INEQUALITIES AND MONOTONICITY OF THE RATIO FOR

THE GEOMETRIC MEANS OF A POSITIVE ARITHMETIC

SEQUENCE WITH UNIT DIFFERENCE

FENG QI

ABSTRACT. For any nonnegative integer k and natural numbers n and m,
we have the following inequalities on the ratio for the geometric means of a

positive arithmetic sequence with unit difference:
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where a € [0,1] is a constant. The equality above is valid for n = 1 and
m = 1. Moreover, some monotonicity results for the sequences involving

Iy H?:Jrkk+1 (i + «) are obtained, and the related inequalities are generalized.

1. INTRODUCTION

It is known that, for n € N, the following inequalities were given in [6]:

n

n n!

< < 1.
n+1 "/ (n+ 1)!
In [1], the left inequality in (1)) was refined by

n 1 & ,T,/ 1 - n!
<| - 2 7 < —F
n+1 n = n+14& "R/ (n+1)!

for all positive real numbers r. Both bounds are best possible.

There is a rich literature on refinements, extensions, and generalizations of the

inequalities in , for examples, [2] [7, [8, [10, 4] and references therein.
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Using analytic method and Stirling’s formula, in [9] 4 T2, [13], for n,m € N and
k being a nonnegative integer, the author and others proved the following
ntk 1/n ntm-k 1/(n+m)
n+k+1 iy ey n+k
rrr < (1L IT “Voavmrr @
nt+m+ i=k+1 i=k+1 nomm
the equality in holds for n = 1 and m = 1. These extend and refine inequalities
in .
Meanwhile, an inequality involving the ratio of gamma function was obtained in

[4, [12]: For positive real numbers x and y, we have

vty+l _ [P@+y+1)/Ty+D]V”
rty+2 - [D(x+y+2)/T(y+ HI/ED

(4)

In this paper, using the ideas and method in [3, Bl [II] and the mathematical
induction, we further generalize the inequalities in and obtain the following
inequalities of the ratio for the geometric means of a positive arithmetic sequence
with unit difference and monotonicity results.

Theorem 1. Let k be a nonnegative integer, n and m positive integers, and o €

[0,1] a constant. Then

nak ) 1/n
n+k+1+a - [Hi:k+1(z+a)} <./ n+k+a 5)
n+m+k+1+a ntmk }WWw)_ n+m+k+a’

|:Hi:k+1 (i +a)
If n =1 and m = 1, then equality in the right hand side inequality of hold.

Theorem 2. The sequence

n n+k .
Hi:_k+1(l +a)

6
n+k+1+a (6)

is strictly decreasing with n € N, and strictly increasing with nonnegative integer k
and a € [0, 1].
The sequence
\ H?Ikk+1(i+a)
Vn+k+a

is strictly increasing with n € N, nonnegative integer k, and « € [0,1].

The sequence

[H?:Jrkkﬂ(i + a)} v

e 0
et a]
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is strictly increasing with nonnegative integer k and o € [0,1] for fized numbers

n,m € N.

2. PROOFS OF THEOREM [I] AND THEOREM

The left hand side inequality of can be rearranged as

n+k+1l1+a ~— n+m+k+1+a ’
l”ﬁ’“ i+a B l“*ﬁ*’“ i+a e
i=k+1n+k+1+a M) n+m+k+1+a«
1 ’fl ita 1 "%*kl i+ o
— n > n ,
n.oe= n+k+1+a« n+mi:k+1 n+m+k+1+«
which is equivalent to
1 n—+k . 1 n+k+1 .
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The same argument gives us that the right hand side inequality of is equiv-

alent to

n+k

. n+k+1 .
1 1+« 1 1+«
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n.a= \/n—i—k—l—oz_71-1-11,:]“_1 vn+k+1+a (10)

Proof of the left hand side inequality in . Since In z is increasing and concave on
(0, 1], from definition of the concave function and monotonicity of the function In z,

it follows that

i—k i+ 14+« n+k—1+1 1+«
In In
n+l n+k+2+a n+1 n+k+2+a«
< z—k. i+14+« +n+k—z+1. 1+« (1)
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Summing up on both sides of leads to

’f i—k, _itlta ntk—i+l _ ita
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i=k+1
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which is equivalent to
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The proof of the left hand side of inequality is complete. ([

Proof of the right hand side inequality in . By standard argument, the inequal-
ity can be rearranged as

Ry n+1 n—1
- > In(i+a)< 5 In(n+k+a) - In(n+k+1+a). (12)
i=k+1

If n = 1, inequality holds with equality.
If n = 2, it is easy to verify by a standard argument that inequality is valid.
Assume that inequality holds for some positive integer n € N. Straightfor-

ward computation yields

1 n+k+1

Z In(i + o)
n+l k+1
1n+k 1
=Y I(i+a)+—In(n+k+1+a)
n n

n |n+1 n—1

1 k -

_n+1[ 5 n(n+k+ )
In(n+k+1+a)

n+1

n
n+1

ln(n+k+1+a)}

:gln(n+k+a)—n In(n+k+1+ ).
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Therefore, by induction on n, to prove inequality (12)), it is sufficient to verify the
following

nlnin+k+a)—(n—2)ln(n+k+1+a)

<(m+DInn+k+1+a)—(n—1nrn+k+2+a),
which is equivalent to
nllnn+k+a)—In(n+k+1+a)] < (n—1[nn+k+1+a)—Inn+k+2+a)),

which can be further rewritten as

n_o In(n+k+a)—Inn+k+1+a)
n—1"Inn+k+1+a)—In(n+k+2+a)

(13)

Using Cauchy’s mean-value theorem for derivative, it follows that, there exists

a number ¢ € (0,1) satisfying

In(n+k+a)—Inn+k+1+a) n+k+1+a+¢

Inn+k+1+a)—In(n+k+2+a) n+tkt+at+f

Since k+1+a+¢&>1and n > 2 and the function —*5 is decreasing for z > 1,

we have
n+k+1+a+¢§ o
n+k+a+é " n-1

which implies the inequality holds. The right hand side of inequality
follows. O

Proof of Theorem[Z The monotonicities with n of the sequences (6]) and (7)) follow
from Theorem [I] easily.

Direct calculating yields

n+k

n+k+1
1k+1l+a _n+k+2—|—a k+14+a 1k+2 (i+a)
n+k+1+a 7n+k+1+aVn+k+1+a n+k+2+a

1 1
Mﬂ=mw+2+a+ﬂ+nmﬂ+a+ﬂ—<1+n>mm+1+a+ﬂ

Let

for ¢t > 0. Direct computing and simplifying yields

n+1
I+a+t)(n+l+a+t)(n+2+a+t)

P (t) = > 0,
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and then v (¢) is increasing. Therefore, exp(¢(t)) is increasing, and

n+t+2+a t+1+a
li t)) = li { =1
Jim exp(y (1)) t£&<n+t+1+kan+t+l+a)
n+k+24+a,/ k+1+4+a«
\/ <1
n+k+l4+aVn+k+1l+a
The sequence @ increases strictly with k.
The fact that

Thus

n+k

1 1 1
= - — Fris >0
ni:kHZ—I—a n+ K+ e}
implies the following sequence
1 n+k
= Z In(i+a)—In(n+k+1+a)
[

is strictly increasing with «a, and then the sequence @ is also strictly increasing
with a.

Easy computing yields

n n+k . n n+k+1,.
Hi=k+1(l+a)\/n+k+1+a§/ E+1+4+« Hi=k+2(l+a)

Vit k+a n+k+a Vnt+k+ld+a n+k+lta

Let

1 1 1 1
¢(t):nln(1+oz+t)+<2—n>ln(n+1+oz+t)—21n(n+oz+t)

for ¢t > 0. Computing directly and simplifying yields

n+t+a-—1 N
20+ a+t)(n+a+t)(in+1+a+t)

o(t) =

)

and then ¢(t) is increasing. Therefore, exp(¢(t)) is increasing, and

MHMMM®%:MH<¢n+t+1+av t+l+a ):1

t—o0 t—o0 n+t+a« n+t+1+a

¢n+k+1+av E+1+a
<1
n+k+a n+k+14+a

The sequence increases strictly with k.

Thus

The fact that
1w 1 1

ni:kﬂz—i—a 2 n+k+a

>0
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implies the following sequence

n+k 1
Z In(i 4+ ) — iln(nJrkJra)
i=k+1

is strictly increasing, and then the sequence is strictly increasing with a.

Straightforward calculation gives us

3=

[ G+ o)

+m+k+1,; ntm
T+ o)

3=

S
n+m

1 n+k .
B { (n+k+1+a)"tm nndm) [Hi:k+1(l+o‘)}
T lntmt k1) (k+1+a)m etk

( T+ o))

Let
T@)=m+t)nk+14+a+t)—tln(m+k+1+a+t)—mlnlk+ 1+ «)

for t > 0. Then

7(0) =0,
, m+t t k+m+a+1+t
T'(t) = - —In
k+a+14+t k+m+a+1+4t E+a+1+t
m+t t m

“k+a+1+t k+mta+l+t k+a+1+t
>0,

and 7(t) is increasing and nonnegative, which implies

(n+k+14a) ™

> 1.
m+m+k+1+a)"(k+1+a)™

Therefore, the sequence is strictly increasing with k.
The inequality

1 n+k 1 1 n+m-+k 1
Ly Lo Ly L (1)
ni:kﬂz—ka n—l—mi:kﬂz—l—a
which is equivalent to
i:kﬂz—i—a n+k+1+a

being valid clearly, implies that the sequence is strictly increasing with a. [
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3. OPEN PROBLEM

It is clear that it is natural to pose the following open problem.

Open Problem. For all nonnegative integers k and natural numbers n and m, we

have

ik ) 1/n
a(n+k+1)+0 - { i—kp (07 + b)} _ a(n+k)+b
aln+m+k+1)+b [Hn+m+k }1/<"+m> “Valn+m+k)+0b’

impi1 (ai+b)
where a and b are positive constants.

We will discuss this open problem in a subsequent paper.
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