AN ELEMENTARY PROOF OF INEQUALITIES FOR
GENERALIZED ELEMENTARY SYMMETRIC MEAN

ZHEN-GANG XIAO AND ZHI-HUA ZHANG

ABSTRACT. We give an elementary proof for an inequality involving the gen-
eralized elementary symmetric means.

1. INTRODUCTION

Let a = (a1,as,...,a,), where a;,1 < i < n be non-negative real numbers and

let r be an integer, then
i1tizt+in=r n
(11) Bl =El@= > [la
1,02, 40,20 k=1

is called the rth generalized elementary symmetric function of a,where the sum is
over all ("+:_1) n-tuples of non-negative integers with iy + i3+ ---+14, = 7. In
addition we have EY = B (a) =1 for n > 0, EfY=0forr <0orn<0 We
note that

(1.2) f: f: — El(a /<n+:—1>

is called the rth generahzed elementary symmetric mean of a.
In 1968, K.V. Menon [I] proved the following inequality for n = 2 or n > 3 and
r=1,2,3
2

[r—1] [r+1] [r]
(1.3) Y@ (@) (a)
A question in [2] (see also [3]) arises whether the inequality (1.3 holds for arbi-

trary n,r € N.
In 1934, I.Schur obtained in

(1.4) i (n—1)! // /(Zam) dxidxg - dx,—1,

where z, = 1 — (1 + @2 + -+ + z,-1), and the integral is over z, > 0 (k =
1,2,...,n — 1). By using , he proved that holds by using the Cauchy
integral inequality.

Recently, Z.H. Zhang et al. in [5] proved and generalized , and also proved
by using the same proof.
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Let a = (a1, as,...,a,) be defined as above, for 1 < r < n,

i1tiottin=r n

Er = Z H @i

0<iy,ig, - in<1 =1

is called the rth elementary symmetric function of a, where the sum is over all (%) n-
tuples of non-negative integers with i1 +io 4+ --+4, =7 and 0 < 41,49, -+, < 1.
In particular, for ey = 1, we note

pT'ZeT(:’L)’ T:0717"'7n5

is called the rth elementary symmetric mean of a, then

(1.5) |:(T 1)'(2'7' 1)':| (p% _pr—lpr-i-l)
2/ n—2\2 2!(n —3) 2 2(n—4y2
= (’n,—]_) Z (al - a2) (crfl) + (T — 1)(n o — 1) Z (a‘l - a2) (a’3 - a’4) (cr72)
3!(n —5)

- —r—n-r—2) > (a1 = a2)*(a3 — aa)* (a5 — a)* (¢} 75)" + -+

where ¢”~7 is the sum of all the possible (r — 1) products of the (n — 2) ay’s other
than aj, ap. Similarly, one defines ¢, cf__g, el

We note that A.E. Jolliffe in [6] proved the Maclaurin symmetric mean inequality
P2 > pr_1pr+1(1 <7 < n—1). In this paper, we obtain an identity for Zg] (a) and

Bl (a), and give an elementary proof of 1)

2. MAIN RESULTS

Theorem 1. If r € N, then

-1 [+ G
(2.1) Y@ Y (@)= (a)
with equality holding if and only if a1 = az = -+ = an,.

In this article, the following generalized result is proved:

Theorem 2. Ifr,s € N, and r > s, then

(] [r+1] [r] [s+1]
(2.2) Y@ (@@= (@)Y ()

n n n n
with equality holding if and only if a1 = as = -+ = ay,.

Let s = r — 1, then the inequality (2.2) is the inequality (|1.3)).

3. PROOF OF THE RESULTS
To prove the inequality , we discussed the following properties for Elf I,
Property 1. Ifn,r € N, then
(3.1) EN =EY | 4q,ErY

n



GENERALIZED ELEMENTARY SYMMETRIC MEAN 3

and
I
r] _ j mlr—7l
(32) E'L] - anEn—l
j=0
Proof. If n=1o0rr =0, . ) holds trivially. When n > 1, r > 1, we have
i1tigttin=r n i1tio+t i =1 n i1tigttin=r—1 n
ICEND S | CET SN 1 O
1,02, ,in 20 k=1 11,42, ,in—120,i,=0 k=1 11,82, ,in 20 =

From the definition of ELT], this is just 1) ,and we obtain l) by the recurrence

BI)-u

Property 2. If r be an integer, then

(3.3) (r+1)EM = Z (Z ak+1>

k=0

Proof. We show this by induction. (3.3]) holds trivially for n = 1. Now suppose for
n— 1, n > 1 and nonnegative integer r, (3.3)) is true. We will prove the validity of

3.3)) for n.

By. for 0 < k < r, we have

r—k
Bl =N "ad BY T
j=0
and
T
(j+ Vait' B
7=0
r—1 1 r 1 r 0
= a, B 42BNV tan BY P B 12BNV an BY ot B
r r—k
totap B art BN p ot B =SS gt gl
k=0 j=0

According to the inductive hypothesis, for nonnegative integers r and 0 < j < r,

we have
. r+1—j r k—
(7. —j+ 1)E7[lj“11 Jl _ Z (Z ak+1> - J]
k=0
From Property [1] and the above formula, we get

r4+1
(r+ DEI = (r+1) Z af, B

r r+1
=S "(r—j+ Ve B 4 Zyaﬂ Byt

I
Q
IS

r r—j [/n—1 r
' (Z a§+1> BT Y G4 Dal

=0
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5 () e £
7=0

k=0 j=0

This shows (3.3]) holds for n and this completes the proof. I
Property 3. If r,s € N, and r > s, then

[s] [r+1] ] [s+1]

s erveen (FIT) () (XX ZZ

T

J J—k—1
S| Y e - p s (z ) (a0 - a0)?
=0

I<v<ugn t=0

of. When j > k, we have

Pro
n n n n 1
1 )
doard el =) aly et =3
‘ . 2
i=1 i=1

3

n
j+1 j+1 i k+1 1 j
> (apal™ +altal — alaltt — ayta))

=1 =1 v=1u=1
1 n n
= LSS bl (e — s — asal )
v=1u=1
1 n n B
=522 [ebel (a7 —al™) (v — a)]
v=1u=1
— [aﬁaﬁ (aJ k af;k) (ay — au)]
ISv<usn
and
j—k—1
(a{; k a{fk) = (ay — ay) aiikilitai
t=0
Therefore

n k—j—1
jz k41 _ 1=t k4t 2
@ a; - z : l( ay Ay, ) (av - au) ]
i=1

1<v<usn

]
8.
Nk
8.

+
i M s

But when k£ > j, we have

n

n n n
k Jj+1 J k+1 _
doard it =)} aitt=—
=1 =1 =1 =1
k—j—1
Gt k—1—t 2
Z Qy Ay, (av - au)
t=0

By the Property 2] we obtain

(r+ 1)E7[f+1] = Z (ia H)

7=0 \i=1
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and

(n+r)EN = nEM 4Bl = (Za > Elr=J]
i=

From the above formula and note when k& > T,E,[f*k] =0, we have

() (150 FE£5

n n n n

=(n+s)(r+1)ELEMY — (n ) (s + 1)EI BT

E()e gl

i=1 j=0

3 (St e 3 (St e

7=0

naiazﬂ Z Zak+1> Sk] Lr,j]

S

2l

3

k=0j=0 \i=1  i=1
roJ j—k—1
= Z Z [S k]ET 7l Z a] 1—t k+t ( _au)z
7=0k=0 [1<v<ugn
s k k—j—1
k] 1— 2
— 2( 2: Els—+ plr=il E: alttak 1t (ay — ay)
k=0j=0 | 1<v<u<n t=0
r J j—k—1
—k —7 j—1— y 2
= g El—H glr=] E al 17tk ) (ay — ay)
7=0k=0 | 1<v< t=0

3

|
54
M- &
3

j—k—1
Z E[S JE[”' k] < Z aJ 1-t k+t>( _au)Q
0 [1<v<usn

<.
I
<
=~
Il

k—1

J—
(ES~MEL= _ g pl—M) < > a{,—l—taﬁ“) (av — au)?|

t=0

T

»3

O

1<v<usn

which gives expression (3.4]). 1

Property 4. If r,s € N, and r > s, then
(3.5) Bl gl > gl . gle-1

with equality holding if and only if among ay,as, -+ ,ay,, we have (n—1)ap =0's.
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Proof. From the Property [T} we have

E7[1T—1} .ELS] — ELT] -ELS_I]
— plr-1 (E}jl_l + anE,[f*”) - (EW_ + anE,[;“*”) Bl

n n—1

Egil] : Ek]—l - E’E’]—l ’ Ev[fil]

r—1 s—1
= X aE T B B Y dE
j=0 j=0

s—1 r—1
_ S (B m, ) s, (st
j=0 j=s

Since (3.5)) holds n = 1, it follow induction that (3.5)holds for n. I
Property 5. If r,s,j,k € N, and r > s > j > k, then
(3.6) El=H . glr=il > gls=il . glr=*]

n

with equality holding if and only if among a1,as, -+ ,a, we have (n —1)ar =0s.

Proof. From the Property[] if r—k+1>s—k+1,r—k+2>s—k+2,--- ,r—j >
s — j, then
J J
H (Er[lsfm] 'Er[ljferl]) > H (Er[lsferl] .ngm])
m=k-+1 m=k+1
This gives with the right condition equality. I

Combining Property [3] and Property [5, we obtain the Theorem [2|
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