THE GENERALIZED WILKINS’ INEQUALITY

ZHI-HUA ZHANG AND ZHEN-GANG XIAO

ABSTRACT. In this paper, the generalization of Wilkins’ inequality is deduced, and some known
results are obtained.

1. INTRODUCTION
In 1969, O.Bottema [I] noted the following Wilkins’ triangle inequality:
Theorem 1.1. If A, B,C be the angles of triangle ABC, then

C _2v3
(1.1) sin Asin Bsin - < \Qf

with equality holding if and only if triangle ABC is a regular triangle.
In this paper, we give a generalization of Wilkins’ triangle inequality (1.1)), and by its application,
some known results are obtained.

2. MAIN RESULTS

Theorem 2.1. Let m; > 1,2, >0.0; € (0,7) (i =1,2,...,n,n>2), and Y ;- oy = 0 < 7, then

k
n 2 n
m2 a
2.1 E T 1+ 5L -sin— ] < g T
2 i—1 Z( N} ml) i=1 Z

)

if 0 < k < 1, and the reverse inequality holds if k < 0. With equality holding if and only if

A= % tan %(z =1,2,---,n), where X is a positive root of the following equation
- AZ;
2.2 m; arctan —- = 6
2.2) g antan 3
Proof. Set a function
- AZ;
2.3 flx) = m; arctan — — 6.
23) (0= 3 maretan 2

It can easily be seen that f is a continuous and monotone increasing function in the interval [0, +00).
Because f(0) = —0 <0, lmy_yo f(x) =75 > 1 mi —0 >0, therefore the equation (2.2) can
only hold for positive roots.
Let 8, = m; arctan Ai then \ = %’tan ﬂ—'i, and 8; > 0(: =1,2,...,n).

i
m; m.

From (2.2)), we have

n

Zﬂi =0.

=1
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Set z,xg € (0,7), by using Taylor’s formula, we have
. . 1 .
sinx = sinxg + (z — x¢) cos zg — 5(% — 20)?siné,

where £ is between xg and z.
Pay attention to sinzg > 0,sin€ > 0, then

sinz < sinxg + (x — xg) cos g

or )
sinx T—2x
<1+ 0
sSin g tan xg
with equality holding if only if z = xg.
Let x = - xo—ﬁ— we have
sin - o; — 0, a; — fB;
my (] 1 K 1
sm&<1+m~tan& b AL
m; v mg

If 0 < k <1, we obtain

Let ¢ = 1,2,...,n, by using the weighted Arithmetic-Geometric mean inequality, and > | o; =
>y B; = 0, we have

sin

Zzl (Sm )k < ngl <1+ Awl@)

Siya (1+ 2550

< Z; = T

i=1Ti

‘ e 2\ "2
sin&: (14—cot2 B’) < i > ,
m; my Az?

and if 0 < k < 1, the proof of inequality (2.1)) is completed. By all appearances, the reverse
)\:cz

from

inequality holds if £ < 0. With equality holding if and only if a;; = 8, = m; arctan ==, or
A= T g 20 (i=1,2,...,n).
T m;

Thus, the proof of Theorem [2.1] is complete. 1
Theorem 2.2. Let m; > 1,2; > 0,o; € (0,7) (i =1,2,...,n), and > ; oa; = 0 <, then

n

n 2
<2 (67 m; —T4
(2'1) ||SlIl 7ZS || (1—&—)\2’2) 2

i=1 i=1

With equalzty holding if and only if X = = Lty L (3 =1,2,...,n), where \ is a positive root of
equation
Proof. From Theorem

n 1/7“ n n
li_)n% (Z pm’{) = H ali <where Zpi = 1)
i=1 i=1

i=1
and using standard arguments, the proof of Theroem is complete. 1
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3. SOME PARTICULAR TRIANGLE INEQUALITIES

The following proposition holds
Proposition 3.1. Let m; > 0,0; >0 (i =1,2,...,n), and Y -, a; = 0 <, then

n n
. (&7} -k 0
(3.1) E sin® — < E m; sin <> ,

if0< k<1, and

n
(67 n 0
3.2 Sin™i L < siniz1 ™ < ) '
(32) [Isin™ = < ST

i=1 v

With both equalities holding if and only if a1 1 =g :mg =+ = ay : My,
Proof. Let x; = m; > 1, from Theorem [2.1| and Theorem [2 l we have A = tan (zni ) and the

inequalities (3.1]) and ( . |

Proposition 3.2. Let x;,a; € RT (i =1,2,3,4), and a1 + as + as + a4 = m, then

(3.3) /(z1+ z2)(x1 + 23) (1 + 24) sin o + /(22 + 1) (22 + x3) (22 + 24) sin ary
+ \/(%3 + x1)(23 + x2) (23 + 24) sin g + \/(1’4 +x1)(x4 + x2) (24 + 23) sin oy

(%)

N

2 2

\/(xl + x9)(x1 + 3) (71 + 24) Sin Oy \/($2 + x1) (22 + 3) (T2 + 24) Sin (g
2 2

L3 Ly

\/(:1:3 + x1) (23 + x2) (23 + 74) sin ag * \/(334 +x1) (24 + 22) (24 + 23) sin Oy

(%)

(3.4)

_l’_

N|=

4 4 4 Yici @i
(3.5) Hsinxi a; < H:L’;” (Z .TUZ> H (@i + xj)%itei
i=1 i=1 i=1

1<i<5<4
with several equalities holding if and only if x1 : x2 : x3 : x4 = tanay : tanas : tan ag : tan ay.
Proof. Let mi=mo=mg=my=1,n=4,0=xn,k=1and k= —1, then
/\_\/ T1t+ T2+ 23+ T4

(z1 + x2)x324 + T122(23 + 24)
and the standard arguments produce there inequality of Proposition3.2} with their equalities holding
if and only if A = B2% (j — 1,23 4), ey : 29 : 3 : T4 = tanaq : tanay : tanag : tan ay. The
proof of Proposmonj 3.2 is completed. I

Proposition 3.3. If z,y,2,t >0, and o; € RT(i = 1,2,3,4), a1 + as + a3 + ag = 7, then

1
(zy + zt)(xz + yt)(xt + yz) ~2
xyzt

(3.6) rsina] + ysinag + zsinag + tsinay < [

with equality holding if and only if x cosay = ycosay = zcosasg = tcos ay.
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The inequality (3.6|) is obtained by Xue-Zhi Yang in 1992 (see [2]).

Proof. Let
= V(@1 + w2) (w1 + x3) (21 + 74),
= V/(wg + 71) (w2 + w3) (21 + 4),
= /(w3 + 21) (w3 + ) (w3 + 4),
= /(x4 + z1) (24 + 22) (24 + 73)
then

xy + 2t = (11 + xo + 23 + x4)\/ (21 + 23) (21 + 24) (22 + 23) (T2 + T4).
We similarly define xz + yt and xt + yz to obtain
(zy + 2t)(zz 4+ yt)(zt + yz) = (1 + 2o + T3 + 24) Y2t

From inequality (3.4), we have inequality (3.6]), with equality holding if and only if z; = u-tan o;(i =
1,2,3,4). From Proposition we obtain

T = \/(SU1 + x9) (21 + 23) (21 + 24)

= /u3(tan oy + tan ap)(tan oy + tan oz)(tan oy + tan oy)

5 sin(ag +ag) -sin(aq + ag) - sin(ag + a4)
= u- -
cos3 (1 COS (ug COS (3 COS Qi

Rearranging we obtain

sm (a1 + a2) - sin(ag + ag) - sin(ag + ay)
TCosay = )
COS (v] COS (v COS (X3 COS (l4

Similarly we have

1 COS (g
COS (v] COS (v COS (X3 COS (ry

\/ sin(ag + ag) - sin(ag + as) - sin(ag + ay)
and another two formulas for z and ¢t. Pay attention to a1 + ag + a3 + a4 = 7w, we have

sin(ay + ag) = sin(as + ay),
sin(ag + as3) = sin(ag + a4),
sin(ag + aq) = sin(ag + a3)
Thus, the inequality holds with equality holding if and only if
X COS (V] = Y COS Qg = 2 COS a3 = tCOS uy.

This completes the proof. §

Proposition 3.4. Let x,y,z > 0, and in every triangle we have the inequalities

(37) SIDA+ SlnB+ SIDC $+y+2)
(z+y)(y+2)(z+x)

TyYx? T+y+z
(3.8) sin® A -sin? B - sin® C < xTyvar(x +y + 2)
(o + 97y + 2P (e  2)
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with both equalities holding if and only if x 1y : z=tan A :tan B : tanC or

sin? A sin? B sin? C

wy+z)  yata)  wzty)
The inequalities (3.7)) and (3.8) were obtained by Ke-Chang Yang in 1990 (see [3]).

Proof. Let x4 = g = 0 or n = 3,m1 = ma = mg3 = 1. Proposition follows from Proposition
or Theorem with both equalities holding if and only if x : y : z =tan A : tan B : tan C, or

sin? A sin? B sin?2 C

riy+2) ylz+z) z2z+y)

because
2sin Asin Bsin C
tan A = —— — —5 -
(sin® B + sin” C' — sin® A)
|
Proposition 3.5. If k,u,v,w > 0, and
1 1 1 2
3.9 ==
(3.9) u2+k+v2+k‘+w2+k k

in every triangle, we have the inequality

1
(3.10) usin A+ vsin B+ wsin C' < E\/(u2 + k) (v + k) (w? + k)
with equality holding if and only if
2 2 2
4 +ksinA: Y +ksinB: v +ksinC’
U v w

or
ucos A =vcos B=wcosC.

Proposition (3.5 was obtained by Ke-Chang Yang in 1987 (see [4]).

Proof. Let
=4/ ky and w = bz

y+z z+a’ r+y
It is easy obtain , and from inequality (3.7 ., we have , with equality holding if and only
if

21k 21k 21k
ut sin A = vt sin B = 2 + sin C'

U v w

or

ucos A =vcosB=wcosC

This completes the proof. I
The proofs of the following propositions will be left to the readers.
Proposition 3.6. Let x,y,z > 0, in every triangle we have the inequalities
siné n sing n sin% r+y+z
Vy+z etz ety T J(z+y)(y+2)(z+ )

and
oz ... B xryY2*
sin” — -sin¥ — - sin® — <
2 2 2 \/(x + y)“y(y + Z)y“(z + x)*

with both equalities holding if and only if x : y : z = tan 2 5 s tan B 5 tang
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Proposition 3.7. Let A1, Ao, A3 > 0, in every triangle we have the inequality
2X9 A3 cos ? 4+ 2A3\1 cos g + 2A1 A2 cos% < )\% + )\% + )\g

with equality holding if and only if A1 : Ao : A3 = cos % : COS % : Ccos %

Proposition 3.8. Let z,y,z > 0, in every triangle we have the inequalities
2 2 C 3
JET A 2 snB 2, sin T < (x4y+2)
2y + 2 2x + z x4y 2 (r+y)(2zx+2)2y + 2)

\/ 4z+yx2xy2yxz(x +y+ Z)x+y+z

and

C
in® A .sin? B - sin? —
sin® A - sin¥ B - sin 5 < (z + y)= ¥ (2w + 2)20+2(2y + 2)2+2
; ; ; ; ; ey — . . c
with equality holding if and only if x :y: z =tan A : tan B : 2tan 5.

Proposition 3.9. Let m > 1,u > 0, in every triangle we have the inequalities

A B C
msin——i— 1+ v2sin — +uv/1+4v2sin — <24 u
m m 2m

A B C —u
sin — - sin — - sin® — < (1 +0?)(1 4 40%)" "2,
m m 2m

and

with equality holding if and only if A = B = marctan +, where

v

1 s T
V=g ( +u)cot2m—|—\/( + u)? cot 2m+8u
Proposition 3.10. Let u > 0, in every triangle we have the inequality
sinA+sinB+wu-sinC <2(1— 112)2/3(1 — 2?)71
with equality holding if and only if A = B = arccosv, where v = 2u(1 + /1 + 8u2)~1.
4. TRIANGLE INEQUALITIES FOR THE SIDES AND AREA

Let a, b, ¢ be the sides of a triangle ABC, and S the area, then the following proposition holds

Proposition 4.1. Let z,y,z > 0, in every triangle we have the inequality

(4.1) (25)m+y+z < \/( Py (x +y + z)T Y2 [T

T+ y)TTY(y + 2)v3 (2 + x)*te
with equality holding if and only if
a? b? c?
2(y+2) ylz+z) z2z+y)
The inequality was obtained by Ke-Chang Yang in 1991 (see [5]).
Proof. This follows from Proposition Law of Sines and 4R.S = abc. This completes the proof. §

Let z = y = z = 1, the inequality (4.1)) is the well-known Poly&-Szegd’s inequality:

Proposition 4.2. The following inequality holds

(12) 5 < Y3 (abo)?.

with equality holding if and only if the triangle ABC is an equilateral triangle.
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