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Abstract

Let f,g : R — R be two continuous functions on R and (z,),>
(Yn),,>1 two sequences such that B

Yn = Tn + f(xn—l) +9g (xn—Z)v forallm € N, n > 3.

The purpose of this note is to give some conditions which guarantee
the simultaneous convergence of the sequences (z,,),~; and (yn),,>;-

Let f,g : R — R be two continuous functions on R and (zy,),,~1 s (Un),>1
two sequences such that

Yn = Tn + f (Tn—1) + g (xn—2), foralln e N, n>3.

By continuity of the functions f and g, it results that if the sequence
(%), is convergent, then the sequence (yn),,~; is convergent. Moreover,
if -

Too = lim z,,
n—oo

then
N—00

Conversely, if the sequence (yp),,~; is convergent, is the sequence (z,),,~1
convergent? Usually not. Indeed, if f(z) = 2z, g(x) = z, for all x € R and

2o = (=), yn = @atf(@n1)+g(wn2) = (1" 21" H(-1)" 2 =0,



for all n € N, n > 3, then the sequence (yy),~; is convergent, while the
sequence (Tp)p>1 is not convergent. -

The purpose of this note is to give some conditions which guarantee the
convergence of the sequence (z,,),,~, , when the sequence (y,),,~, is conver-
gent. - -

In what follows, we need the next lemma, which can be proved by math-
ematical induction.

Lemma 1 Let a; = a, as = o>+ 3 and a, = aan_1+ Ban_s, for alln € N,
n > 3. Then

_ 04(042—1—46) — (a2+2ﬂ) Va2 443 <a— \/a2+45>n_1+

tn = 2 (a2 + 40) 2
a(a?+48) + (e +28) Va2 +48 [a+ /a2 +4f "
* 2 (a2 +4p) 2 ’

for alln e N, n > 2.
The main result of this paper is the following theorem.

Theorem 2 Let f,g: R — R be two continuous functions on R, such that:
(1) there exist two real numbers o,  €]0, 1] with o + 3 < 1 such that

[f (@) = fw)] <alz—ul, |g()—gw)|<Blz—ul, foralzuck,
(1)
(ii) the function ¢ : R — R, defined by
oE)=x+ f(x)+g(x), foralzeR

1s bijective.
Let (xn),~1 and (yn),~, be two sequences such that

Yn =Tn+ [ (xpn-1) + g (zpn—2), forallneN, n>3. (2)

Then the sequence (:cn)n>1 is convergent if and only if the sequence
(yn)n>1 18 convergent.

Proof. If the sequence (x,),~; is convergent, then by continuity of
the functions f and g, we deduce that the sequence (y,),~; is convergent.
Moreover, if Too is the limit of (2,),,51, then T + f (Too) + g (Too) is the
limit of (yn),>1 - -



Assume now that the sequence (y,),~; is convergent and let y, be the
limit of (yn),>1 - -

We begin by showing that the sequence (x, 1 — Tp),>p IS convergent to
0. Let hence € > 0. By convergence of (yy,),,~; , we deduce that there exists
an integer number m > 1, such that -

(1-q)e

n+1 — Yn ——— for all N, n > m, 3
|Yn+1 y’<2(1—q—|—7’) orallne N, n>m (3)
where

q_a+ a? + 43 T_a(a2+45)+(a2+2ﬁ)\/a2+4ﬂ )

2 a? + 44

On the other hand, from (1) and (2), for each n € N, n > 3, we have
|wn+1 - xn‘ < ‘yn—l-l - yn‘ + « ‘-’L'n - xn—l‘ + 0 ‘xn—l - xn—2’ .

From this it follows that for each p € N, p > 3,
|$m+p+1 - $m+p| < |ym+p+l - ym+p| +

+|Tmtp — Tmtp-1| + B |Tmip—1 — Tmip—2| <
< |Ymtp+1 = Ymtpl + (| Ymtp — Ymtp—1] + @ [Tmip-1 — Tmyp—2| +
+BTmip-2 — Tmip-3]) + BlTmtp—1 — Tmyp—2| =
= [Ymtp+1 = Ymtp| + & |Ymap — Ymtp—1] +
+ (042 + 5) |Tmap—1 — Tmip—2| + B [Tmip—2 — Tmap—s| < ...
< |Ymipt1 = Ymipl + a1 [Ymap — Ymap—1| + @2 [Ymap—1 — Ymap—2| + ---
ot ap | Yms1 — Y| + apg1 [T — T—1| + Bap [Tm—1 — Tm_2],

where
2
a) = «, a2:ﬁ+04,

and
ap+1 = aag + Bag_q, forall k e N, k > 2.

Now, relation (3) implies

l—gq
’xm+p+1 — $m+p| < (]. +a1+ag+ ... + ap) m€+ (5)

+ apt1 ‘«'Um - wm—l‘ + Bap |xm—1 - xm—2| .



On the other hand, by lemma 1, we have

04(042—1—46) — (a2+2ﬂ) Va2 443 (a— ’/a2+4ﬁ>k_l+

2 (a2 +4p) 2

ap =

2(a? +4p) 2

+a (@? +48) + (a® +26) \/a? + 43 <a—i— a? +4ﬂ>k1

forall k e N, k > 2.
From this it follows that

a(a2+48)+ (0 +28) Va2 +4B (a+ a2+ 48\
- 2 (a2 +4p) 2 ’

0<ar <

for all £k € N, k > 2. Then

1 l—q+r
T =
1—g¢q 1—g¢q

l+ar+ax+...+a, <1+ , (6)

where ¢ and r are given by (4). From (5) and (6) we obtain
€
[Zmapt1 = Tmap| < 5 + aptt [Bm — Tt | + Bap [Tm—1 — Tm—2]. (7)

Since the sequence (ay),~; converges to zero, there is an integer number
po = 1 such that, for each integer number p > pg, we have

13 13
Api1 |[Tm — Tmo1] < 1 and fBap |Tpm_1 — Tpm_2| < 7 (8)

From (5), (7) and (8), it follows that
|Tnt1 — xn| < e, for all n > m + py.

Consequently, the sequence (z,4+1 — xn)n>1 converges to zero.
Now, from

|9 (znt1) — g ()| < B|Tpt1 — x|, for all m € N,

and by the fact that the sequence (zp41 — 2n),~; converges to zero, we
obtain -

lim (g (zn41) — g (zn)) = 0. 9)

n—oo

Let now (t,),~, be the sequence with

tn =xn+ f(xn) +9g(x,), for all n € N.



Since for each n € N, n > 2, we have

th =2Tn + Ynt1 — Tnt1 — ¢ (xn—l) +9g (xn) )

by (9) and by the fact that the sequence (z,4+1 — 2y),~; converges to zero,
we deduce that the sequence (tn)n21 converges to yoo. Then the sequence

(¢! (tn))n>1 is convergent to ¢! (yso) . Since
0 ! (tn) =y, for all n € N,

it results that the sequence (z,,), -, is convergent to ¢! (Yoo ) . The theorem
is proved. m
Some examples are interesting.

Example 3 Let o and (8 be two real numbers such that o, 3 € [0, 1[, with
a+ B3 <1 and let (x,),>; and (Yn),>; be two sequences such that

Yn = Tpn + asinx,_1 + farctanx,_o, for alln € N, n > 3.

Then the sequence (xy),~; is convergent if and only if the sequence
(Yn),>1 18 convergent. -

M_oreover, if the sequence (a:n)n>1 converges to Too, then the sequence
(Yn)p>1 converges to Too + asin g + Barctan zoo, and conversely.

Proof. Apply theorem 2, with f,g: R — R defined by
f(x) =asinz and g (x) = farctanz, for all x € R.

Example 4 Let o and 3 be two real numbers such that o, 3 € [0, 1], with
a+ B3 <1 andlet (zn),>; and (Yn),>; be two sequences such that

1
Yn = Tp +acoSTy_1 + f——, foralln €N, n > 3.
1+ (mn_g)

Then the sequence (xy),~; is convergent if and only if the sequence
(Yn),>1 18 convergent. N

]\ﬂ)reover, if the sequence (arn)n>1 converges to Too, then the sequence
(Yn)p>1 converges to Too + 1 COS Too + ﬁ@, and conversely.



Proof. Apply theorem 2, with f, g : R — R defined by

f(z)=acosx and g(x)=p 5, forall z € R.

1+z

Example 5 Let f : R — R be a function which satisfies the following two
properties:
(i) there is a real number o € [0, 1] such that

|f () = f(w)] < alz—ul, foralz,uck,
(i1) the function ¢ : R — R defined by ¢ (x) = x + f (x), for all x € R
1s bijective.
Let (zn),>1 and (Yn),>1 be two sequences such that

Yn = Zn + f (xn—1), forallneN, n>2.

Then the sequence (l‘n)nzl is convergent if and only if the sequence
(yn)n>1 18 convergent.

Proof. Apply theorem 2. =

Example 6 Let g : R — R be a function which satisfies the following two
properties:
(1) there is a real number € [0, 1] such that

l9(x) — g (u)| < Bl —ul, forallz,ueR,
(73) the function ¢ : R — R defined by ¢ (x) = x+g(x), for allz € R is
bijective.
Let (zn),>1 and (Yn),>, be two sequences such that

Yn = Tn + g (Tn—2), forallneN, n>3.

Then the sequence (xy),~; s convergent if and only if the sequence
(Yn),>1 is convergent.

Proof. Apply theorem 2. m
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