SOME OSTROWSKI TYPE INEQUALITES VIA CAUCHY’S
MEAN VALUE THEOREM

S.S. DRAGOMIR

ABSTRACT. Some Ostrowski type inequalities via Cauchy’s mean value theo-
rem and applications for certain particular instances of functions are given.

1. INTRODUCTION

The following result is known in the literature as Ostrowski’s inequality [1].

Theorem 1. Let f : [a,b] — R be a differentiable mapping on (a,b) with the
property that |f' (t)] < M for all t € (a,b). Then

2
1 x — atb
< 4+< bﬁj ) (b—a)M,

for all x € [a,b]. The constant i 1s best possible in the sense that it cannot be
replaced by a smaller constant.

(1.1)

b
f@)- 5 [ T

In [2], the author has proved the following Ostrowski type inequality.

Theorem 2. Let f : [a,b] — R be continuous on [a,b] with a > 0 and differentiable
on (a,b). Let p € R\ {0} and assume that

Ky (f') = sup {u'" P f" (w)]} < o0,

Then we have the inequality

lp (b —a)
x) LB (b,z) — (x —a) Lh (v,a) ifpe€ (0,00);

b
f@) -y [ Fa
2aP (x — A) + (b —
xq (v—a)Lb(z,a) = (b—xz)Lh(b,x) —22P (x — A) ifp€ (—o0,—-1)U(-1,0)

(r—a) L™ (z,a) — (b—2) L™  (byz) — 2 (x — A) ifp=—1,

for any x € (a,b), where for a # b,

b
A= A(a,b) = a—2|— , s the arithmetic mean,

ppt+1l _ gptl

b= e = |5

P
} , is the p — logarithmic mean p € R\ {—1,0},
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and

b—
L=1L(a,b):= ﬁ is the logarithmic mean.

Another result of this type obtained in the same paper is:

Theorem 3. Let f : [a,b] — R be continuous on [a,b] (with a > 0) and differen-
tiable on (a,b). If

P(f'):= sup [|uf'(z)| < oo,
u€(a,b)

then we have the inequality

1 b
b_a/ Ft)dt

for any x € (a,b), where for a #b

<

(1.3) |f(9:) +2(x—A)nz

P(f) lm [[I (2,0)]"

b—a [ (a,z)]" "

AN
I=1I(a,b):=- (> , 1s the identric mean.
e \ a?

If some local information around the point z € (a,b) is available, then we may
state the following result as well [2].

Theorem 4. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b) .
Let p € (0,00) and assume, for a given x € (a,b), we have that

My (@) = sup {Jo—ul' 7 |f ()]} < .
u€(a,b)

Then we have the inequality

b
(14) ’fm—bia/ (et

1
e 1)

For recent results in connection to Ostrowski’s inequality see the papers [3],[4]
and the monograph [5].

The main aim of this paper is to point out some generalizations of the results in-
corporated in Theorems 2-4 by the use of Cauchy mean value theorem. Applications
for other particular instances of functions are given as well.

(z— ™+ (b= )| My ().

2. THE RESULTS

We may state the following theorem.

Theorem 5. Let f,g : [a,b] — R be continuous on [a,b] and differentiable on (a,b) .
If ¢’ (t) # 0 for each t € (a,b) and

f/
g

()
g (t)

= sup
) te(a,b)

(2.1) ‘

‘<oo,
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then for any x € [a,b] one has the inequality

b
f@) -5 [ rwa

2<x_(12H)>g(x)—|—f (t)ydt — [ g(t)dt

(2.2)

f/
g

<

b—a b—a

i

Proof. Let z,t € [a,b] with ¢ # x. Applying Cauchy’s mean value theorem, there
exists a 1 between t and x such that

[e}

_ S0 e
(f(x) = f (1) = 7 (g(x) —g(t)
from where we get
| ) B
(2.3) |f(z) = f ()] = g,(n)’lg( )—g@®)] < ‘ p wlg(x) g @],

for any ¢, x € [a,b] .
Using the properties of the integral, we deduce by (2.3), that

ia/abf(t)dt

(2.4)

/\

< (t)] dt
f/

1 b
< — g (t)|dt.
< \ . Oob_a/a l9(@)~ g1)
Since ¢’ (t) # 0 on (a,b), it follows that either ¢’ (¢) > 0 or ¢’ (t) < 0 for any
€ (a,b).

If ¢’ (t) > 0 for all t € (a,b), then g is strictly monotonic increasing on (a, b) and

x b
/|g (1)) dt = /<g<x>—g<t>>dt+/ (9(t) — g (2)) dt

:2<x—a‘z”’)g(x)+/:g(t)dt—/;g(t)dt.

If ¢ (t) < 0 for all ¢t € (a,b), then

[0 —gtwla = [2(35—“gb)g<x>+[g<t>dt—/;g<t>dt]

and the inequality (2.2) is proved. I

The following midpoint inequality is a natural consequence of the above result.

Corollary 1. With the above assumptions for f and g, one has the inequality

(1)

(2.5) t) dt

1
<

f/
“b—a ?

[ owa [T owal]

Remark 1. (1) If in the above theorem, we choose g (t) = t, then from (2.2)
we recapture Ostrowski’s inequality (1.1).

o0
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(2) If in Theorem 5 we choose g(t) = t*, p € R\ {0}, or g(t) = Int with
€ (a,b) C (0,00), then we obtain Theorem 2 and Theorem 3 respectively.

One may obtain many inequalities from Theorem 5 on choosing different in-
stances of functions g.

Proposition 1. Let f : [a,b] C R — R be continuous on [a,b] and differentiable
n (a,b). If there exists a constant T’ < oo such that

(2.6) If ()| <Te " for any t € (a,b),

then one has the inequality:

(27) ’f (52) - 7=

t)dt

<T [2 <be—(Zb)> o4 (b*w)E(x,b?):ixfa)E(a,x)

for any x € (a,b), where A= A(a,b) = “—H’ and E 1is the exponential men, i.e.,

er —e¥

o if x#y
E(z,y) = y , T,y € R.

e¥ if x=y

/fdt

The proof is obvious by Theorem 5 on choosing g (t) = €' and we omit the
details.
Another example is considered in the following proposition.

In particular, we have

(2.8) % [E(A,b) — E(a,A)]T

Proposition 2. Let f : [a,b] C (0, g) — R be continuous on [a, b] and differentiable
n (a,b).

(7) If there exists a constant I'y < oo such that
(2.9) |f (t)] <Tycost, t € (a,b),

then one has the inequality

b
(2.10) |f(x)bia/f(t)dt

<T {2 (W) sing + & _“)C(“vxg:;b—ww(%b)

for any x € (a,b), where C is the cos-mean value, i.e.,
COST — COS Y
C(x,y) = Y

—siny if t=y

if T#y
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In particular we have

/fdt

(1i) If there exists a constant I'y < 0o such that
(2.12) |f (t)| < Tysint, t € (a,b),

(2.11) <3100, 4) O (A BT,

then one has the inequality

b
(2.13) ‘f(w)—bla / £ (t)dt

< Ty [2 (33_Am’b)> cosz 4 L= ®)S(@.b) — (x—a) S(a,2)

b—a b—a ’

for any x € (a,b), where S is the sin —mean value, i.e.,

if x#y

sinx — siny
T —
S (z,y) = Y
cosy if t=y

In particular, we have

/fdt

The following result also holds.

< Lis(Ab) — S (a,A)T,

(2.14) 5

Theorem 6. Let f,g : [a,b] — R be continuous on [a,b] and differentiable on
(a,b)\{z}, z € (a,b). If ¢’ (t) # 0 fort € (a,z)U(x,b), then we have the inequality

b
(215) ‘f(x)—bfa/ 7 (1) d

f/

(a,x),00

b /
g(x)(b—x)—/ (t) - f

b—a

(w,b),00
Proof. We obviously have:

b
S = AL

b
- bfa/ ( ()~ F ()

(2.16)

(t)] dt

V (@) - |dt+/ e dt]
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Applying Cauchy’s mean value theorem on the interval (a,x), we deduce (see the
proof of Theorem 5) that

(217) @) - F )] < g() l9(2) — g (8)

for any ¢ € (a,x), and, similarly

(2.18) F@) - Fol<||Z l9(2) — g (&)
9 (x,b),00

for any t € (z,b).
Consequently

JNCE |ﬁ<' . [ @ - gar
/|f |dt<| - /|g (0)|

Since ¢’ has a constant sign in either (a,z) or (z,b), it follows that g is strictly
increasing or strictly decreasing in (a,z) and (z,b) .
Thus

and

g(z)(x —a) f g (t)dt if g is increasing on [a, x]
/ g (x) — g (t)] dt

[Fg(t)dt —g(z)(x —a) if g is decreasing

‘wmu—@—AEth

and, in a similar way

/ lg (x (t)|dt =

Consequently, by the use of (2.16), we deduce the desired inequality (2.15). I

b
Uw—m—/gww.

The following particular case may be of interest.

Corollary 2. Let f,g : [a,b] — R be continuous on [a,b] and differentiable on
(a,b)\ {aT'H’} CIf g (t) #0 on (a, “—'H’) U (C‘—H’,b) , then we have the inequality

2 2
a+b
(2.19) P(2>_baa
1 a+b 9 %
<1 g( )— (Mt‘
2” )l (05 oo

a+b 2 b
g( 2 >_ba 7O ’ (a;b,b),oo}'

2

t)dt

f/
g/

+

The following result also holds.
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Proposition 3. Let f : [a,b] — R be continuous on [a,b] and differentiable on
(a,b)\{z}, = € (a,b). Assume that, for p > 0, we have

My (z) (x — P for any t € (a,z),
(2.20) I (B)] <

My, (z) (t—x) " for any t € (x,b).

Then we have the inequality

b—a

b
(221) ‘f(x)— — [ rwa
1 P p+1
< oy ) Mg () (e 0 Moy (@) (0= 2

The proof follows by Theorem 6 applied for g (z) = |z — t|”, p > 0. We omit the
details.

Remark 2. If f is as in Proposition 3 and

My (52) (342 - 0)' 7 for ony 1€ (0,542).

e2)  If0l< 1
My (‘%"b) (t— “TH’) P forany te (“T'Hﬂb) ,
then, by (2.21), we get

(2.23) ‘f (a;b> —bla/abf(t)dt

< gy () 16 (5]

Remark 3. If f is as in Proposition 3 and
(O] < My (2) |z — 17" t € (a,b),
then, by (2.21), we get

b
(224) ‘f@c)—bfa/ 7 (1) de

1
< -
“pp+1)(b—a)
which is the result obtained in (1.4).

(2= )" + b —2)""| M (@),

3. SOME INEQUALITIES OF MIDPOINT TYPE

(1) Let 0 < a < b. Consider the function g : [a,b] — R, g(t) = tP, t €
R\ {0,~1}. Then ¢/ (t) = pt*~*, g (44*) = A (a,0),

+b
2 =

b_a/a g(t)dt = L2 (a, A (a,b)),

b
o [ g =g (Ab).b),

a+b
2

and by Corollary 2, we may state the following proposition.



(3.1)

(3.5)
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Proposition 4. Let f : [a,b] C (0,00) — R be continuous on [a,b] and
differentiable on (a,b)\ {“E2} . If

M (442) 9, L€ (a,%42).
|f ()] <
My (542) 17, te (242.0),

then we have the inequality

f(“é”’) —b_la/abf(wdt

< % {M1 (a ; b) |4 (a,b) — L2 (a, A (a, )]

+ My (“;b> ;Lg(A(a,b),b)—Ap(a,b)|}.

The particular case p = 1 is of interest and so we may state the following
corollary.

Corollary 3. Let f : [a,b] C (0,00) — R be continuous on [a,b] and
differentiable on (a,b)\ {%£2

&

}
Ny (“—b) t, te (a, “7“’),
(

then we have the inequality:

() - [

1 a+b a+b
< - |V N —a).
<s[m () () oo
Let 0 < a < b. Consider the function g : [a,] — R, g(t) = }. Then

g ) =—%,9(2) =4""(a,b),

+b
2 =

b—a/ g(t)dt =L " (a,A(a,b)),

b
o [ a0 =L (Aab).b),

a+b
2
and by Corollary 2 we may state the following Proposition.

Proposition 5. Let f : [a,b] C (0,00) — R be continuous on [a,b] and
differentiable on (a,b)\ {“E2}. If

My (252) 672 1€ (a,%50),

()] <
My (252) 472, te (52.0),
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then we have the inequality:

(3.6) ’f(a+b> £)dt
g (452) Mo LA )
§2Pﬁ(2) L (0, A(a,5)) A (a,b)
a+b\ [L(A(a,b),b)— Ala,b)]
+M2< 2 ) L(A(a, b)) A(a,0)
(3) Let 0 < a < b. Consider the function g : [a,b] — R, g(t) = Int. Then
g’(t)—% (i) In A (a,b),
bfa/Tg(t)dtzlnf(a,A(a,b)),
b
bia/mg(t)dt:InI(A(a,b),b),

and by Corollary 2 we may state the following proposition.

Proposition 6. Let f : [a,b] C (0,00) — R be continuous on [a,b] and
differentiable on (a,b)\ {<E2}. If

f’(t)|<{ (T Be (o),

Mo (52171, re (5520

then we have the inequality:

(3.8) ’f (a;rb> —b_la/abf(t)dt
cnfo ([ ] [ ),

4. THE CASE OF WEIGHED INTEGRALS

(3.7)

We may state the following theorem.

Theorem 7. Let f,g : [a,b] — R be continuous on [a,b] and differentiable on (a,b)
and w : [a,b] — [0,00) an integrable function such that f;w (s)ds>0.1Ifg' (t) #0
for each t € (a,b) and

(4.1) ‘ !

gl

)

1 (@) ‘
g (@)

then for any x € (a,b) one has the inequality

oo t€(a,b)

42 1@ - o dt/ I
x b ,
Sg(g[;)_faw(t)dt—fmw(zf)dt+fmw g(t)ydt— [Tg(t)w(t)dt )f/
faw(t)dt fa (t)dt 9 oo
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Proof. Let x,t € [a,b] with ¢ # x. Applying Cauchy’s mean value theorem, there
exists a 1 between t and x such that

S ey
f(x)*f(t)fg,(n) l9(z) — g (D)],
from where we get
N - I 2) —
(4.3) |f (x) = f ()] = g,(n)‘lg( )—gt)] < ; Oolg( ) =g ()]

for any ¢,z € [a,b].
Using the properties of the integral, we deduce by (4.3), that

(4.4) |f (2) - 1(

b
on s)ds/a w(s) f (s) ds

1 b

éfw()d/ w(t)|f () — f (£)|de
f/ 1 b

N7l Fogal vouE@-s@ia

Since ¢’ (t) # 0 on (a,b), it follows that either ¢’ (¢) > 0 or ¢’ (¢) < 0 for any
t € (a,b).
If ¢ (t) > 0 for all ¢t € (a,b), then g is strictly monotonic increasing on (a, b) and

b
[w®g@-gwla
¢ x b
— [w® @ -g@d+ [ wd)(o0-g@)
x x b b
:g(a:)/ w(t)dt—/ w(t)g(t)dt+/ w(t)g(t)dt—g(x)/ w(t) dt

=g (z) [/azw(t)dt—/:w(t)dt

If ¢’ (t) < 0 for all ¢ € (a,b), then

b T
+/ w(t)g(t)dt—/ w(t) g () dt.

b
/ w(t) g () — g (1) dt

— [g(x) [/jw(t)dt/:w(t)dt

and the inequality (2.2) is proved. I

b T
+/ w(t)g(t)dtf/ w(t)g(t)dt],

Corollary 4. If xg € [a,b] is a point for which

(4.5) / Y () dt = / " w(t)dt,
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and f,g,w are as in Theorem 7, then we have the inequality

1

(4.6) f (o) — m

b
/ w(t) f(t)dt

f/
g

Joyw(®)g @ de— [ g () w(t)di
S w (t) dt W

In a similar manner, we may deduce the following result as well.

o0

Theorem 8. Let f,g : [a,b] — R be continuous on [a,b] and differentiable on
(a, D)\ {z}, z € (a,b). If w : [a,b] — [0,00) is integrable and f;w(s) ds > 0 and
g (t) #0 fort € (a,x) U (z,b), then we have the inequality

1 b
@ |- [erwa
. fpw®dt  [Twt)g®)at| | f
<l [Pw(t)dt [P (t) dt Hg’ (a,) 00

fPwydt  [Pwt)g@)dt| | f
g(z)- =5 - T H/ :
S, w(t)dt J, w(t)dt 9"l (2,b),00
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