo +ull
we may state that for any a,b € H and A € (0,1)

(4.4) Re (a,b) < [Aa+ (1= \)b|>.

1
T A N1 =)
Since
(z,y) — Z (z,€i) (ei,y) = <9U - Z (z,ei) e,y — Z (y,€i) €i> )
i€F i€F i€F

for any xz,y € H, then, by (4.4), we get

(4.5) Re <x,y>—z<x,ei> (ei,y>]

i€F
= Re <xz<$,€z’>6z‘ayz<y,ei>ei>]

i€F i€F

1 2
< DI—N A(x—iEZFQE €i) 1> +(1-X) (y—;<y,ei>ei>
2

“Ii-n M‘Hl—A)y—;<Ax+(1—A)y,ei>ez
:ﬁ Az + (1= X)y|® ;|Aaz+ (1—X\ y’ei>|2‘|.

If we apply the counterpart of Bessel’s inequality from Corollaryfor Az+(1— Ny,
we may state that

(46) M+ 1 =Nyl* =Y [+ (1= Ny,e)
el
< )Y (e + (1= N y,e).

el

Now, by making use of (4.5) and (4.6)), we deduce (4.3).

The fact that %6 is the best possible constant in 1.) follows by the fact that
if in we choose z = y, then it becomes (i) of Theorem [3 l implying for A = 5
-, for which, we have shown that 1 was the best constant. |

»MH

Remark 4. If in Theorem@ we choose \ = %, then we get

(47) Re <$,y> - Z <$U,€i> <ei,y>] < iMQ (<I)’¢)’ F) Z

i€l
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provided

Re<2¢iei—$;y,x;y—z¢iei> >0

icF icF
or, equivalently,

1

= % <Z|®i¢i|2>2'

el

x+yiz@i+¢i'

(4.8) . ;

€i

el

5. INTEGRAL INEQUALITIES

Let (©2,%, 1) be a measure space consisting of a set ), a o—algebra of parts ¥
and a countably additive and positive measure p on ¥ with values in RU {oo} . Let
p > 0 be a p—measurable function on 2. Denote by Li (©,K) the Hilbert space of
all real or complex valued functions defined on 2 and 2 — p—integrable on €2, i.e.,

(5.1) / p () 1£ (5)] dp (5) < oo.

Consider the family {f;},; of functions in L2 (Q, K) with the properties that

(5.2) /Q p () £ ()5 () dyu(s) = b5, ivj €1,

where d;; is 0 if 4 # j and 6;; = 1 if i = j. {fi},c; is an orthornormal family in
Lg (2, K).
The following proposition holds.

Proposition 1. Let {fi},.; be an orthornormal family of functions in L% (Q,K),
F a finite subset of I, ¢;,®; € K (i € F) such that ), Re (@ZE) > 0 and
feL2(QK), so that either

(Z ®ifi(s)—f (8)) (f () =2 & 7:(3))] d(s) > 0

i€l

(5.3) /Q p(s)Re

or, equivalently,

CORNN N8

Then we have the inequality

1
IOESS ST

2
F) =3 Tl g s)
icF

(55) ([oe1r@rae) < !

1
2 [ZieF Re (‘1’1‘?2)]

Nl
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max {| @] + &3]} D

i€F

/Qp(s)f(s)ﬁ(s) dye (s)

§ [Z(@HI@DP] (Z / p(5) £ () Fr (5) dyu () ) 7
iEF ier !/ Q
for p>1, %—I—%:l
mpe | [ p(5)7 ()T (5)dia o) 3 1941+ 104
el
In particular, we have
(5.6) /Q p(5)1f (5) dp (5)
E.ZieF<|q)i|+|¢iD2 $) F(s)F (s s ?
< S ) |, p @T @ )

The constant % is best possible in both inequalities.

The proof is obvious by Theorem [3| and Remark 1. We omit the details.
The following proposition also holds.

Proposition 2. Assume that f;, f, ¢;, ®; and F satisfy the assumptions of Propo-
sition[1, Then we have the following counterpart of Bessel’s inequality:

2

R NICTHCLICEDS

i€F

/Q p () £ (5) T () dia ()

1 2
S ZM2(¢7¢7F)Z

i€l

/Q p(3) F () s (s) du (s)

)

where, as above,
5 {2l = 16,)" + 4 [16,1] — Re (#:5)] }|
(58)  M(®.¢,F):= 57

The constant % is the best possible.
The following Griiss type inequality also holds.

Proposition 3. Let {fi},.; and F be as in Proposition . If ¢;,®;,7;,Ii € K
(i € F) and f,g € L2 (Q,K) so that either

<Z Pifi(s) = f (8)) (f(S) - % J‘i(S))} dp (s) = 0,

i€F i€EF

<Z Lifi(s) =g (8)) (9(8) > % fi(S)ﬂ dp (s) > 0,

i€EF ieF

(5.9) /Qp (s)Re

/Qpcs)Re




BESSEL AND GRUSS INEQUALITIES 13

or, equivalently,
2

1
dp(s) < 12@1‘, -l

el

(5.10) /Q p(s)

JRICIICED SE= =t
@ i€F

then we have the inequality

£ =Y P i)
1€EF

2

1
du(s) < 7 SO ITs =l
ieF

(5.11)

/ p(5) £ (5) 9 (5)dps (5)
Q

= / p () £ (5) T () dya () / p(5) f: (5) 9 (5)dp (5)

icF

1
2)2

x (Z 0(5) £ () 5 Ve (s)\Z) B

icF

1
< M (2,6, F) M (T, F) (Z

el

/ p(5) 1 (5) T () dpa ()
Q

where M (®, ¢, F) is defined in (5.5).

The constant % 1s the best possible.

The proof follows by Theorem [ and we omit the details.
In the case of real spaces, the following corollaries provide much simpler sufficient
conditions for the counterpart of Bessel’s inequality (5.7) or for the Griiss type

inequality (5.11)) to hold.

Corollary 5. Let {fi},c; be an orthornormal family of functions in the real Hilbert
space :)Lf, (), F a finite part of I, My,m; >0 (i € F), with ) ;. p Mim; > 0 and
f €Ly (Q) so that
(5.12) Zmifi () < f(s) < ZM,fl (s) for w—ae sefd

i€F icF

Then we have the inequality

613 0= [p@ PO - X | [ 656500 <s>]2
i€F
<L Z;fM‘j) > [ ros@ 56 me]

The constant % is best possible.
Corollary 6. Let {fi},c; and F be as above. If M;,mi, N;j,n; > 0 (i € F) with
Yoier Mimi, Y i cp Ning >0 and f,g € Lg () such that

icF i€l
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and
Znifi (s) <g(s) < ZNifi (s) for p—ae se,
i€F i€l

then we have the inequality

/ p(5) £ (5) 9 (5) dpa ()
Q

= / p () £ (3) fi (5) dpu (s) / p ()9 (5) fi (5) dpu ()

ieF o
< 1 2ier (Mi — m;)” : >ier (Ni — n;)*
=7 Y ier Mim; > e Nins
2 973
X ; (/Q/)(S)f(s) fi(s) dﬂ(s)) ; (/Qp(s)g(s) fi(s) du(s))
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