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Abstract In this paper we establish some new inequalities similar to certain exten-
sions of Hilbert inequality.
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1 Introduction

In[1,P.284] the following the extension of Hilbert inequality is given

1.1 —9_1_1_1_.1
TheoremApr>1,q>1,p+q21,0<)\—2 b q—p,—l-q,gl,then

3 et <k(S) () 8
P— m n )
11 (m +n) 1 1

where k = k(p, q) depends on p and q only.

§[1,P.286]

The integral analogue of Theorem A can be stated as follow.

Theorem B Under the same conditions as in Theorem A ,we have

/OOO /OOO mdxdy < k</0°° Pp(x)dx) 1/p(/0<><> gq(y)dy) Uq, (2)

where k = k(p,q) depends on p and q only.

The inequalities in Theorems A and B were studied extensively and numerous variants, generalizations,
and extensions appeared in the literature,see[2-7]. Recently, in[8] inqualities have given similar to the
inequalities given in Theorems A and B. The main purpose of this paper is to establish some new

inequalities similar to Theorems A and B, too. Our results provide new estimates on inequalities of this

type.

2 Main Results

Our main results are given in the following Theorems
Theorem 1 Let a(s) and b(t) be real-valued nonnegative non-decreasing functions defined on N,

and N, ,respectively, where N, = {0,1,2,---m}, N, = {0,1,2,---,n} and define the operator V by
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Vu(t) = u(t) — u(t — 1) for any non-decreasing function u defined on Ny ={0,1,2,---}. Letp > 1,q > 1

and h>1, %+ 1 =1. Then
m_n_hia(s) — a(0))" (b(t) — b(0))"
Ml DGR
m 0\ P 1/h
<pq-m(h_1)/h-n”‘””<z —s+1( a(s) - (a(S)—a(0)>p ) )

n N 1/
x(Z(n—t—i—l)(Vb(t)-(b(t)—b(O)) )) . (3)

t=1

Proof: From the hypotheses, it is easy to observe that

= ZV@(T), s € Ny, (4)
—b(0) =Y _Vb(o),t € N, (5)

1,P.40]

By using the elementary inequality! , 2P —y? < prP~Y(z —y), where z > 0,y > 0 and p > 1, we have

(ats+1) - a(O))p — (as) - a(O))p <pals+1) - a(o))”*1 (a(s+1) — a(s))

= p(als +1) - a(O))’H Va(s +1)

and
k((wn>(m5(m%MMﬁ—@w—wW
s=0
< pk_1 Va(s+1) - (a(s +1)— a(O))Z)_1 = ina(s) . (a(s) - a(O))p_1
s=0 s=1
Thus

(a(s —a(0 ) <p Z Va(r ( - a(O))ZF1 (6)
and similarly

(v(5) — b0 )<qZVb - (bo) (()))q_1 (7)

From (6),(7) and using Hoélder inequality and the elementary inequality!”!

h

l
T
ry <+ % (8)

wherexEO,yEOamd%+%:1,h>1,then

(a(s) —a(O))p(b( —b(0 ) <quVa ( T) —a(()))p_1



X Xt: Vb(o) - (b(o) - b(O))(Fl
o=1
s p—1 h 1/h
<pq- S(h_l)/h<z (VG(T) : (a(T) - a(0)> ) )

t N
=D/ ( Z (Vb(a) . (b(a) — b(O))q_ ) )

< pa(l-s" 1hl+ h-t1) (; (Va(T) : (a(T) - a(O))p >h>
t 1\ ! 1/
x <Z (Vb(a) : (b(a) - b(O)) > ) 9)

h—1 -1
Dividing both sides of (9) by L-s }'5 h-t"" and then taking the sum over ¢ from 1 to n and then the

sum over s from 1 to m and using Hélder inequality ,we observe that

m_ o nia(s) — a(0)) (b(t) - b(0))" m s o
ZZ ( l.Sh—1)_,_]g.;—1 ) SPQZ(X_;(W(T%(CL(T)MO)) ) )

s=1t=1 s=1

x (i (Vb(o) (bto) - b(()))q_l)l 2”:1>l—1 :

o=1 t=o

— pg - mB=D/h  p=D/i (zm:(m —s+1) (Va(s) ) (a(s) _ a(()))p1>h> h—1

s=1
n a—1 A
X (Z(n —t+ 1)<Vb(t) : (b(t) - b(O)) ) )
t=1
Remark 1: We take p = ¢ = 1,a(0) = b(0) = 0 in (3), the inequality (3) reduces to the following
inequality

mon a(s)b(t) < m(hil)/h . n(lil)/l m 1 v h 1/h
;tzll-sh—l—i—h-tl—l_ hl (szzl(ms+ )( a(s)) >

3



x<zn:(nt+ 1)(Vb(t))l)l/l (10)

This is just a new inequality similar to Theorem 1 which was given by B.G.Pachpatte in [8].
On the other hand, dividing both sides of (3) by m(h=D/h =1/l and then taking the sum over n

from 1 to v and then the sum over m from 1 to v and using Holder inequality ,we get following inequality

amysn m o hifa(s) —a(0)) (b(t) - b(0))"
S (e e o) B vy

u

NN
< pg - uh=D/h =D/ <Z(u_ s+1)(m—s+1) (Va(s) . (a(s) —a(O))p ) >

s=1
1/1

x (Zvj(v i) —t+1) (Vb(t) - (b - b(O))q1>l> . (11)

t=1

where u, v are two nature numbers.

Theorem 2 Let f(s) and g(t) be two real-valued nonnegative, non-decreasing continuous functions
defined on [0,2) and [0,y), respectively, where x and y are positive real numbers. Let p > 1,q > 1 and
1.1_

Rt =1,h > 1, then

y hl fP ( )) (gq(t) _ gq(0)>
h—1)/h 1—1)/1

. ( / @ s)(Fs)r 1<s>)”ds) ([o-olyoro)e)” (12)

Proof: From the hypotheses ,we have

f7(s) — £7(0) = p / P (s € [0.2), (13)

g1(t) — g(0) = ¢ / ¢'(0)g" " (0)do, t € 0,). (14)

From (13) and (14) and using Holder integral inequality and the elementary inequality (8), we have

(76 -7 O) (0 - 50) <0500 [ (re) ar)

([ t (/015 ) do
<ot ([ () o) v

1/1

</ t (015 0)) o) (15)




h—1 1-1
Dividing both sides of (15) by L-s l—li_l h-t™ and integrating over ¢ from 0 to y first and then integrating

the resulting inequality over s from 0 to z and using Holder integral inequality,we get that

e py hl( fP(s) — fP(0)) (g4(t) — g4(0)
/O/O ( z >(g J >dsdt

. Shfl + h . tl*l

1/1

<o [ ([ (rmro)'ar) ane [ [ (dor150) o)
§pqx(h1)/h-y(ll)/l</oz </O (f’(r)fpl(r))th> ds> Uh(/j </Ot (9'(U)gq1(a)>ld0>dt>l/l

=2y ) (7 ) s ) Uh( [w-0(swe o)) .

Remark 2 If we take p = ¢ =1, f(0) = ¢(0) = 0 in (12), then

@y (h=1)/h _ ,, (1=1)/1
/ / F()9(t) g < @ y
0 0 l N Sh71 + h'l71 hl

([ (r) ) . ([w-o(sw)a) ) (16)

This is just a new inequality similar to Theorem 2 which was given by B.G.Pachpatte in [8].

On the other hand,we apply the inequality (8) on the right-hand side of (12), we get that

/OI /0” - (fp(S)zis{lp_(lo? /Sg-qt(lt_)l_ gq(O)) dsdt < pgz "~ D/M -y =D/

(7 [ e=a(r@m @) s [o-n(oeo) ) "
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