NEW REVERSES OF SCHWARZ, TRIANGLE AND BESSEL
INEQUALITIES IN INNER PRODUCT SPACES

S.S. DRAGOMIR

ABSTRACT. New reverses of the Schwarz, triangle and Bessel inequalities in
inner product spaces are pointed out. These results complement the recent
ones obtained by the author in the earlier paper [13]. Further, they are em-
ployed to establish new Griiss type inequalities. Finally, some natural integral
inequalities are stated as well.

1. INTRODUCTION

Let (H;(-,-)) be an inner product space over the real or complex number field
K.
In the earlier paper [13], we have obtained the following simple reverse of Schwarz’s
inequality
2, 412 2
(1.1) 0 < [l]|” lall” = [z, @)
2, 12 2 2
< lll* lall” — [Re (z, a))” < 72 2|,
provided
(1.2) e —al <r <l

where a,z € H and r > 0. The constant ¢ = 1 in front of 2 is best possible in the
sense that it cannot be replaced by a smaller one.
This result has then been employed to prove (see [13]) that

. 2
(1.3 ol o < & 4R 3) b))
’ ! Re (I'y)
1 |0 ++ 2
<z 2T
provided, for z,y € H and 7,T € K with Re (I'y) > 0, either
(1.4) Re(l'y —z, 2 —yy) 2 0,

or, equivalently,

(1.5) H y+r

1
o= 255 < 5=l
holds. In both inequalities (1.3), % is the best possible constant.
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2 S.S. DRAGOMIR

The inequality (1.3) implies the following additive version of reverse Schwarz’s
inequality
1| —4f

. < 2 2 _ 2 < =
(1.6) 0 < fl=*lyl” = Kz )" < 7 - o (T7)

[z, )I

Here the constant % is also the best.

If the condition (1.2) is satisfied, one may deduce the following reverse of the
triangle inequality [13]

Re (z,a)

2 2 -
Vet =72 (lal® =12 +

If M >m >0, z,y € H and either (1.4) or, equivalently, (1.5) holds for M, m
instead of I, ~y, then the following simpler reverse of the triangle inequality may be
stated as well

(1.7 o<z + llall - |l +all < V2r

VM —/m
1.8 0< |zl + vl = llz +yl| € Yol /Re (2, y).
(18) Jell+ Iyl = o + 3l < S R o)
Moving now onto Griiss type inequalities, we note that if x,y, e € H, with |le]| = 1

and ri,73 € (0,1) are such that
(1.9) lo—el <ri, and fly—el <rs,
then one has the inequality [13]

(1.10) (2, y) = (x,e) (e, )| < mara || [yl -

The inequality (1.10) is sharp in the sense that the constant ¢ = 1 in front of r179
cannot be replaced by a smaller constant.

If we assumed that, for x,y,e € H with |le]] = 1 and ~,T € K with Re (T'y),
Re (@55) > 0, either the condition

(1.11) Re(Te — z,2 —ve), Re(Pe—y,y —v¢) >0
or, equivalently,
y+T 1 ¢+ ® 1
. I <2 = _8 Pl <z —
(1.12) Hx 5 eH_2|F 1, Hy 5¢ < 5l2—dl,
holds, then we have the inequality
1 D—n]|®—¢
113) ) - (e o)l < 5 ARy oo gy,

t/Re(I7) Re (20)

Here the constant % is also best possible.
In the case that both (z,€), (e,y) # 0 (which is actually the interesting case),
we have

(1.14) W_1’<1. Ll -9
(@) (e, y) ~ 4 /Re(T7)Re (94)

Now, for an orthornormal family of vectors in H, i.e., we recall that (e;,e;) =0
ifi,j €N/ i+#jand |le;| =1 for i € N, the following inequality, called the Bessel
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inequality
(1.15) Dol <llz|*, =€ H;
holds.

If (H;(-,-)) is an infinite dimensional Hilbert space over the real or complex
number field K, (e;);cy is an orthornormal family in H, X = (\;),cy € 2 (K) and
r > 0 is with the property that

(1.16) SO >
i=1
then, for z € H with

(1.17) <r

)

oo
Tr — E )\iei
i=1

one has the inequalities [13]

2 (SZiRe[Niwe])” |5 2 G|
a Eioi1|/\i|2_ DY 1|/\‘ —r?

(1.18) [l

< Z’L 1|)“ Z|xez
Zz 1‘)‘| -

An additive version of interest is [13]

1.19 0< x2—oo z,e;)|” < (x,e;)]
(1.19) < |l ;K )< ZHIM ZI

Finally, if T = (T;),cn > ¥ = (Vi)ien € €% (K) are such that > 77, Re (I';7;) > 0 and
for x € H, either

o~ %+ L <1 :
(1.20) HIZ; <3 <Z|F >
or, equivalently,

oo o0
(1.21) Re <2Fiei—x,x—2’yiei> >0
i=1 i=1

holds, then [13]

(it Re [(Ti +74) <~’Ca€1})2 L 1>y (Ti+ %) <x,ei>f2
2121 Re (I'iy;) 4 2121 Re (I'iy;)

2
(122) Jlef® < - -

»-lkn—\

—_

r
<1 —Zw' TS e
Zz lRe 171 i=1

The constant 1 is best possible in all inequalities (1.22).

,4;
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The following additive version may be stated as well [13]

130, T =l
1.2 0< NP < s eistt L
(1.23) < lzff® - E |z, €)] <71 S% Re (T,

\xel
i=1

Here the constant % is also best possible.

The present paper is a continuation of [13]. Here we point out different reverses
of the Schwarz, triangle and Bessel inequalities that are also sharp. Applications
for Griiss type inequalities are provided. Some integral inequalities that are natural
consequences of the above, are stated as well.

2. NEwW REVERSES OF SCHWARZ’S INEQUALITY
The following result holds.

Theorem 1. Let (H;(-,-)) be an inner product space over the real or complex
number field K, x,a € H and r > 0. If

(2.1) € B(a,r):={z€ H||z—a| <r},
then we have the inequalities:
(2.2) 0 < [lzllllall = [z, a)| < [lz]l [la]l — |Re (z, a)]

1
< Jlal flall - Re (z, ) < 5.
The constant % is best possible in (2.2) in the sense that it cannot be replaced by a
smaller constant.
Proof. The condition (2.1) is clearly equivalent to
(2.3) |z]|* + ||al|” < 2Re (z,a) + 2.
Using the elementary inequality
2 2
(2.4) 2|zl flall < ll=” + lal®,  a,xeH
and (2.3), we deduce
(2.5) 2|zl [|a]| < 2Re(x,a) + 72,

giving the last inequality in (2.2). The other inequalities are obvious.
To prove the sharpness of the constant %, assume that

(2.6) 0 < |lzll la]] - Re (z,a) < cr?
for any z,a € H and r > 0 satisfying (2.1).
Assume that a,e € H, ||a|| = |le]| = 1 and e L a. If r = /&, € > 0 and if we

define z = a + \/ee, then ||z — a|]| = /¢ = r showing that the condition (2.1) is
fulfilled.
On the other hand,

Jall lall - Re {z,a) = /]|a + vZe|* — Re (a+ v/ze,a)
2
lall + ¢ [lel|* — |l
1+e—-1
Utilising (2.6), we conclude that
(2.7) V14+e—1<ce forany ¢ > 0.
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Multiplying (2.7) by v/1+ € + 1 > 0 and then dividing by ¢ > 0, we get

(2.8) (Vi+e+1)e>1 forany > 0.

Letting ¢ — 0+ in (2.8), we deduce ¢ > %, and the theorem is proved. i
The following result also holds.

Theorem 2. Let (H;(-,-)) be an inner product space over K and x,y € H, v, € K
(T # —v) so that either

(2.9) Re(Ty — x,x — vyy) > 0,

or, equivalently,

'erF
(2.10) H_2|r A Iyl
holds. Then we have the inequalztzes
(2.11) 0 < [lzlHlyll = [z, y)]
L+%
v 23
(| 1yl ‘FJW‘( )
L+5
<z ||y Re[ z,y}
[ [yl |F+7|< )
Lol e,
—4 T+~

The constant % in the last inequality is best possible.

Proof. The proof of the equivalence between the inequalities (2.9) and (2.10) follows
by the fact that in an inner product space, Re (Z —z,z — z) > 0 for z,2,Z € H is
equivalent to

Z 1
o= 252 < 1z -1,

(see for example [9]).
Consider for a,y # 0, a = F'M cyand r = 1 |T' — 7| |ly||. Thus from (2.2), we get

'+«
0 < el |25 2 ol = | 52 o
'+~ r'+y
< o[22 o [re [ 22 <x,y>H
I+~ +75
< L _
< el 52l - e |2 ]

IN

1 20 12
S r- .
L

Dividing by 3 [I' +| > 0, we deduce the desired inequality (2.11).
To prove the sharpness of the constant i, assume that there exists a ¢ > 0 such
that:

L+73 |I |
2.12 z|| |ly|| — Re { T,y ] <c

provided either (2.9) or (2.10) holds.
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Consider the real inner product space (R?, (-,-)) with (X,¥) = z1y1 + @2yo,
%= (21,72), ¥ = (y1,92) € R%. Let y = (1,1) and T,y > 0 with I > ~. Then, by
(2.12), we deduce

2
(2.13) V24/22 + 1% — (21 + x2) S?C-M.

F'+~y
If z1 =T, 29 = 7, then
Ty -%x-7y) =T —a1) (@1 =) + (' —22) (22 —7) =0,
showing that the condition (2.9) is valid. Replacing x; and x2 in (2.13), we deduce

I )2
(2.14) V2VT2 442 — (T 47) < 20%.
Y
If in (2.14) we choose I'=1+¢, vy =1 —¢ with € € (0,1), then we have
4e?

2V1+e? -2 < 2e—,
giving
(2.15) V14e2—1< 2
Finally, multiplying (2.15) with v/1 + &2 +1 > 0 and thus dividing by £2, we deduce
(2.16) 1< 2¢ (m—&— 1) for any €€ (0,1).

Letting ¢ — 0+ in (2.16) we get ¢ > i, and the sharpness of the constant is
proved. i

For some recent results in connection to Schwarz’s inequality, see [2], [14] and
[16].
3. REVERSES OF THE TRIANGLE INEQUALITY
The following reverse of the triangle inequality in inner product spaces holds.

Proposition 1. Let (H;{-,-)) be an inner product space over the real or complex
number field K, x,a € H and r > 0. If ||x — a|| < r, then we have the inequality

(3.1) 0 < [lzll + llall = [z + al| <7
Proof. Since
2 2
(=l + llal)” = lz + al” < 2(||z[| o]l — Re (z,a)),
then by Theorem 1 we deduce
2
(3.2) (Il + llal)* = llz +a|* < r?,
from where we obtain

(3-3) lzll + llall < /2 + ||z +al* < v+ |z +a,
giving the desired result (3.1). I

We may state the following result.
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Proposition 2. Let (H;(-,-)) be an inner product space over K and z,y € H,
M > m > 0 such that either

(3.4) Re (My — z, 2 — my) > 0,
or, equivalently,
M+m
(35) o= 20| < S 0r—m .
holds. Then we have the inequality
V2 (M —m)
3.6 0<||z|| + — ||+ < — —>= .
(3.6) < llzll + Nyl = llz + ol < 5 Ny [yl
Proof. By Theorem 2 for I' = M, v = m, we have the inequality
1 (M—m) m)?
3.7 R
(3.7) [ ly]| = Re {z,y) < 7 - e Iyl
Then we may state that
2 2
Uzl + 11yl = llz +ylI” = 2=l ]y — Re (z,y))
1 (M—m)” m)?
<3 Iyl
2 M+m
from where we get
1 (M —m)2 2 2
. <z
(38) ] + iyl < ¢ > ekl + e+
(M —m)
<4yl + —F—————= )
o+ 4l + e

giving the desired inequality (3.6). I
For some results related to triangle inequality in inner product spaces, see [3],

(18], [19] and [20].

4. SOME GRUSS TYPE INEQUALITIES

We may state the following result.

Theorem 3. Let (H;(-,-)) be an inner product space over the real or complex
number field K and xz,y,e € H with |e|| = 1. If r1,72 > 0 and

(4.1) [ —el <,y —el <ra

then we have the inequalities

1
(42) [y —(we)(el < grraVlal+ el vyl + [y o)l
< gz llyll-

The constant % is best possible in the sense that it cannot be replaced by a smaller
constant.
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Proof. Apply Schwarz’s inequality for the vectors z — (x, e) e, y — (y, €) e to get (see
also [9]) that:

(43) oy — @ e el < (2l = 1@, el?) (lyl® - 1))
Using Theorem 1 for a = e, we have
(4.4) 0< Jlz]]* = (e}

= (lal = [z, &)]) (lall + Iz )]

< 5ri (lzll + [z, e)]) < 7¢Il

1
2
and, in a similar way

2 2
(4.5) 0 < lyll” = [y el

1
< 57z (gl + ly: e <73 Myl -

Utilising (4.3) — (4.5), we may state that

(4.6) (2, y) = (,€) {e, )| < ir% (Nl + I¢z, e)]) iyl + [y e)])
< il vl

giving the desired inequality (4.2).
To prove the sharpness of the constant 3, let assume z = y in (4.2), to get

1

2 2

(4.7) 2" = [z, e} < 5ot (lall + Kz, €)]).

provided ||z —e|| < r1. If  # 0, then dividing (4.7) with ||z|| + |{z, e)| > 0 we get
1

(4.8) lzll = I, e)] < 5ri

provided ||z —e|| < r1, |le|]| = 1. However, (4.8) is in fact (2.2) for a = e, for which
we have shown that % is the best possible constant. i

The following result also holds.

Theorem 4. With the assumptions of Theorem 3, we have the inequality

19 I~ (e o) < maray 12 4 (w0l e+ 0

Proof. Note that, from Theorem 2, we have
1
(4.10) Izl llall < |{, )| + 572

provided ||z —al| < r.
Taking the square in (4.10) and arranging the terms, we obtain:

1
(a.11) 0 < ol ol - lfz. o) < 72 (3 + avall).

provided ||z — a| <.
Using the assumption of the theorem, we then have

1
(1.12) 0 < ol = o < 72 (373 + (w0 )
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and
2 2_ 21
(1.13) < lul’ = 0 <7 (373 + e
Utilising (4.3), (4.12) and (4.13), we deduce the desired inequality (4.9). I

The following result may be stated as well.

Theorem 5. Let (H;(-,-)) be an inner product space over K and x,y,e € H with
llell = 1. Suppose also that a, A,b, B € K (K= C,R) so that A # —a,B # —b. If
either

(4.14) Re(Ae —z,z —ae) >0, Re(Be—y,y—be) >0,

or, equivalently,

wn oAt ot

<5 |B-10,
2

holds, then we have the inequality

(4.16) [(z,y) — (z,€) (e,y)
1 |A—a|[B—b
SZ'wIIT@——VHWHxG [Vl + [y e
1 A- a||B b| T

The constant % is best possible in (4.16).

Proof. From Theorem 2, we may state that

(117) 0 < Jlef? — |}
= (el ~ I{e. ) ] + Iz, e}
<1 T el +1e0D.
and
72
(1.18) 0 Iyl = el < 3 0 ol + [l

Making use of (4.3) and (4.17), (4.18), we deduce the first inequality in (4.16).
The best constant follows by the use of Theorem 2, and we omit the details. i

Finally, we may state the following theorem as well.

Theorem 6. With the assumptions of Theorem 5, we have the inequality
(4.19)  [z,y) — (z,¢) {e,y)

1 |A—da||B=b| [1 |A—al® 1 |B—b?
Lo dAzdiBoY J1 ] +<%@M¢' L el

2 VIA+a[[B+b][|8 [A+al 8§ |B+Y
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Proof. Using Theorem 1, we may state that

1 |A—al
< — <.
0 < [lzf} = Kz, e} < 7 At

This inequality implies that

2 2, 1 A—a* 1 |A-d|'
< = "TA LA T qe A 2
2™ < [(z, e} + 5 [z, €] [A+al 16 [Ataf
giving
1 |A—al 1 [A-af
4.20 0 < [|l2ff* - f< s 3 TAtal |
(4.20) <l = Ko )™ < 5 Tar (K99l + g Taal
Similarly, we have
1 [B—bP 1 |B—b
4.21 0< [lyl* - *<s S Bro |
(4.21) <l = lw-el” < 5 T 1wl + 5 5y

By making use of (4.3) and (4.20), (4.21), we deduce the desired inequality (4.19). I

For some recent results on Griiss type inequalities in inner product spaces, see
[4], [6] and [21].

5. REVERSES OF BESSEL’S INEQUALITY

Let (H;(:,-)) be a real or complex infinite dimensional Hilbert space and (e;),cy
an orthornormal family in H, i.e., we recall that (e;,e;) =0if 4,5 € N, ¢ # j and
le;]] =1 for i € N.

It is well known that, if z € H, then the series > .~ |(x, e;)|? is convergent and
the following inequality, called Bessel’s inequality,

(5.1) > laenl® <z,
i=1

holds.
If

% (K) := {a = (a;);ey CK

o
Z lai” < oo} ,
i=1

where K = C or K = R, is the Hilbert space of all real or complex sequences that
are 2—summable and XA = (\;);cy € €% (K), then the series ;7| Aie; is convergent

1
in H and if y := Y2, \je; € H, then [ly| = (Zfil |)\i|2) °.
We may state the following result.
Theorem 7. Let (H;(-,-)) be an infinite dimensional Hilbert space over the real

or complex number field K, (e;),cy is an orthornormal family in H, X = (X;),cy €
2 (K), \#0 andr > 0. If v € H is such that

(5.2) T — Z Aiei|| <,
i=1
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then we have the inequality

2

(5.3) 0 < ||| - (Z |<w,ei>|2) <
=1

P

(Z?; \Mz)%.

The constant % is best possible in (5.3) in the sense that it cannot be replaced by a
smaller constant.

N

Proof. Let a:=Y ;> A\ie; € H. Then by Theorem 1, we have

oo o0 B 1
||{,E|| Z)\iei — Z)\Z <.’17,ei> §§T2,

=1 i=1

giving
1

oo 2 1 o0 B
(5.4) = <Z|A> <37 [ e,
since

1
o0 oo 2
Z)\iei = (Z |)\Z|2> .
i=1 i=1
Using the Cauchy-Bunyakovsky-Schwarz inequality, we may state that
D Aifw,en)| < (Z |/\i|2> (Z |<$’€z‘>|2> ;
i=1 i=1 i=1

and thus, by (5.4) and (5.5), we may state that

(5.5)

[e%s) % 1 o) 3 3
I (Zm?) <5t (ZW)
=1 1=1

oo 2
<Z (=, 6i>l2> ;
i=1
from where we get the desired inequality in (5.3).
The best constant, follows by Theorem 1 on choosing (e;);cy = {e} , with [le]| = 1
and we omit the details. I

|

Remark 1. Under the assumptions of Theorem 7, and if we multiply by ||| +
(221 |<x,ei>|2)§ > 0, we deduce from (5.3), that

(5.6) 0< Jlall* = 3 I, ea)l*

Lo (el + (S med) )
(S )

=2
r? |||

(Zf; |>\z'|2)

IA

N
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where for the last inequality, we have used Bessel’s inequality

1
e’} 2

(ZI(x,e»IQ) <z, =eH.
i=1

The following result also holds.

Theorem 8. Assume that (H;(-,-)) and (e;);cy are as in Theorem 7. If T =
Ti)ien> ¥ = Vidjeny € (K), with T # —~, and x € H with the property that,
either

oo

i=1

(5.7)

v
[N

1
<3 (Smis
or, equivalently,

o0 o0
(5.8) Re <Z Iie; —x, v — Z’yiei> >0
i=1 i=1

holds, then we have the inequality

[e’e) 2
N e
4 9\ 3
(Zjil T + ;] )

(5.9) 0< Jlal| - (Z |<x,ei>|2> <
i=1

The constant i 18 best possible in the sense that it cannot be replaced by a smaller
constant.

Proof. Since T, v € £*(K), then we have that 3 (I'++) € ¢*(K), showing that
the series

2 2
S
2 ’ 2
i=1 i=1
are convergent. In addition, the series 370 Tie;, S50, 7,¢; and .00, FitYie, are

also convergent in the Hilbert space H.

The equivalence of the conditions (5.7) and (5.8) follows by the fact that, in an
inner product space we have, for x,2,Z € H, Re (Z — z,x — z) > 0 is equivalent to
|z — 52| < 4 1 Z — 2|/, and we omit the details.

Now, we observe that the inequality (5.9) follows from Theorem 7 on choosing
A=t jeNandr =1 (Z;’il\ri—%ﬁ)g :

The fact that 1 is the best possible constant in (5.9) follows from Theorem 2,
and we omit the details. I
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Remark 2. With the assumptions of Theorem 8, we have

2 2
(5.10) 0 < [lzf® =) Iz, ei)]
i=1

1

D v VP = e)
< 3 =TT el 4 3 K
(S5 s+ ) =1
D VA IVEP s
<5 = - o).
2

o) 2
(52, I+ 7:%)
For some recent results related to Bessel inequality, see [1], [5], [15], and [17].

6. SOME GRUSS TYPE INEQUALITIES FOR ORTHONORMAL FAMILIES

The following result holds.

Theorem 9. Let (H;(-,-)) be an infinite dimensional Hilbert space over the real
or complex number field K and (e;),cyy an orthornormal family in H. If X =

Ni)jens B = ()ien € C(K), X, o # 0, r1,72 > 0 and x,y € H are such
that

(61) S Tl7 S ’r27

o0
xr — E )\iei
i=1

then we have the inequality

e}
I’ y § z e’L 617
=1

oo
- E H;€i
i=1

(6.2)

Nl

1 {lle + (Zl Lz, el )1 [”y” n (Z?il |<y’ei>|2>§r
< =rire ; ’
2 (52 ) ()
<riry RS

= 1 1-
2\ % 2%
()" (2 bual?)
Proof. Apply Schwarz’s inequality for the vectors z—>" 2, (z,e;) €;, y—> oy (Y, €;) €3,
to get

2

o 0o
< Z z e’L €Y — Z yaez 7.>
i=1 i=1
0o
x — Z (x,e;)

i=1

2
<

o0
Z (y,e:)

Since

<$_Z<$a€i>€i7y—z<y,€i>€i> = Z x,e;) (e, y)
=1

i=1 i=1
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and

00 2

x—Z(m,e» e;

=1

= Jl|l® ZI (x, e)],

then, by (6.3) and (5.6) applied for x and y, we deduce the desired inequality
(6.2). 1

Finally we may state the following theorem.

Theorem 10. Assume that (H;(:,-)) and (e;),cy are as in Theorem 9. If T' =

T)iens = Ti)ien: ¢ = (i)ien» @ = (Pi);ey € 2 (K), with T # —v, @ # —¢,
and x,y € H are such that, either

1
] [e%¢) 2
Fz+7 1 2
(6.4) x—z 5 Lol < 3 <Z|Fi—% ) .
=1 =1
%
- D; + ¢, 1 [ 2
||y; 9 7 = 2<;|(I)1¢1> I

or, equivalently,

(6.5) Re <§: Tie;—x, 0 — i 'yiei> > 0,
i=1 i=1
i=1 i=1

holds, then we have the inequality

67 [ey) -3 (e (eny)

< i <i|@i¢i2>2 (im ’n—l2>2
i=1 3
ol + (24 e ] i+ (S Hwenl?)’|
X 1
(21 10+ 0,) (T2 )
pai :— ol : ; i i2 ’ 1 1
<;(zi_1q>z of*) " (I ﬂ);”x“”'y”z-

(T2 1o+ oif*) " (2520 I+ 7
The proof follows by (6.3) and by (5.10) applied for z and y. We omit the details.

7. INTEGRAL INEQUALITIES

Let (©2,%, 1) be a measure space consisting of a set 0, a c—algebra of parts ¥
and a countably additive and positive measure p on ¥ with values in R U {oo} .
Let p > 0 be a p—measurable function on Q with [, p(s) dp (s) = 1. Denote by
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L7 (€, K) the Hilbert space of all real or complex valued functions defined on Q and
2 — p—integrable on (2, i.e.,

(7.1) Ap@U@Wmu@<w.

It is obvious that the following inner product

(7.2) gy i= [ 016 3T (o),

generates the norm

151, = ([ o176 dno)

of Lf) (©,K), and all the above results may be stated for integrals.
It is important to observe that, if

(7.3) Re [f (s) m] >0 for p—ae se,

then, obviously,

(7.4) Re (f.a), = Re | [ p(6) () 7T51dn (o)

The reverse is evidently not true in general.
Moreover, if the space is real, i.e., K = R, then a sufficient condition for (7.4) to
hold is:

(7.5) f(s)>0, g(s)>0 for p—ae. sef

We provide now, by the use of certain results obtained in Section 2, some integral
inequalities that may be used in practical applications.

Proposition 3. Let f,g € L% (Q,K) and r > 0 with the property that

(7.6) lf(s)—g(s)|<r for p—ae seq.
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Then we have the inequalities

Nl

(7.7) 0< [ /Qp<s> ) du (s) /Qp<s> 19 () du <s>}
- / p(5) £ ()9 () (5)

Nl

< UQP(S)If(S)IQdu(S) p(s) |9(5)|2du(5)}

D

[ pRe (1) 7] du (o
Q

< { /Q p($)1f (5) du (5) /Q p(5)1 <s>|2du<s>}
- [ p@Re[1 7] ducs)

< -7

DN =

The constant % is best possible in (7.7).
The proof follows by Theorem 1, and we omit the details.
Proposition 4. Let f,g € L2p (Q,K) and v,T € K so that T # —, and

(7.8) Re [(I‘g (s) = f(s)) (ﬁs)—ﬁg (s))] >0, for p—a.e seq.

Then we have the inequalities

SIS

(7.9) 0< [ Lo ) [ o)l o) <s>]

/Q,o(S)f(S)

< { [ o1 @P ) [ o:)lo <s>|2du<s>]

R}
—~
V)
~—
U
=
—~
v
~—

~[Re [T [ () £ 015 Gl )]

< { [ o1 @P e [ o:)lo <s>|2du<s>]

~re | [0 £ )7l o)
12
e [l ).

The constant i is best possible.
Remark 3. If the space is real and we assume, for M >m > 0, that
(7.10) mg(s) < f(s) < Mg(s) for u—ae s€Q,
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then by (7.9) we deduce the inequality:

@ 0= | [p@lr e [ |g<s>|2du<s>]é

/ p () £ () g (3)dp (s)
Q

< 1O [ @l a.

The constant i is best possible.
The following reverse of the triangle inequality for integrals holds.

Proposition 5. Assume that the functions f,g € Lf) (Q,K) satisfy (7.10). Then
we have the inequality

(712) 0 < </Qp(s) If (s)]? dps (s)>1/2 + (/Qp(s) lg (s)|* du (S))
([rowrecoerae)

L2 ([ gl )

1/2

The proof follows by Proposition 2.
By making use of Theorem 5, we may also state

Proposition 6. Let f,g,h € L2 (Q,K) be so that [, p(s) |h (s)” du (s) = 1. Sup-
pose also that a, A,b, B € K with A #+ —a, B # —b and

Re[(4h (s) = £ (5)) (F(5) —ah (5) )|
Re [(Bh(s) = (=) (9(5) = B (5) )|

Then we have the inequality

Vv

0,

v

0 for p—ae sefl

\ / p(5) (5)7 (3)du (s) / p(s) f () B (E)du (s) / p () h () 9 (8)dp (3)
Q Q Q
1 |A—d||B—b|

4 |A+al|B+ b

X\/(/ﬂp@) |f(8)|2du(s))1/2 .
X\/(/Qp(S) lg (S)Zdu(3)>1/2 N

The constant i is best possible.

Remark 4. All the other inequalities in Sections 8 — 6 may be used in a similar
manner to obtain the corresponding integral inequalities. We omit the details.
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