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In a recent result, Bicheng[1] gave some new generalization of Hilbert’s inequality, which
studied before by, Hu[4], Gao[2]&[3], and Yang[7]. In this paper, we further proceed to
give more generalization by using new ideas.
1. INTRODUCTION
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The inequalities (1.1) and (1.2) are called Hilbert’s inequalities.
By introducing parameters A, B, and 4, Bicheng [1] proved the following

THEOREM A. Let f and g be real functions, 4 >0, such that 0 < j 1™ £2(t)dt <o and
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THEOREM B. Let 04 <2 and (a,) and (b,) be sequences of real numbers such that
0< Zn‘ “a? <o and 0 < Zn"'lb2 <. If A, B>0, we have
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The inequalities (1.5) and (1.6) are equivalent. The constant factors ( ) ﬁ(—z—,—z-) and
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The object of this paper is to prove the following :-

THEOREM 1.1. Let fand g be real functions, 4 >0, p >| ,—1—+-1—=1 such that
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THEOREM 1.2 Let , g and h be real functions, 2 < 4 < min{Z(l + %),2(1 + 1),2(1 + L]} ,
‘ r p
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THEOREM 1.3. Let fand g be real functions, 4,a,b,p >\',-}—+l=1 such that
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where k is the constant coefficient in (1.13). Inequalities (1.13) and (1.14) are equivalent.
The best possible constant factors in both (1.13) and (1.14) when p = q is that when

A
=—-1.
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THEOREM 1.5. Let (a,) & (by) be sequences of real numbers, let p, 9, - > \, —1—+ L +-!- =1,
p qr

P q r o (5))

2< A< min 2[1+—),2(1+—),2(1+——) such that 0<Zn AT gl <,
q r p n=1

w (12212 w (=AY
O<Zn(1 2)(] q”)b,‘,’ <o, O<Zn(1 2)(1 ")c,f <. IfA, B> 0, we have

1 1

o o a,b,c wllp l—lq;wl—lr; '
ZZZ1:(Am+Bn+C1) [Zn ) (Z b,,} (Zn c,,) (1.15)

{iz(l_g)(“%)b;’]q (1.16)

—t

e b e | YA

I=1 n=1 m=1 (Am_ + Bn+Cl )'1

-1—+—1;=1,and M is as defined in theorem 1.2.
ror

THEOREM 1.6.Let A>0,p > ,%+-—1- =1 and let (a,) and (b,) be sequences of real
q

© a(1-,z)+(1—a)— ©  bl-Ap{1-5)L
numberssuchthat0<2n a’ <o <Zn Pp? <. IfA,B>0,
n=l n=l1

1<u<i-1,-2<p<(1-1)£, then we have
q q




[image: image6.png]1 1

ii Ins ) <N(in"("‘)*““’)a” ]p[inb(l—wu-b)ﬁ ,,JE (1.17)

n=1 n=]

P P
® b(ﬂ.-—l)—+(b-—1) © ©  g(l-Ay(1-a)
S'n (Z S }<N{Zn "a,’,’], (1.18)

n=] m=1 (Am + Bn

where

=21 -4 1

N=2 2 BP(u+lLA-u-DpiQ+puL i-1-4
| p p

2. LEMMAS
The following Lemmas are needed.

LEMMA 2.1 [5]. The function InTx is convex.
LEMMA 2.2 [6]. (generalized Holder s inequality).

Let ,p,q.">\,l+—1—+l=l,then
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3. PROOF OF THEOREMS 1.1, 1.2, and 1.3.

1. PROOF OF THEOREM 1.1.
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This is the proof of (1.7) to prove the equivalence of (1.7) and (1.8), suppose (1.7) holds,
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This shows that (1.7) => (1.8). To prove the converse, by Cauchy inequality,
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Now & show that, when p=q=2, ﬁ(-’%,g—) is best possible (i.e when u = —;—- 1). By

Lemma 2.1, we have, with ¢ = 2 +1,that
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It may be mentioned that when A =1, then without using convexity,
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2. PROOF OF THEOREM 1.2.
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This is the proof of (1.9). To Prove the equivalence of (1.9) and (1.10), suppose that (1.9)
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PROOF OF THEOREM 1.3
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To prove the equivalence of (1.11) and (1.12), suppose that (1.11) holds, then by putﬁng
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4. PROOF OF THEOREMS. 1.4, 1.5, and 1.6.

1. PROOF OF THEOREM 1.4
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Now in order that (1.13) implies (1.14), suppose (1.13) is satisfied, then, on putting
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Inequalities (1.15), (1.16), (1.17) and (1.18) can be proved similarly using the same technique .

5. OTHER IDEAS
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