SOME STRENGTHENED RESULTS ON GERRETSEN’S INEQUALITIES

SHAN-HE WU AND ZHI-HUA ZHANG

ABSTRACT. In this paper, we give some strengthened results on Gerretsen’s inequalities, and es-
tablish a parameter form for Gerretsen’s inequalities by using power series.

1. INTRODUCTION AND NOTATIONS

In practice we assume that s denotes the semi-perimeter of triangle ABC, R the circumradius,
r the inradius, and (2n —3)!! =1-3-5---(2n — 3). In addition we have (—1)!! =1.
In 1953, J.C.Gerretsen [1] obtained the following important double inequalities:

Theorem 1.1. In every triangle we have the double-sided inequality
(1.1) 16Rr — 5r% < s> < 4R? + 4Rr + 3r°.

Gerretsen’s inequality ([1.1)) has broad applications in geometric inequalities, and is a powerul
tool of research in geometric inequalities. It is as important to geometric inequality theory as
Holder’s inequality is to analytic inequality theory.

The purpose of this note is to present a simple but powerful form of strengthening Gerretsen’s
inequalities for triangles. The parameter form for Gerretsen’s inequalities are established by using
power series.

2. THE STRENGTHENED FORM OF GERRETSEN’S INEQUALITIES

In this paper, the following three lemmas are necessary:

Lemma 2.1. (Basic inequalities for the triangle [2]) In every triangle we have
(2.1) 2R* + 10Rr —1* —2(R — 2r)\/ R?2 — 2Rr < s* <2R? + 10Rr — r* + 2(R — 2r)\/ R? — 2Ry

Lemma 2.2. Assume —1 < x <1 and 0 < a < 1, we have the following power series expansion

(2.2) (1+$)a: 14 ia(a—l)(a—i)'...(a_n_i_l)wn
n=1 :

and the following Bernoulli’s inequality [3]
(2.3) (14+2)*<1+ax

Lemma 2.3. Assume —1 < z < 1, the following power series expansion is well-known
1 o
2.4 = "
(2.4) =)
n=0
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Theorem 2.1. In every triangle the following inequalities hold

2(R—2 2(R—2
(2.5) 16Rr — 524 T2 2 ypr gy g o T2
R—r R—r
Proof. Since basic inequalities (2.1]) for the triangle are equivalent to the following inequalities:
(2.6) 16Rr — 572 + 2(R — 2r)(R — r — V R? — 2Rr) < s°

< 4R?> 4+ 4Rr +3r> —2(R—2r)(R—r — /R2 — 2Rr).
From Euler’s inequality R > 2r and Bernoulli’s inequality (2.3)), we have

r
R — 0, 0 <1
r>0, 0<z—<1,
and
22
R—r—+vR?-2Rr=(R—r) |1- = 2hr
(R—r)?
r2 1 ro\? r?
=(R— 1—4j/l———=| > =(R- _— ) =
( ) (R—r)2| — 2( ) <R—r> 2(R—r)
According to ([2.6)), it is easy to obtain (2.5). The proof of Theorem is completed. O

The inequalities (2.5]) were also proved by Xue-zhi Yang in [4], by the use of appropriate trigono-
metric inequalities.
Now, we will give a generalized result:

Theorem 2.2. In cvery triangle we have the following inequalities

(2.7) 16Rr — 512 +r(R—27) i (2n —3)N r 2n—1 o
| = 2vInl \R-v =

<4R2+4Rr+3r2_T(R_2T)§:(2n—3)!! r 2n—1

) n=1 2n~Inl R—r ’

Proof. In (2.6, we have obtained the following equality:
2
R—r—+VR2—2Rr=(R—r) [1— 1—(;)2] .
—r

Let
r

R—r

R—r—+R*>-2Rr=(R—r)(1—+V1—22).

From the power series expansion (2.2)), we have

1 = (2n—3) !l
\/1—x2:1—7m2—zwx2n (0<x<1),

2 2nn |

=z (0<z<1),

then

n=2
or

(2n=3)11 , _ r = (2n —3)!! ro\" !
1 —+/1— 277 2n—-17 _ )
N 2" x—l—z ”_1n' ] 2(R—T)Z 2n—1p! (R—r)

n=1

Therefore the following equahty holds

1 o] 2 - 2n — 1
(2.8) R—r—\/RQ—ZRr:?"Z i ( TT> .
=1

2n—1n|
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Combining expressions and we obtain . Theorem is proved. O
Theorem 2.3. In every triangle we have the following inequalities

(2.9) 16Rr — 512 + (R — 2r)s < s> < 4R?> + 4Rr + 32 — (R — 2r)g,

where _—

o0 oo m
B (2n—3) ! el r
5= Z on—1p1 Z 2 R4r
m=1
Proof. From the power series expansion ([2.4]), we have

r r 2 \ ! P — 2r \™ > 1 r m
2.10 = 1— — —_ gm —
(2.10) R—r R—i—r( R—l—r) R+TZ<R+T> mZ:1 (R—l—r)

m=0

Combining expression (2.7) and (2.10) we immediately get (2.9). Theorem [2.3]is proved. O

3. THE PARAMETER FORM OF GERRETSEN’S INEQUALITIES

In this section, we will establish a parameterised form of Gerretsen’s inequalities.

Theorem 3.1. Let A be a nonzero real number, in every triangle we have the following inequalities

1
(3.1)  —A—=1)?R*+ 2N\ +5X+2)Rr — (4 + \)r? + 5 (R=2r) [1=X)R—2r|e<As® <

1
A+ 1)2R? —2(\%2 —=5A+2)Rr + (4 — \)r? — 5 (R=2r) |(1=X)R—2r|e,

where 1
(1=MHR—2r|™"

(1+ MR —2r

E:i(m—zf,)!!

on—1p |

n=1
Proof. When X\ > 0, from inequality (2.1]), we have
2AR? + 10ARr — M2 — 2\(R — 2r)v/ R?2 — 2Rr < \s* <
2AR? 4+ 10ARr — A2 + 2\(R — 2r)\/R? — 2Rr,

or
(3.2) ~(A=1)?R* + 2N+ 5A + 2)Rr — (4 + \)r?
+(R—2r)[(A* +1)R — 2r — 2A\V/R2 — 2Rr] < \s* <

A+ 1)2R? —2(A\2 = 5X+2)Rr + (4 — N)r? — (R — 2r)[(\2 + 1)R — 2r — 2\\/R2 — 2Ry,
From Euler’s inequality R > 2r, we obtain ()\2 +1)R—2r >0, and

(A2 + 1)R — 2r — 22/ R? — 2Rr = [(A2 + 1)R — 2] [1 _\/ AN'(R? — 2Rr)

[(1+ MR — 2r]2

B (1= )R-2r]
%4 1A 21 ¢ - [ao2r—2]

Let
‘ (1-=MR—2r

(1+X)R—2r

=z(0<z<1),

then

(A2 +1)R—2r — 20V R2 —2Rr = [(\2 + 1)R — 2r](1 — /1 — 22).
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From the power series expansion (12.2)), we have

1 \/1—1’2_*.362 (2n—3 gt

2”—1n'

and

_ H
(3.3) ()\2+1)R—2r—2)\\/R2—2Rr:%| 1-X)R-2r yz (2n

2n—1nl

(1-A)R—2r |

(1+X)R—2r

Combining expression (3.2]) and (3.3)), the inequality (3.1) is proved.
If A <0, then —X > 0, applying the above result, we have

(A =1 R?* 4+ 2\ —=BA+2)Rr — (4 — \)r? 4 = (R 2r) [ (1= A)R—2r| e < As® <

(=X 4+ 1)2R* —2(A\2 + 5A + 2)Rr + (4 + \)r? — 5(R —2r) [ (1= M)R—2r]e.

It is easy to see that above inequalities are equivalent to inequalities (3.1). The proof of Theorem
is completed. ]

Theorem 3.2. Let A\t be real number, and \ # 2t, in every triangle we have the following inequal-
1t1es
(34) —(t—12R*+2[> + A +5)t — A+ 2JR%r — [(4N + 1)t + A2 + 10\ + 4] Rr? + (2X2 + )3
+%(R —2r)|(tR—=Mr)2 = R(R—2r )| e < (tR— Ar)s® <
(t+1)2R> = 2[t> + (A = B)t + A+ 2JR%r 4 [(4\ — D)t + A% — 10\ + 4] Rr? — (202 — \)r3
—%(R— 2V [(tR— Ar)2 — R(R— 2r )| e

where o1
_ i (2n —3)!" | (tR— A r)2 = R(R—2r) |7"™
N = 2n=Inl | (tR—Ar)*>+ R(R—2r)
Proof. From inequality ({2.1]), we have
(3.5) [tR—Ar| [|s* —2R* — 10Rr +r*| —2(R — 2r)V/R? — 2Rr] < 0

Since 1) } (tR — \r)(s® — 2R?> — 10Rr + r?) ‘ <2|tR— Mr|(R—2r)VR? —2Rr
& (tR— M)(2R? + 10Rr — r?) —2[tR — Ar| (R — 2r)V/R? —2Rr < (tR — \r)s* <
(tR — A\r)(2R? + 10Rr — r*) + 2|tR — \r| (R — 2r)V/ R2 — 2Rr,
that is
(3.6) —(t—1)2R3 + 22+ (A +5)t — A+ 2JR*r — [(4\ + 1)t 4+ A% + 10\ + 4] Rr? + (202 + )i
+H(R—2r)[(tR— A ) + R(R—2r) — 2 [tR — Ar|V/ R2 —2Rr] < (tR — \r)s* <
(t+1)2R> = 2[t> + (A = B)t + A+ 2]R%r + [(4\ — 1)t + A% — 10X + 4]Rr —(2X% =)
—(R—2r)[(tR — M)? + R(R — 2r) — 2 [tR — \r|\/ R? — 2Rr].
According to A # 2t and Euler’s inequality R > 2r, we obtain (tR — Ar)? + R(R — 2r) > 0, and
(tR— Ar)?2 + R(R —2r) —2 |tR — A\r| V R2 — 2Rr

4(tR — Ar)%(R? — 2Rr)
[(tR — Ar)2 + R(R — 2r)]?

= [(tR — Ar)% + R(R — 2r)] [1 - \/
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= [(tR — Ar)* + R(R — 2r)] 1_\/1_ [

Let
(tR— \r)?2 — R(R — 2r)
(tR— Ar)?+ R(R — 2r)

=z(0 <z <1,

then

(tR—Ar)? + R(R—2r) — 2 [tR — Ar| vV R2 — 2Rr = [(tR — Ar)? + R(R — 2r)](1 — V1 — 22),
From the power series expansion ((2.2)), we have

o0

—V1—22 = 23:2 2”_171‘ ,
therefore
(3.7) (tR —M)> + R(R —2r) — 2 |[tR — A\r| /R? — 2Ry

2n—1

_1! o~ (20— 3) 1| (LR — Ar)* — R(R — 2r)
= 5[(tR = r)* = R(R —21)] nZ ‘ (tR—Ar)* + R(R — 2r)

« 2n- In!
Combining expression (3.6 and (3.7)) we can get the inequalities ((3.4)). Theorem is proved. [
Now, we give some corollaries from Theorem and Theorem

Corollary 3.1. Let A\t be real numbers, respectively, and A # 2t, in every triangle we have the
following inequalities

(3.8) —(t—1)2R342[t2+ (A +5)t—A+2] R%r —[(4A+ 1) t+ A2+ 10N +4] Rr2+ (202 +0)r? < (tR—Ar)s?
< (t+1)2R? =22 + (A = 5)t + A+ 2] R%r + [(4\ — 1)t + A% — 10\ + 4] Rr? — (207 — \)r.

Corollary 3.2. Let A be a nonzero real numbers, in every triangle we have the following double
inequality

(3.9) —A=1)2R? 42\ 4+ A+ 2)Rr — (4+ N2 < Xs? <
A+ 1)2R? —2(A\? = 5A + 2)Rr + (4 — \)r?
Inequalities (3.8) ,(3.9) include Gerretsen’s inequalities and a lot of new geometric inequalities.

Corollary 3.3. Let A\t be real numbers, respectively, and X\ # 2t, in every triangle we have the
following double inequality

(3.10) —(t —1)2R*+2[t2 4+ (A +5)t — A+ 2JR*r — [(4X + 1)t 4+ A% + 10\ + 4] Rr? + (202 + \)r?
1
+5 (R —2r) (R - M)? = R(R—2r)|¢ < (tR— Ar)s® <
(t+1)2R3 — 2[t> + (A = 5)t + A + 2] R*r + [(4\ — 1)t + X2 — 10X + 4]Rrr? — (2X2 — \)73

—%(R— 2r) [(tR — Xr)? — R(R — 2 )| <,

¢ = Z (2m 3)‘” [ ! |(tR — Ar)> = R(R —2r) | T;QH—l ( R )\r)fer(R+ 5 ) Emet
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Proof. From Euler’s inequality R > 2r, we obtain
4Rr < 4Rr <1

(tR—Ar)2+ R(R+2r) — (tR—Ar)2+4Rr

Using the power series expansion , we have

(tR— Mr)? — R(R — 2r) (tR— )% — R(R — 2r)

(tR— Ar)?2 4+ R(R — 2r) (tR— Ar)2+ R(R+ 2r)

0<

(tR— Ar)> 4+ R(R +2r)
(tR—Ar)2+ R(R —2r)

(3.11) ‘

| @R = Ar)? — R(R —2r) 1
| (tR = Ar)2+ R(R + 2r) ‘ 1 4Rr
(tR—Ar)2+ R(R+ 2r)
[ (#R—Ar)? — R(R—2r) |« 4Rr "
N ' (tR—Ar)2+ R(R+ 2r) T;) [(tR —Ar)2 + R(R+ 21")}

1 G 2Rr "
— |(tR — M)> — R(R — 2r) o1 .
|nz_:1 [(tR—/\r)2+R(R+2r)]

" 2Ry
Combining expression (3.4)) and (3.11]) we immediately get the inequalities (3.10]), and the proof of
Corollary [3.3] is completed. O
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