RATIONAL IDENTITIES AND INEQUALITIES
INVOLVING FIBONACCI AND LUCAS NUMBERS

JOSE LUIS DIAZ-BARRERO

ABSTRACT. In this paper we use integral calculus, complex vari-
able techniques and some classical inequalities to establish ra-
tional identities and inequalities involving Fibonacci and Lucas
numbers.

1. INTRODUCTION

The Fibonacci sequence is a source of many nice interesting identities
and inequalities. A similar interpretation exist for Lucas numbers.
Many of these identities have been documented in an extensive list that
appears in the work of Vajda [I] where they are proved by algebraic
means. Even though, combinatorial proofs of many of these interesting
algebraic identities are also given (see [2]). However, rational identities
and inequalities involving Fibonacci and Lucas numbers seldom have
appeared (see [3]). In this paper, integral calculus, complex variable
techniques and some classical inequalities are used to obtain several
rational Fibonacci and Lucas identities and inequalities.

2. RATIONAL IDENTITIES

In what follows several rational identities are considered and proved
by using results on contour integrals. We begins with

Theorem 2.1. Let F, denote the n'* Fibonacci number. That is,
Fy=0,F =1 and forn>2,F, = F,_1+ F,_s. Then, for all positive
integer r holds

n n

1+ F¢ 1 (_1)n+1

2.1 r+k _

( ) kZ:; Fr-i—k: g Fr+k — Fr+j Fr+1Fr+2 cee Fr+n
J#k

with 0 < ¢ <n-—1.
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Proof. To prove the preceding identity we consider the integral
1 14+ 24d

(2.2) = b ]{ 1+ de

2mi J, An(2) =z
where A,(z) = H(z — Fryj).

j=1

Let v be the curve defined by v = {2z € C : |2| < F,4:}. Evaluating
the preceding integral in the exterior of v contour, we obtain

1 1+ 2¢ u
I = i { H Fr) } dz = ;Rk

where
1428 & 1 14+ Ffy 1 1

R, = lim = U .

2= Frig < :]l_Il (Z - Fr—i—j) Fr-i—k :Jl_‘[ (FT-I—/C - F’f‘+j)

J#k J#k
Then, I; becomes
[ el R ST L
1 Frgk =1 (Fr-l—k - FH—j)

ik
Evaluating (2.2)) in the interior of v contour, we get

1 1428 1 14 2¢
I, = — dz = li
> omi { 2 H (z — Fryj) } S { A, (2) }

J=1

1 (="
An(o) Fr—&-lFr—i-Q"'Fr—&-n‘
According to a result on contour integrals [5] we have that I; + 1o =0
and we are done. O

A similar identity also holds for Lucas numbers. It can be stated as
Corollary 2.2. Let L,, denote the n'* Lucas number. That is, Ly =
2, Ly =1 and forn > 2,L, = L, 1 + L,_s. Then, for all positive
integer r holds

14 Ly, 1 (=1
(2.3) T =
Z H L -+ Lr_i_n

h—1 Lr—i-k r+k — Lr+j Lr+1Lr+2 o
7k
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with 0 < ¢ <n-—1.
In particular and can be used (see [3]) to obtain
Corollary 2.3. Forn > 2,
(Fr + D) Fp g Fo(Fr + 1) Fps
(Fop1 = Fo)(Fase — Fo) - (F = Fag1)(Fagz — Faga)
FoFoa (B, +1)

+ —1
(Fn - Fn+2)(Fn+1 - Fn+2)
Corollary 2.4. Forn > 2,
Ln+1Ln+2 + Ln+2Ln
(Ln-‘rl - Ln)(Ln+2 - Ln) (Ln - Ln-l—l)(Ln—}—Q - Ln+1)
LnLnJrl -1

_'_
(Ln - Ln+2)(Ln+1 - Ln+2>

In the sequel F,, and L,, denote the n** Fibonacci and Lucas numbers,

respectively.

Theorem 2.5. If n > 3, then holds

n

1 n L\ -
ZLH H(l—fj) + L7 =Ly —3.

=1 j=1
JF#i

Proof. First, we observe that the given statement can be written as

n n

—1 n
3 U}ZH(l_%) 3 L= L3
i ! i=1

i=1 j=1
i

Since Y | L; = L, 12—3, as can be easily established by mathematical
induction, then will be suffice to prove

(2.4) Zn: L;_Z ﬁ <1 - %) Tl 0.

i=1 =1
i

We will argue by using residue techniques. We consider the monic
n

complex polynomial A(z) = H(z — Li) and we evaluate the integral
k=

1
1 z

I=— d
27?2']{14(2) -
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over the interior and exterior domains limited by ~, a circle centered
at the origin and radius L, 1, i.e., y={2€C : |2| < Lyy1}.
Integrating in the region inside the v contour we have

& z
= =L
27m A dz 12:1: Res {A(z) 0 l}

n n

M2z | -2 =1 (-7)

i=1 g Jj=1
J#l J#i

Integrating in the region outside of the + contour we get

1 z

According to a well known result on contour integrals [5] we have
I + I, = 0. This completes the proof of (2.4) and we are done. 0

Note that (2.4) can also be established by using routine algebra.

3. INEQUALITIES

Next, several inequalities are considered and proved with the aid of in-
tegral calculus and the use of classical inequalities. First, we state and
prove two nice inequalities involving circular powers of Lucas numbers
similar to those obtained for Fibonacci numbers in [4].
Theorem 3.1. Let n be a positive integer, then hold the following
imequalities

(a) Lintt 4 LEmv2 4 Lln < [Ln 4 plon 4o plnse

) Lo Lt Ly, < TheLie L

Proof. Part (a) trivially holds if n = 1,2. To prove the general state-
ment we observe that

(LLn +Lnril +Lnr§2) (LL7L+1 _|_Lni+12 _i_LﬁiQ)

- (ot ) - (s o (o ) - (o 1)

Therefore, our statement will be established if we prove that for n > 3,

(31) Lint 4 Llny < L 4 LE27
and

(3.2) Ln_ﬁz LL1;1<Lnf;;2 Lk,
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hold. In fact, we consider the integral

Ly
I = / (Lg+1 log L1 — L% log Ln) dz.
L

n

Since L, < L,y if n > 3, then for L, <z < L, ,; we have
Lylog L, < Ly log L, < L log Ly,

and I; > 0.

By the other hand, evaluating the integral, we obtain

Ln+1
I = / <sz+1 log L1 — Ly, log L”) dv = [Liﬂ - Lfb]inﬂ

= (B ) = (B + i)

and (3.1]) is proved.
To prove (3.2) we consider the integral

L2
I = / (Lﬁ+2 log Lnss — L2, log LnH) dz.
Lnp

Since L1 < Ly, then for L, <z < L, we have
and I, > 0.
On the other hand, evaluating 5, we get

Ln+2
I, = / <Li+2 log Lyyo — Ly, log Ln+1> dr = L7, — szﬂ}inm

= (Lins = Lhw,) - (L - o).
This completes the proof of part (a).

We will prove part (b) using the weighted AM-GM-HM inequality (see
[6]). The proof will be done in two steps. First, we will prove

(3.3)  Liwoplweple,

< (Ln + Lypy1 + Ln+2>L"+L"+1+L"+2

3
In fact, setting vy = L,,, x9 = Lyp11, 23 = L, 9 and
Ln+1 Ln+2 Ln
w1 w2 w3

- Ln + Ln—|—1 + Ln—l—?7 B Ln + Ln+1 + Ln+2’
and applying the AM-GM inequality, we have

LLn+1/(Ln+Ln+1+Ln+2) LLn+2/(Ln+Ln+1 +Ln+2)LLn/(Ln+Ln+1 +Ln+2)
n n+1 n-+2

B Ln + Ln+1 + Ln+2
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L Ln+1 Ln+1Ln+2 Ln+2Ln
L + Ln+1 + Ln+2 Ln + Ln+1 + Ln+2 Ln + Ln-‘rl + Ln+2

or

LLn+1 LLn+2 LLn

LnLn+1 + Ln+1Ln+2 + LnJrZLn LntLnt1+Lnto
n+1 n+2 .

Ln + Ln+1 + Ln+2
Inequality will be established if we prove that
LyLyi1+ Lyy1Lyyo+ LyoLp\ ntlntitlnge
< Ly,+ Ly + Lo )

< (Ln + Ln+1 + Ln+2 ) Intlotitlnt
3

or equivalently
LnLnJrl + Ln+1Ln+2 + Ln+2Ln < Ln + Ln+1 + Ln+2
Ly + Lyt1+ Lo 3 .

That is,
Li + L72—L+1 + L?H—Q > LnLn-H + Ln+1Ln+2 + Ln+2Ln~

The last inequality immediately follws by adding up the inequalities
L2+L2. > 2L, Ly, L2+ L2 0> 2L, 1 Lyyo, L2 o+ L2 > 21,51,
and the result is proved.

Finally, we will prove
(Ln + Ln+l + Ln+2)Ln+Ln+l+Ln+2
3

In fact, setting xy = Ly, 23 = Lyt1, 23 = Lygo, w1 = Ly /(Ly + L1 +
Liy2),wa = L1 /(Ly + Lpy1 + Lny2), and w3 = Lyio/ (L 4 Ly +
L, 12) and using GM—HM inequality, we haven

(3.4)

L Ln+1 Ln+2
< Ly L, Ly

Ln + Ln+1 + Ln+2 o 3 -
3 B (Ln + Lny1 + Ln+2)
1
- | | I

- +
Ln+ Lpyi+ Lnye Ly + Lygr + Loye L+ Lpyi + Lyyo

Ln/(Ln+Lpt1+Lnt2) Ln+1/(Ln+Ln+1+Ln+2)
< Lnn n n n Ln-|—

Hence,

Ln 7 Lntt 1 Lnt2
L nLn—l—l Ln+2

3

and (3.4]) is proved. This completes the proof of part (b) and we are
done. O

(Ln + Ln+1 + Ln+2 ) Intlotitlnts
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Stronger inequalities for second order recurrence sequences, generaliz-
ing the ones given in [4] have been obtained by Stanica in [7].

Finally, we state and prove an inequality involving Fibonacci and Lu-
cas numbers.
Theorem 3.2. Letn be a positive integer, then the following inequality

41 n _n+1l _ntl
n n
F, Lk+1

“ Fk? n ro—=
Z y Z(n+1)”1_[ ];i — L}

k=1 Forta he1 k+1 k+1

holds.
Proof. From the AM-GM inequality, namely,

1 n n 1
— Ty > x, where x>0 k=12,...,n
e T :

k=1 k=1
and taking into account that for all j > 2,1is 0 < Lj’1 < Fj’l, we get

Fyt o Ryt n+1
/ / / ( ng> drodxs .. .dxr,
L2_1 L?Tl L—1
Fyt eyt
(35) 2/ / / d$2d.§(33 dIn+1.
L;l Lgl L 1 Z 1

Evaluating the preceding integrals (3.5)) becomes
n+1

S (Fy-LyY) (B L ) (=L (FR =Ll - (B =Ly
=2

2 n+1 n+l _n+l _n+l
(3.6) — FLm L)
(n+ 1"
or equivalently
n+1 n+1 n+1
- _ 2n”+1 nt1 _L+1
[[E L)Y+ L H(F . )
=2 =2

Setting k = ¢ — 1 in the preceding 1nequahty, taking into account that
Fy + Ly = 2Fq, Fy, Ly = F5; and after simplification, we obtain

n n _LH _ntl
Z Fk—f—? H k+1 — Ly, 7
> ~ —
=1 FQ’”? (n+1) kel k+1 Lk+1

and the proof is completed. 0
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