INEQUALITIES CHECKED BY FUNCTIONS OF BOUNDED
VARIATION

OVIDIU T. POP

ABSTRACT. In this article we will prove some inequalities checked by functions
of bounded variations and then we will give applications of this inequalities.

1. INTRODUCTION

Remind some known results in connection with the functions of bounded varia-
tion.

Theorem 1. Let f : [a,b] = R, f be a derivable function on [a,b], with the deriv-
ative f’ integrable Riemann on [a,b]. Then the function f is of bounded variation
on [a,b] and

b b
(L1) V() = / | ()| da

where \/Z(f) is the total variation of the function f on [a,b].

Lemma 1. If f : [a,b] — R is monotone function, then

(1.2) V() = 1) = f(a)].

For the demonstration of the Theorem 1, the Lemma 1 or other characterization
of the functions of bounded variation, we can consult [2].

Lemma 2. Let f : [a,b] — R, be a derivable function on [a,b] with the derivative
f continuous on [a,b],n € N* a =ag < a1 < ... < apy1 = b, f' has change of sign
only in the points ay, as, ..., a,. Then

£(0) = f(a) + 2k’z;<—1>’f—1f<ak>

, if n is even

‘ =10~ 142 5D )| s odd
k=1
Proof. In addition to Theorem 1 we have
b b n ap+1 n apt1
(H)y=[ If(2)]de= | (@) da = | (1) f'(x)dz
Y /a kz_o/ak ];) /l;k
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n
2 : ﬂk+1

k=0
= |(fla1) = flao)) = (f(az — f(a1)) + ... + (=1)"(f(ant1) — f(an)|,
out of which (1.3) results. I

2. Main Results

Theorem 2. If f: [a,b] — R is a function of bounded variation on [a,b], then
a+b
2

b
ey |7 o [ f@dsdre) - f@le - a)

b
< 22O\ (f) - - max{2t, 2 — 1]}
for allt €10,1].
Proof. Let s : [a,b] — R, t € [0,1] be a function defined by

[(1—t)a+th) —z, =z € [a,4f?)
se(x) = {

- x—[ta+ (1—t)b], =€ [*L,b].

Since

St(a;rb_o) :St<a;b+0> s (a;b) _ (2t—1;(b—a)7 te 0]

and heeding definition of the function s;,¢ € [0, 1], results that the function s; is
continuous on [a, b], t € [0,1]. Knowing that the function s; is continuous on [a, b]
and the function f is of bounded variation, we have that the function s; is integrable
Stieltjes-Riemann reported to the function f. Then

atb b
s(@)if(e) 4+ [ sl (o)

/ " (@)df (@) = | .

and applying the integration through parts formula for the integral Stieltjes-Riemann,
we have

b a+b a;b '
/st(x)df(l’): lst(w)f(xﬂaz */ St(x)f(x)da‘:|

b-a); (”b) ~t(b— a)f(a) + t(b — a)F(B)

(2t—1;(b )f(a;b) +/aa;b f(x)dx—/a; f(z)da

a+b

b ath b
@2 [ s@de = [ fede- [ e -alfo) - fa)

from where
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for all ¢ € [0,1].Let there be the sequence of divisions (Ay)n>1,A, ¢ a =z <

asgn) - < x,(cn) = b, with lim, . | Ay, [|= 0, where || A, ||= max,_gz— (= 51)1
x§”>) and 51» €[ Z(.n),xgi)l], i =0,k, — 1. Because s; is continuous on [a,b] and f
is of bounded variation on [a,b], we have that
b ke —1
[ s@drte) = tim 3 s (67) [£ (280) - £ (o)
a =0

from where

st = 3 (€)1 () -1 ()]
< g S ) 1 () - ()

kn—1

< s )] i 3= [ (+40)) 7 (:47)

/ " () ()

Considering that s; is strictly decreasing on [a, %), strictly increasing on [“T'H’, b]
and that

from where

(2.3) < max [si(z \\/

z€la,b]

st(a) = s¢(b) = t(b—a),

5 <a—2kb> _ (215—1%(%)—61)7

we have that

b _
(2.4) max_|s,()] = —2 max{2t, |2t — 1|}
z€la,b] 2

for all t € [0, 1].
From the relations (2.2)—(2.4) the inequality (2.1) follows. I

Corollary 1. If f : [a,b] — R is of bounded variation function on [a,b] then

atb
3 b

b
(2 [ swis= [ s <220V,

a;—b b . a —a b
2oy [ swe [ s TSI 0 -0 <250V
and

=gt : 2
en |7 f@de- [ e £0) - @) 0 o) < 6-a) V()

Proof. In the inequality (2.1) we take t = 0,t = % and ¢t = 1 respectively. I
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Corollary 2. If f : [a,b] — R is of bounded variation function on [a,b], then
atb

5 b
@8) |7 seda— [ a)da s dlro) - F@)e - a)

b—a b ’
\/ -max{2t, |2t — 1|} < (b—a) \/(f)

a

for all t € ]0,1].

Proof. Consider the function g : [0,1] — R, g(¢t) = 2t — |2t — 1], ¢t € [0,1]. We have
-1, telo,d),
1 te[s,1],

from where
1-2t, tel0,1),

max{2t,|2t1}{ o
2, te[i],

and m[ax] max{2t,|2t — 1|} = 2. Using (2.1), the inequalities (2.8) are obtained. I
te[0,1

Corollary 3. If f : [a,b] — R is of bounded variation function on [a,b] then
a+b
2

/ x)dz —/ f(z

a+b
2

/ f@ﬂxflﬂfwmw+w®4fwﬂwfa

(2.9) max {

oot

a

Proof. The function A : [0,1] — R,
ath b
) =1 (0) ~ f@lb-a)+ [ faldo— [ fa)do

is of maximum degree 1, so the extreme values of the function are reached for t = 0
and t = 1. The Corollary 2 is applied next. I

Corollary 4. If f : [a,b] — R is a monotone function, then

(210) -ﬂw—amﬂw—fmns—b;%ﬂm—fmnmmﬂ%|%—u}+%1
s/; M—/ fla
< 25U b) — Fl@)fmax(2t,[2¢ ~ 1]} - 21
< 222050) - (@)

for allt €10,1].
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Proof. Because f is a monotone function, according to Lemma 1, we have that
\/Z(f) = |f(b) — f(a)|. Applying the Theorem 2, we have

(2.11) b 3 C1F(0) — f(a)][max{2t, |2t — 1|} + 2¢]
otd b
< flx)dx — /a;rb f(z)dz
< P20 50) - (o)) ma{2t, 26 — 1]} — 21

- 2
for all t € [0,1].
Heeding the demonstration of the Corollary 2, we have

1, tel0,1),
max{2t, |2t — 1|} + 2t =
4t, te [11],
1—4t, te0,%),
max{2t, |2t — 1|} — 2t =
0, te(1.1],
from where
(2.12) max [max{2t, |2t — 1|} +2t] =4
te[0,1]
and
(2.13) max [max{2¢,| 2t — 1|} —2t] = 1.
t€(0,1]

From (2.11)—(2.13) we get the relation (2.10). I

Next, we will give some applications of the inequalities demonstrated in this
article, where we will make use of the Theorem 1 and the Lemma 1.
Application 2.1. If 0 <a < 7, then

(2.14) |cosa — 1+ 2atsina| < asina : max{2t,|2t — 1|} < 2asina

for all t € [0,1].

Proof. Consider the function f : [—a,a] — R, f(x) = sinz and apply the inequality
(2.8). 1

Application 2.2. If a < b, then

a+b

(2.15) max{‘2ea7+b feafeb’, 22 —e— e’ + (b—a)(e’ —e)

j

§(b—a)(eb—e“).

Proof. Consider the function f : [a,b] — R, f(x) = e* and apply the inequality
(2.9). 1

Application 2.3. If 0 < a < b, then

b —2(b—a) at+b a+b 1 b L=
. — < < |- .

Proof. Consider the function f : [a,b] — R, f(z) = Inz and apply the inequality
(2.10). N
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Application 2.4. If a < 0 < b and n € N*, then

2 a+b 2n+1 a2ntl 4 p2ntl o o
217) |5 ( . ) - | -t )b - a)
b—
< L (@ 4+ 02") max{2t, |2t — 1]} < (b— a)(a® +b*)

for all ¢t € [0,1].

Proof. Consider the function f : [a,b] — R, f(z) = 2?". Then Theorem 2. and
Theorem 1 are taken aware of. Jj

Application 2.5. If 0 < a < § and 37” < b < 2w, then

b
cosa—i—cosb—?cosa;— ,

(2.18) max{

b
cosa+cosb—2cosa+

+ (b—a)(sinb —sina)

|

< (b—a)(4—sina+sinb).

Proof. Consider the function f : [a,b] — R, f(z) = sinz. Then using (2.9), the
Theorem 1 or the Lemma 2, the desired result follows. i
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