ON WEITZENBOECK’S INEQUALITY AND ITS GENERALIZATIONS

SHAN-HE WU, ZHI-HUA ZHANG, AND ZHEN-GANG XIAO

ABSTRACT. In this paper, a new proof of the equivalence for Weitzenboeck’s inequality and Finsler-
Hadwiger’s inequality is given, and some generalizations of Weitzenboeck’s inequality for only one
triangle is proved.

1. INTRODUCTION

Throughout the paper we assume a, b, ¢ denote the opposite sides of triangle ABC, A, B, C the
angles, s the semi-perimeter, A the area and R the circumradius. Moreover, we will customarily
use the cyclic sum symbol and cyclic product symbol, that is: > f(a) = f(a) + f(b) + f(c),
> fla,b) = f(a,b) + f(b,c) + f(c,a) and [ f(a) = f(a)f(b)f(c), similarly, one defines others.

In 1919, Weitzenboeck [I] obtained the following interesting inequality for sides and area of the
triangle

(1.1) >’ = 4v/3A

with equality holding if and only if the triangle ABC' is the equilateral one.

Inequality is called Weitzenboeck’s inequality. In the theory of geometric inequality,
Weitzenboeck’s inequality and its generalizations often play fundamental role, these results are
interesting and useful. For example:

In 1937, P.Finsler and H.Hadwiger [2] first studied the generalization of Weitzenboeck’s inequal-
ity, their got:

(1.2) D @’ > 4VBA+D (a—b)?

with equality holding if only and if the triangle ABC' is equilateral.
A weighted representation for Weitzenboeck’s inequality is given in [3], A.George verified that

(1.3) 3 <a1 a2> > 2V/3A

a9 + Qg3

where o, a, ag > 0.
A.Oppenheim [4] published the following useful weighted formula:

(1.4) (Z )\1@2)2 2 16A2(Z )\1)\2)

with equality holding if and only if A; : Ay : A3 = (b2 +c? —a?) : (2 +a? — b%) : (a® + b — ),
where A1, Ao, A3 are the real numbers.

For two triangles, the generalization of Weitzenboeck’s inequality is the well-known Neuberg-
Pedoe inequality:

(1.5) > ad (03 + c3 — a3) > 1641 A,
with equality holding if and only if AA;B1Cy «~ AA3B5Cs.
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In this paper, a new proof of the equivalence for Weitzenboeck’s inequality ((1.1) and Finsler-
Hadwiger’s inequality (|1.2) is given, and some generalizations of Weitzenboeck’s inequality for only
one triangle is proved.

2. A NEw PROOF OF THE EQUIVALENCE FOR WEITZENBOECK’S
INEQUALITY (1.1)) AND FINSLER-HADWIGER'S INEQUALITY (|1.2)

To prove the equivalence for Weitzenboeck’s inequality (|1.1) and Finsler-Hadwiger’s inequality
(1.2), the following Lemma2.1| will be used.

Lemma 2.1. In every triangle ABC, if

(2.1) a1 = ab+c—a),by=bcta—b)er=/cla+b—c)

and

(2.2) Ay=(r—A)/2,By=(r—B)/2,C; = (7 — (C)/2,

then the triangle A’B'C’ for sides a1,by, cy 1s a triangle for angles A1, By, C1, and the area /Ny = A.
Proof. Because a +b—c¢ > 0,b4+c¢ > a,c+a—b >0, and from the expansion , we have

(a1 +b1)> =ab+c—a)+blc+a—0b)+2v/alb+c—a)b(c+a—Db)
>alb+c—a)+blcta—0b)=cla+b)—(a—0b)?
>cla+b)—c=cla+b—c)=c?

that is

a1+ b1 > ¢
similarly, we can obtain b; + ¢ > a1, c¢1 + a1 > by. Therefore, a1, by, c; are three sides of a triangle.
According to the expansion (2.2) and A1 + By +C1=(r—A)/2+ (n—B)/24+ (r - C)/2 =,
we get that Ay, By, C1 are three angles of a triangle.
Also, assume a triangle for the sides a1, b1, c1 is AA’B'C’, then utilizing the fact that

COSA/:b%+C%7C% :b(c+afb)+c(a+bfc)fa(b+cfa) :Singzcosﬂ'fA

2011 2¢/b(c+a—"b)y/c(a+b—c)

we immediately get A’ = A;. Similarly, we can obtain B’ = By,C’ = C;. That is the triangle
A'B’C’ for sides aq, by, ¢y is a triangle for angles Ay, By, C}.

Finally, we have
16AF =2 afb? — ) af =2 a®b* =Y a* =16A%
i.e., Ay = A. The proof of Lemmd2.1]is completed. B

Theorem 2.1. Weitzenboeck’s inequality (1.1) and Finsler-Hadwiger’s inequality (1.2) are equiv-
alence.

Proof. Firstly, Finsler-Hadwiger’s inequality (|1.2)) = Weitzenboeck’s inequality (|1.1]) is obvious.
Secondly, to prove Weitzenboeck’s inequality (|1.1)) = Finsler-Hadwiger’s inequality (|1.2)).

From Weitzenboeck’s inequality (L.1)) and Lemma2.1] we obtain
Z CL% Z 4\/§A1,

= cos Ay,

and
Za(b—i—c—a) > 4v/3A
that is Finsler-Hadwiger’s inequality ((1.2)). Theore is proved. I
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Remark 2.1. By the same way, we can prove that the Neuberg-Pedoe inequality (1.5) and the
following Zh.-P An’s inequality (2.3)) (see also [14]) are equivalence:

(23) Z al(bl +c1 — al)(CQ + as — bg)(ag + b2 — CQ) > 16A1A2
with equality holding if and only if AA1B1C| v~ AAsBsCs.

By using Lemma2.1] and Finsler-Hadwiger’s inequality (1.2)),we easily prove the following corol-
lary:

Corollary 2.1. In every triangleABC', we have
(2.4) a2 4VBA+D (a—b?+> (Valb+c—a)— b(ct+a—b))?

with equality holding if only and if the triangle ABC' is the equilateral triangle.

Theorem 2.2. Assume u is a real number, then in every triangle ABC, the inequality
(2.5) d @’ = 4VBA+ ) (a—b)?
holds that the best possible is the coefficient = 1.
Proof. In , let a =b=1,c=1t, then we have
2 4+ 12 > V3t\/4 — 12+ 2u(1 — ?)

Set t — 0, we obtain u < 1, therefore the coefficient u = 1 is the best possible. I

3. SOME GENERALIZED RESULTS FOR TRIANGLE
In this section, we will list another generalizations of Weitzenboeck’s inequality for triangle.

Theorem 3.1. If one of A1 + A2, \a + A3 and A3 + A1 greater then zero, and > A\ A2 > 0, in every
triangle ABC' we have

(3.1) > and =4 Mde A+ (VAs+ A a— Az + Az b)

with equality holding if and only if ZC = arccos(As/v/(A2 + A3) (A3 + A1)).

Proof. From one of A1 + A2, Ao + A3 and A3 + Aq greater then zero, and Ao + AoA3z + AgA; > 0, we
have another two of A1 + Ag, Ao + A3 and A3 + A1 greater then zero, and
A3

V(A2 + A3)(Az + A1) <

Let
6 = arccos A3 ,
\/()\2 -+ )\3)(/\3 + )\1)
then
sinf = /2 Mo cost = A3 .
VO +23) s+ A1) V(A2 +A3) (A3 + A1)

From 1 > cos(C — 6), and 2abcos C = a® + b? — ¢2, 2absin C = 4A, we obtain

A NOIPIP.
3 cos C' + 2 Ao sin C

12 \/()\24‘)\3)(/\3‘1‘)\1) \/(/\Q—i-)\g)()\g—}-)\l)

21/ (A2 + A3)(As + A)ab = Ag(a® + 5% — ) + 44/ > A oA

or
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that is inequality (3.1]), with the equality holding if and only if 1 = cos(C — 0), i.e.
A3
V2 +A3) (A5 + A1)

ZC = arccos

The proof is completed. §

T heore is obtained by K.-Ch. Yang in [5]. We can give some results for Theore its not
only among inequality ((1.4)), but also get some another corollaries:

Corollary 3.1. In every triangle, we have

(3.2) > a® > 4V3A +2(a - b)?

with equality holding if and only if ZC' = m/3.

Corollary 3.2. In every triangle ABC', we have

(3.3) Y @’ > 4V3A+D (a—b)?+2(alb+c—a)— /blc+a—D) )
with equality holding if only and if ZC = /3.

Corollary 3.3. (Pélya-Szego[6]) In every triangle ABC, we have

(3.4) \{f (abe)

with equality holding if and only if the triangle ABC is equilateral.
From Lemma?2.1] we easily obtain

(VIS

> A

Lemma 3.1. In every triangle ABC, if the sequence of {AALB,CL}}_, that the sides and angles
respectively as follow

(3.5) ar = Vap_1(bg—1 + cr_1 — ag_1),
b = \/br_1(ck_1 + ap_1 — bp_1),

ch = vch1(ap_1 +bp_1 — cxp_1)

and
(36) Ak = (71' - Akfl)/Q,Bk = (71' - kal)/lck = (71' - Ckfl)/2,

where AAygByCy is the triangle ABC'. Then the triangle for sides ay, by, cx is a triangle for angles
Ay, By, Ci, and we have

(3.7) A = (2% = (~1)9)(n/3) + (~1)kA]j2*
similarly, one defines By, Cy, k=10,1,2,--+;
and Ny =Ng=---=Ng=---=A.

Theorem 3.2. In every triangle ABC', if the sequence of {AA,BCy}}_, that the sides and angles
respectively define as (3.5)) and (3.6)), then we have

(3.9) > a® > 4v3A + ER: [Z(ak = bk)ﬂ
k=0
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Proof. In AAg_1By_1Ck_1, utilizing the fact that

azfl = 4A_q tan kol (b—1 — ck,l)Q,
we have
(3.10) ST, =4Ap 1) tan A’;‘l + 3 (bt — cr-1)*.
From , then become
(3.11) > ap =401 Y cot A+ > (bpo1 — 1)
Also, by using the laws of cosines, we obtain
(3.12) z:a%71 =4A,_1 Zcot Ap_q.
Combining expansion and , we have
(3.13) AN} Z cot Ap_1 = 40,1 Z cot Ay, + Z(bk_l — )2
From A=Ag=0A1 =Ly =--- =/, we get
(3.14) 4AZcot A1 = 4AZcot A + Z(bk—l — 1)
In , summing from 1 to n 4 1 for k, we obtain
(3.15) AAY “cot A=4AY " cot Apiy +§Z(bk_1 —cr1)?
k=1

Utilizing the fact that

Z cot A1 > V3

and combining expansion (3.15)), (3.12)) and Lemm the proof of inequality (3.2)) is completed. I
4. THE INDEX GENERALIZATIONS FOR WEITZENBOECK’S TYPE INEQUALITY

Theorem 4.1. Let A > 1, and n € N, in every AABC, we have

n
(4.1) S >3 AN SN -
k=0

where ay, by, cx, define as Lemmd3.1}
Proof. When A > 1, using the fact that [7]

(42) ZQQ)\ > 317)\(2 a2))\
and
m A m
(4.3) (Z «Tk) >,
k=1 k=1

where z; > 0(i = 1,2,--- ,n) and combining Theore we obtain inequality (4.1). The Theo-
renf4.1] is proved. I

To prove the next theorem, the following lemmas [8] are necessary:

Lemma 4.1. If k < (In9—1In4)/(In4 —In3), then in every AABC we have

(4.4) <; > ak> ‘ < V3R
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Theorem 4.2. Let 0 < A < (In9—1n4)/(In4 —1n3), and n € N, in every AABC, we have
13 1 1 1)

4. S AT N (.

( 5) ZGQ)\ (4A))\+2Z<a)\ b)\>

Proof. When 0 < A < (In9 —1In4)/(In4 — In3), from Lemma{d.1] we get

1
<; Z a’\) ’ < V3R
i.e.,
(4.6) Yot <3ERN
Combining expansion R = abc/(2A), inequality becomes . The Theore is proved. 1
Theoremf4.2] is obtained by J. Chen in [I3].
Corollary 4.1. In every AABC, we have

1 3/3 1 1 1\?
: e e I
(47) 2 4A+2Z<a b>
and the coefficient 1/2 is the best possible.

Proof. Let A = 1 for (4.5)), we easily get inequality (4.7). Let a = b = 1,¢ = ¢, then inequality
Sk <58+ (2 4)* becomes

1 3v/3t
= 2t +1 —2u(1 —t)? — V3 ]<0

V4 — 2
Set t — 0, we can obtain y > %, therefore the coeflicient y = % is the best possible. I
5. WEITZENBOECK’S TYPE INEQUALITIES OF THE PLANAR CONVEX POLYGON
The next Lemmap.1]is a preliminary election problem of the 29th IMO.

Lemma 5.1. If oy, > 0, ), are real numbers (k=1,2,--- ,n), and > p_yar =Y p_y B =7, then
we have

cos 0y,
(5.1) Z S oy < Zcot Qg

with equality holding if and only if ax, = B, (k=1,2,--- ,n).

,n) denote the sides of a planar convex polygon A1Ay - -- Ay

Theorem 5.1. Assume ay (k =1,2,
2 ,n) for > }_, oy, = m, then in every planar convex polygon

and F' the area. If a, >0 (k= 1,2,
the following inequality holds

n
(5.2) Z a2 cot oy, > 4F
k=1

Proof. To prove planar convex polygon AjAs - - - A, inscribed in a circle, because its area is maximal.
Set (), = 27, — ag, where 2y, is the angle at the centre of the side ay, £k = 1,2,--- ,n. From
Lemmap.1] we have

Zw <3 cotay

n n
sin «
k=1 k k=1
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that is
n n
(5.3) Z sin? 7y}, - cot oy, > Z sin 2,
k=1 k=1
Utilizing the fact that ax = 2Rsiny, (k = 1,2,---,n), and F = %R2 > gy sin 27y, inequalities
becomes . Lemm is proved. 1

From Theorenf5.1] the following Corollary/5.1] is obvious.

Corollary 5.1. Assumeay, (k=1,2,---,n) denote the sides of a planar convex polygon A1Ag - Ay
and F' the area, then in every convex polygon the following inequality holds

(5.4) Zak 4Ftanf

Corollary 5.2. Assume ay (k=1,2,3,4) denote the sides of quadrilateral ABCD and F the area.
If N, (k=1,2,3,4) are the real numbers for

A A3 + A3 Mg A + A A + A9 Ag > 0,

and
AL+ X+ A3+ A2 >0,
then in every quadrilateral we have

4
A3 Ay + A3 dg A + MA1 A2 + A Ao )s
paz > 4F\/ .
Z ok M+ A+ A3+ Mg

(5.5)

Proof. Set tAp = cotay, (k=1,2,3,4), tis a real constant. From Theore for n = 4, we have
ol +og+ a3+ a4 =,

and
tan(ag + ag + as + ay) = 0.
Using the fact that

4
Z cot a; cot o cot o, — Z cot oy,
1<i<j<k<4 k=1
tan(a; +az + a3 + ) = Z4J ’
H cot ap — Z cot ajcotag + 1

1<j<k<a
we can obtain
A+ A+ A3+ M
AoA3Ag + A3 g A + Mg A + )\1)\2)\37
the proof of Corollary.2]is completed. N

t? =

Corollary 5.3. Assume ay, (k= 1,2,3,4) denote the sides of quadrilateralABCD and F the area,
in every quadrilateral we have

4 4 4
(5.6) oD and apt = 16F7
k=1

k=1 k=1

Proof. Let \ia; = Agas = A\zaz = Aga4 in Corollar then inequality (5.5 become (/5.6]). Corol-
laryp.3] is proved.

Remark 5.1. The results of this section were obtained by X.-Zh. Yang in [9].
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6. THE REVERSE WEITZENBOECK’S INEQUALITY
Theorem 6.1. In every AABC, we have
(6.1) D @’ <4VBA+3D (a—1b)
and the coefficient 3 is the best possible.
Proof. Utilizing the fact that

(6.2) [[sinA =sr/2R?

(6.3) Z sin® A = (s* —4Rr — %) /2R?,

and

(6.4) Y “sinBsinC = (s° + 4Rr + r?) /AR,

then (6.1)< 2v3[[sin A+ 5> sin? A — 6 sin BsinC > 0 < /3sr+ 52 — 16Rr — 472 > 0 <
(6.5) V3r(s — 3V3r) + 52 — 16Rr + 512 > 0

From Gerretsen’s inequalities [10]

(6.6) 272 < 16Rr — 5r? < s < 4R? 4 4Rr + 3r?

and Euler inequality R > 2r, inequality (6.5)) or (6.1)) is true.
Set a = b= 1,c = t, then inequality > a? < 4v3A + Y (b — ¢)? becomes
24+ 12 < V3tV — 2+ 2u(1 — t)?,

Let t — 2, we obtain pu > 3, therefore the coefficient y = 3 is the best possible. The proof of
Theoren6.1] is completed. i

Theorem 6.2. In every AABC, we have

(6.7) Z a® < 4V3A + g Z (a —b)*> + 2R? Z(COSB — cos C)?
Proof. Utilizing the fact that ,, and

(6.8) Z cos BeosC = (s? —4R? + 7"2)/4R2,

then

(6.7) <:>2\/§HsinA—|—Zsin2A—SZsinBsinC—ZCOSBCOSC—FS >0
& 2V3sr — s> +8R> —10Rr —3r° >0 =

(6.9) 2V3r(s — 3vV3r) + 2(R — 2r)(2R — 3r) + 4R? + 4Rr 4+ 3r? — s > 0
From Gerretsen’s inequalities and Euler inequality R > 2r, inequality or (6.7)) is proved. &

Above two results are obtained by B.-Q. Liu in [I1].
The next Lemma6.10| is proved by A.Oppenheim in [12]:

Lemma 6.1. If0 < 6 < 1, then in every AABC we have

(6.10) O a) [0+ —a®) =31 0(4n)*
Theorem 6.3. If A > 2, in every AABC we have

(6.11) S <3 EAN ST (0 - N
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Proof. Since (6.11) is equivalence with
(6.12) (> az) JL (07 +¢2 —a?) <43 7240

A A A

If a?,a?,a? are not three sides of a triangle, then the expansion (6.12) or (6.11)) is true, and if
A A A

af,ag,ag are three sides of a triangle, from Lemm and 0 < 2/A < 1, then we can obtain the
expansion (6.12)) or (6.11)). Theoreny6.3]is proved. I

Finally, we propose an open question:
Assume A > (In9 —In4)/(In4 — In 3). Solve that the best possible u for the following inequality
holds

(6.13) Z L < ﬁ + Z 11 ’
: PENNTIND H > )
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